
RACSAM
Rev. R. Acad. Cien. Serie A. Mat.
VOL. 97 (1), 2003, pp. 69–72
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Topological types of symmetries of elliptic-hyperelliptic
Riemann surfaces and an application to moduli spaces

Jos é A. Bujalance, Antonio F. Costa and Ana M. Porto

Abstract. Let X be a Riemann surface of genusg. The surfaceX is called elliptic-hyperelliptic
if it admits a conformal involutionh such that the orbit spaceX/ 〈h〉 has genus one. The involution
h is then called an elliptic-hyperelliptic involution. Ifg > 5 then the involutionh is unique, see [1].
We call symmetry to any anticonformal involution ofX. Let Aut±(X) be the group of conformal and
anticonformal automorphisms ofX and letσ, τ be two symmetries ofX with fixed points and such that
{σ, hσ} and{τ, hτ} are not conjugate inAut±(X). We describe all the possible topological conjugacy
classes of{σ, σh, τ, τh}. As consequence of our study we obtain that, in the moduli space of complex
algebraic curves of genus g (g even> 5), the subspace whose elements are the elliptic-hyperelliptic real
algebraic curves is not connected. This fact contrasts with the result in [12]: the subspace whose elements
are the hyperelliptic real algebraic curves is connected.

Tipos topol ógicos de simetrı́as de superficies de Riemann
elı́pticas-hiperelı́pticas y una aplicaci ón a los espacios de moduli

Resumen. SeaX una superficie de Riemann de génerog. Diremos que la superficieX es eĺıptica-
hipereĺıptica si admite una involución conformeh de modo queX/ 〈h〉 tenga ǵenero uno. La involución
h se llama entonces involución eĺıptica–hipereĺıptica. Sig > 5 entonces la involución h esúnica, ver
[1]. Llamamos simetŕıa a toda involucíon anticonforme deX. SeaAut±(X) el grupo de automorfismos
conformes y anticonformes deX y σ, τ dos simetŕıas deX con puntos fijos y tales que{σ, hσ} y {τ, hτ}
no son conjugados enAut±(X). Describimos las clases de conjugación topoĺogicas de{σ, σh, τ, τh}.
Como aplicacíon obtenemos que el subespacio del espacio de móduli de las curvas algebraicas complejas
de ǵenero g (g par y mayor que 5) formado por las curvas algebraicas reales elı́pticas-hiperelı́pticas no es
conexo. Este hecho contrasta con el resultado en [12]: el subespacio del espacio de móduli formado por
las curvas algebraicas reales hiperelı́pticas es conexo.

A Riemann surfaceX is calledelliptic-hyperellipticif it admits a conformal involutionh such that the
orbit spaceX/ 〈h〉 is an elliptic Riemann surface, i.e. a genus one Riemann surface. The involutionh
is then called anelliptic-hyperelliptic involution. The study of the elliptic-hyperelliptic Riemann surfaces
started with Schottky ([10], [11]) and Roth ([9]).

A symmetryσ of X is an anticonformal involution. The topological type ofσ is given by properties of
the fixed point setFix(σ). The setFix(σ) consists ofk disjoint Jordan curves,0 ≤ k ≤ g + 1 ([8]). We
shall say that thespeciesof σ is +k or −k accordingX − Fix(σ) is connected or not. There are several
studies on symmetry types for families of Riemann surfaces: for genus two surfaces in reference [7]; for
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PSL(2, q)−Hurwitz Riemann surfaces in [2]; for Accola-Maclachlan and Kulkarni surfaces in [3] and for
hyperelliptic surfaces in [4].

Let X an elliptic-hyperelliptic Riemann surface of genusg > 5 andh the elliptic-hyperelliptic invo-
lution. If σ is a symmetry ofX, in the article [5] the possible species for{σ, σh} are obtained. Now we
complete the study of symmetries with fixed points of elliptic-hyperelliptic Riemann surfaces.

Let Aut±(X) be the group of conformal and anticonformal automorphisms ofX. The first result that
we announce is:

Theorem 1 An elliptic-hyperelliptic Riemann surfaceX of genus> 5 has at most eigth conjugacy classes
of symmetries (inAut±(X)) with fixed points. ¤

The proof is a consequence of the fact that in an elliptic surfaceX/ 〈h〉 there are at most four conjugacy
classes of symmetries with fixed points.

Let g be an integer,g > 5. In order to have a clear statement for the next Theorem, we define the
following functions:

1. SEH
(1)
g (t1, t2, x1, x2, y) for t1, t2 positive integers andx1, x2, y ∈ {0, 1}, 0 ≤ t1 + t2 ≤ 2g − 2

andt1, t2 even.
(i) t1 > 0, t2 > 0 :
If t1 + t2 < 2g − 2, SEH

(1)
g (t1, t2, x1, x2, y) = (− (t1+t2)

2 ,− (t1+t2)
2 ).

If t1 + t2 = 2g − 2, SEH
(1)
g (t1, t2, x1, x2, y) =

{
(−(g − 1),−(g − 1)) if x1 = 1
(+(g − 1),+(g − 1)) if x1 = 0

(ii) SEH
(1)
g (t1, t2, x1, x2, y) = SEH

(1)
g (t2, t1, x2, x1, y), t1 = 0, t2 > 0 :

If t2 < 2g − 2, SEH
(1)
g (0, t2, x1, x2, y) =

{
(−( t2

2 + 1),− t2
2 ) if x1 = 1

(−( t2
2 + 2),− t2

2 ) if x1 = 0

If t2 = 2g − 2, SEH
(1)
g (0, 2g − 2, x1, x2, y) =

{
(−g,−(g − 1)) if x1 = 1

(+(g + 1), +(g − 1)) if x1 = 0
(iii) t1 = t2 = 0 :

If g is evenSEH
(1)
g (0, 0, x1, x2, y) =

{
(−1,−2) if y = 1
(0, +3) if y = 0 ,

If g is oddSEH
(1)
g (0, 0, x1, x2, y) =





(−1,−1) if x1 = 1, y = 1
(−2,−2) if x1 = 0, y = 1
(0,+2) if x1 = 1, y = 0
(0,+4) if x1 = 0, y = 0

.

2. SEH
(2)
g (t) for t an even integer such that0 ≤ t ≤ 2g − 2,

(i) t > 0 :
If t1 < 2g − 2, SEH

(2)
g (t) = (− t

2 ,− t
2 ).

If t = 2g − 2, SEH
(2)
g (2g − 2) = (−(g − 1), +(g − 1)).

(ii) t = 0 :
If g is even,SEH

(2)
g (0) = (0,−1).

If g is odd,SEH
(2)
g (0) = (0,−2).

Theorem 2 Let X be an elliptic-hyperelliptic Riemann surface of genusg > 5, and leth be the elliptic-
hyperelliptic involution. Assume thatX has two symmetriesσ, τ , with fixed points such that{σ, σh} and
{τ, τh} are not conjugate inAut±(X). Then the possible species for the symmetries((σ, σh), (τ, τh)) are
in one of the following four cases.
(I) Let Ti, i = 1, 2 be positive even integers,x ∈ {0, 1}, y(i) ∈ {0, 1}, y(i) = 0 if Ti = 0 and
R be a positive integer such that:2R + T1 + T2 dividesg − 1. The following species are possible:
(SEH

(1)
g (t(1)1 , t

(1)
2 , x, x, y(1)), SEH

(1)
g (t(2)1 , t

(2)
2 , x, x, y(2))).

(II) Let Ti, i = 1, ..., 4 be positive integers,i = 1, ..., 4, x
(i)
j , y(i) ∈ {0, 1}, andε ∈ {1, 2} such that:
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(a) g + 1− 2ε− ΣTi ∈ 2Z+,

(b) Ti+1 + Ti+3 + x
(k)
1 + x

(k)
2 is even,

we define: t
(j)
i = 2T2i+j−2 + 2(ε − 1), i = 1, 2, j = 1, 2. The following species are possible:

(SEH
(1)
g (t(1)1 , t

(1)
2 , x

(1)
1 , x

(1)
2 , y(1)), SEH

(1)
g (t(2)1 , t

(2)
2 , x

(2)
1 , x

(2)
2 , y(2))).

(III) Let Ti, i = 1, 2 be positive integers andε, δ ∈ {1, 2}, such that:
(a) g − 1− ΣTi − (ε− 1) ∈ 2Z+,
(b) δ ≥ ε.
The following species are possible:
(SEH

(2)
g (2T1 + 2(δ − 1)), SEH

(2)
g (2T2 + 2(δ − 1))).

(IV) LetTi, i = 1, 2, 3 be positive integers,x1, x2, y ∈ {0, 1} andε ∈ {1, 2} such that:
(a) g + 1− 2ΣTi − 2ε ∈ 4Z+,
(b) x1 + x2 + T1 + T3 is even,

we define:t1 = 2T1 + 2(ε− 1); t2 = 2T3 + 2(ε− 1). The following species are possible:

(SEH(1)
g (t1, t2, x1, x2, y), SEH(2)

g (2T2 + 2(ε− 1))). ¤

SKETCH OF THE PROOF OFTHEOREM 2. The orbifoldX/ 〈h, σ, τ〉 admits two uniformizations, one as
quotient of the complex disc:X/ 〈h, σ, τ〉 = D/Φ, whereΦ is a non-euclidean crystallographic group
([6]); and other one as quotient of the complex plane:X/ 〈h, σ, τ〉 = X/ 〈h〉 / 〈σ, τ〉 = C/Ψ whereΨ is
an euclidean plane crystallographic group. The possible signatures ofΨ and monodromiesΨ → 〈σ, τ〉 can
be listed analyzing the actions of symmetries of tori. The signature ofΦ can be deduced from the signature
of Ψ and the monodromyΦ → 〈h, σ, τ〉 can be deduced fromΨ → 〈σ, τ〉. Using a similar technique that
in [5] the species ofσ andτ can be obtained fromΦ → 〈h, σ, τ〉.

As an application is possible to obtain an interesting property of the moduli space of complex algebraic
curves. LetMR

EH be the set of points corresponding to elliptic-hyperelliptic real algebraic curves in the
moduli space of complex algebraic curves of genusg, g > 5, and letMR

H be the set of points corresponding
to hyperelliptic real algebraic curves. If g is even then the setMR

EH is not connected. This result contrasts
with the fact thatMR

H is connected (see [12]). The idea of the proof is the existence of symmetries with
species appearing in the Theorems 3.3 and 3.4 (forp = 1) of [5] but not appearing in the list of the
Theorem 2.
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