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Truncated Bernoulli-Carlitz and Truncated Cauchy-Carlitz Numbers
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Abstract. In this paper, we define the truncated Bernoulli-Carlitz numbers and the truncated Cauchy-Carlitz
numbers as analogues of hypergeometric Bernoulli numbers and hypergeometric Cauchy numbers, and as extensions
of Bernoulli-Carlitz numbers and the Cauchy-Carlitz numbers. These numbers can be expressed explicitly in terms
of incomplete Stirling-Carlitz numbers.

1. Introduction

For N > 1, hypergeometric Bernoulli numbers By , ([10, 11, 13]) are defined by the
generating function
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= = N
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is the confluent hypergeometric function with (x)™ = x(x +1)---(x +n — 1) (n > 1) and
(x)(o) = 1. When N = 1, B,, = Bj, are classical Bernoulli numbers defined by

= n .
e —1 n!
n=0

In addition, hypergeometric Cauchy numbers cy , (see [16]) are defined by

1 (=DON-IxN/N i x" 2
= = CNon— >
2P (LN N+ 1 =0 og(1+x) — YN N —1y=ten/n = 7" 0!

Received October 31, 2016; revised February 9, 2017

Mathematics Subject Classification: 11R58, 11T55, 11B68, 11B73, 11B75, 05A15, 05A19

Key words and phrases: Bernoulli-Carlitz numbers, Cauchy-Carlitz numbers, Stirling-Carlitz numbers, incomplete
Stirling numbers



542 TAKAO KOMATSU

where

i (a)(") (b)(") 7"

2F1(a,b;c; z2) = o o

n=0

is the Gauss hypergeometric function. When N = 1, ¢, = ¢y, are classical Cauchy numbers
defined by

n

><

log(l+x) 2:: n!

On the other hand, L. Carlitz [1] introduced analogues of Bernoulli numbers for the rational
function (finite) field K = F, (T'), which are called Bernoulli-Carlitz numbers now. Bernoulli-
Carlitz numbers have been studied since then (e.g., see [2, 3, 5, 12, 21]). According to the
notations by Goss [6], Bernoulli-Carlitz numbers are defined by

X :Z BC, o 3)

Here, ec (x) are the Carlitz exponential defined by

00 i

e =Y. 5. @)

i=0
where D; = [illi — 11" ---[1]""' (i > 1) with Dy = 1, and [i] = T" — T. The Carlitz
factorial I7(7) is defined by
m
N Cj
) = ]_[ D (5)
for a non-negative integer i with r-ary expansion:
m )
i:Zerj O<cj<r). (6)
j=0

As analogues of the classical Cauchy numbers c,, Cauchy-Carlitz numbers CC, ([14])
are introduced as

x > cc,
=> P (7
log(x) = I1(n)



TRUNCATED BERNOULLI-CARLITZ AND TRUNCATED CAUCHY-CARLITZ NUMBERS 543

Here, log(x) is the Carlitz logarithm defined by

o r
loge () = Y (=1 ®)

i=0
where L; = [i][i — 1]---[1] (@ > 1) with Lo = 1.

In [14], Bernoulli-Carlitz numbers and Cauchy-Carlitz numbers are expressed explicitly
by using the Stirling-Carlitz numbers of the second kind and of the first kind, respectively.
These properties are the extensions that Bernoulli numbers and Cauchy numbers are expressed
explicitly by using the Stirling numbers of the second kind and of the first kind, respectively.

In this paper, we define the truncated Bernoulli-Carlitz numbers and the truncated
Cauchy-Carlitz numbers as analogues of hypergeometric Bernoulli numbers and hypergeo-
metric Cauchy numbers, and as extensions of Bernoulli-Carlitz numbers and the Cauchy-
Carlitz numbers. These numbers can be expressed explicitly in terms of incomplete Stirling-
Carlitz numbers.

2. Preliminaries

For N > 0, define the truncated Bernoulli-Carlitz numbers BCy , and the truncated
Cauchy-Carlitz numbers CCy , by

XrN/DN _ i BCNﬁn xn (9)
ecx) =N ypy g ()
and
N [e)e]
(—DNx"" /Ly 3 CCny
=) 2y (10)

loge (¥) — YN (=Dixr' /L = ()

respectively. When N = 0, BC,, = BCyp, and CC, = CCp, are the original Bernoulli-
Carlitz numbers and Cauchy-Carlitz numbers, respectively. As the concept of these definitions
in (9) and (10) in function fields are the same as (1) and (2) in complex numbers, the numbers
BCpy., and CCy,, could be called the hypergeometric Bernoulli-Carlitz numbers and the
hypergeometric Cauchy-Carlitz numbers, respectively. However, the generating functions of
(9) and (10) are not related to the existing Carlitz hypergeometric functions (e.g., see [15, 24]).
In [20], the truncated Euler polynomials are introduced and studied in complex numbers.

3. Hasse-Teichmiiller derivatives

Let F be a field (of any characteristic), F((z)) the field of Laurent series in z, and F[[z]]
the ring of formal power series. The Hasse-Teichmiiller derivative H™ of order n is defined
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by

for Y o pamz™ € F((2)), where R is an integer and a,, € F for any m > R.
The Hasse-Teichmiiller derivatives satisfy the product rule [23], the quotient rule [7] and
the chain rule [9]. One of the product rules can be described as follows.

LEMMA 1. For fi e F[[z]] (G =1,...,k) withk > 2 and for n > 1, we have

The quotient rules can be described as follows.

LEMMA 2. For f € F[[z]]\{0} andn > 1, we have

1 2L (= Dk , :
H" (7) =2 (fkfl >, HOW) - HY(S) (11)
k=1 i, ix=1
it =n
. n—i—l)(—l)k . “
= >, HOS) - H(S). (12)
k=1 <k 1 N
rTi=n

By using the Hasse-Teichmiiller derivative of order n, we shall obtain some explicit
expressions of the hypergeometric Bernoulli-Carlitz numbers BCy , and hypergeometric
Cauchy numbers CCy ,, respectively.

THEOREM 1. Forn > 1,

BCy. = 11(n) ) (~Dy)" > 1

Dnai -« Dnai
k=1 i eig =1 N+iy N-tik
PNF e Nk = ke N

REMARK 1. For N > I, itis clear that BCy , = 0ifr { n or rN(r — 1) > n. When
N = 0, we have

B =MmY D Y o
i ik

k=1 i]eenip =1
1 ek =ntk
which is Theorem 4.2 in [12]. It is known that BC,, = 0 forn % 0 (mod r — 1) (see [12,
Corollary 4.3]).
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PROOF OF THEOREM 1. Put

Sy
h = =N Dl _ i DN PN+ N
= R =
" i Dy
Dy
Note that
o N+j N ,
D r Tl —r N+j_ N _
H(e)(h) — Z N xr J—r e
x=0 - DN+j e
j=0 x=0
D . :
N ife=prNti —pN |
= { Dn+i
0 otherwise.

Hence, by using Lemma 2 (11), we have
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=3 (~Dy) > o
k=1 i g =1 DN'H' '“DN‘Hk
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EXAMPLES. Letr =3 and N = 2. Then BC,,, = 0if 18 4 n. When n = 18, consider
the set

Sk = {1, ooyin) Lin, oo i =1, 302 4o 4 30F2 = 18 4 Ok} .

Then S, = {(1)}, and Sy is empty when k > 2 because 3172 4 32%2 > 54 > 36. Hence, we
obtain

1
BCy 18 =11(18)(—D2)— .
D3

When n = 36, consider the set

Sk = {1, ooyin) Lin, oo ig =1, 302 4o 4 30F2 = 36 4 Ok} .
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Then, S (k = 1, k > 3) are empty because 3/172 43212435342 > 81 > 63. By 5, = {(1, 1)},
we have

BCs 36 = [1(36)(—D )ZL = H(36)D—%
2,36 — 2 D3D3 = D% .

When n = 72, consider the set
Sk =A{G1.....i) [ir, oo i > 1, 3024 4 302 =72 4 ok}

Since S1 = {(2)}, Sa = {(1, 1, 1, 1)} and Sk is empty for k = 2,3 and k > 5, we have

-D D3
BCaom = I(72) 2 4 2 .
Dy D3 D3 D3 D3

In fact,
X0
i BCy, = D
= 1 o X

2 3
Dy 15 Dy 36 D; sy
—X 5XT T —3X
Ds D3 Dé

4 5 2
(P2 D2\ (D2 2D\ m
D} Da D D3Dy
We can express the hypergeometric Bernoulli-Carlitz numbers in terms of the binomial

coefficients too. By using Lemma 2 (12) instead of Lemma 2 (11) in the proof of Theorem 1,
we obtain the following:

PROPOSITION 1. Forn > 1,

- 1 1
BCyw=1mY (’; N 1)(—Dm" )
k=1 +

Dyoi -+ Dnoi
i 20 N+iy N+ig
PNH o Nt e N

REMARK 2. When N = 0, we have

n +1 1
BC, :H(n)Z(Z+ 1)(—1)k 2 Dy
k=1

i]eenif 20
'tk =n+k

which is Proposition 4.4 in [12].
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EXAMPLE. Letr =3 and N = 2. When n = 18, consider the set
Se={G1, o i) it ii = 0, 302 4 4 302 = 18 4 ok}

Since §1 = {(D}, $2 = {(0,1),(1,0)}, S35 = {(0,0,1),(0,1,0),(1,0,0)}, ..., Sig =
{©,...,0,1),...,(1,0,...,0)}, we have
— — —
17 17

BCais _ <19) +<19> 2D3 _(19) 3D3 +...+<19) 18D}8
n18) — \2)Dbs \3)DDs \4)DID; 19/ D" D3
_D_32( b <k+1)
19
=& > o(=DF 1( )(k—l)—
Dy \i5
Dy D 19
5 Eor (B ()
D, (Z( ) +k§< o

Dy
Dy

Next, we shall give an explicit formula for hypergeometric Cauchy-Carlitz numbers.
THEOREM 2. Forn >1,

CCnp=Tn Y (—Ly)* >

k=1 i]semig =1
PNHL o Nt g N

(_1)i1+“'+ik

Ln+iy -+ LN+i

REMARK 3. [Itis clear that CCy, = 0ifr { nor rN(r —1) > n. When N =1, we
have

n . (_1)i1+~~-+ik
CCr=HmY (- Y —
= Li---L;
k=1 i]senif>1 1 k
P peertk =tk
which is Theorem 3 in [14].
PROOF OF THEOREM 2. Put
Yien(= 1)’
N+j_ N
hi=m——— L = (-1 == x" .
Z LNH

(= l)N
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Note that

o .
Ly (Nt — N N+j_ N
H(e)h‘ — S 1y PN N
o= 20 x

Ly e
x=0
—DiLy . .
7( ) ife =Nt — N
= Ln+i
0 otherwise.

Hence, by using Lemma 2 (11), we have

CCN,n — H(n) (l)

() )l
(=D
= H(e')(h)‘ L HE@ )
/; hk+1 X= el,§31 x=0 x=0
e +-tep=n
ey Ce CDM
k=1 i oemig =1 Ly+i Ly,
rN+il +...+,.N+ik —ntkrN
n . .
(—1)ir+Hik
=) Ly =
1‘2:; ilv;k:zl Ln+iy - - LNti

PNH e Nt =y N

d

EXAMPLE. Letr =3 and N = 3. Then CC3,, = 0if 54 4 n. When n = 270, consider
the set

Sk =G ooovin) Lin, .o ig = 1, 3003 4o 3043 =270 4 27k}
Then S = {(1,2), (2, 1)}, S5 ={(1,1,1,1, 1)} and Sk is empty whenk = 1,3,4 and k > 6.

Hence, we obtain

17(270) L4Ls L3
5 2
_ L3 21
Ly LaLs
In fact,
x27
i CC3n n _ Ls
— I (n) - .x3i
= YLD

L;
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L L? L3
=14 = 3 54+_;x108+_2x162
Ly L4 Ly

5 2 6 3
LB 25 ) oo (L3355 s
L} LiLs LS LiLs
We can express the hypergeometric Cauchy numbers in terms of the binomial coefficients

too. In fact, by using Lemma 2 (12) instead of Lemma 2 (11) in the proof of Theorem 2, we
obtain the following:

PROPOSITION 2. Forn > 1,

- 1
CCyu=1mY. (ZI 1)(—Lm" 3
k=1 i

AN e NFE Z N

(_1)i1+‘~+ik

Ly -+  Lnyig

4. Incomplete Stirling-Carlitz numbers

In [14], as analogues of the Stirling numbers of the first kind [Z] defined by
Vl

—(_log(l -0 i::[ ]n, (13)

the Stirling-Carlitz numbers of the first kind [Z] were introduced by

C
(loge (2))" gy
(k) _g[k]c o)’ (14

As analogues of the Stirling numbers of the second kind {Z } defined by

oo

the Stirling-Carlitz numbers of the second kind {Z } were introduced by

n

(ec@) 22["} LA (15)

I1 (k) klc II(n)
By the definition (14), we have

[”]Cz > 1), [Z]Czo (n <m) and ["] -1 >0 (16)

0 nlc
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and
{g}czo n>1), {Zl}czo (n <m) and {Z}C=1 n=0. (7

On the other hand, in [4, 17, 18, 19], so-called incomplete Stirling numbers of the first
kind and of the second kind were introduced as some generalizations of the classical Stirling
numbers of the first kind and of the second kind. One of the incomplete Stirling numbers
is restricted Stirling number, and another is associated Stirling number. Associated Stirling
numbers of the second kind {} }_ are given by

}’l

m i[ } m>1), (18)

>m n'
n=0

where
m - _n
X
n=0

Whenm = 1, {]} = {Z}>1 is the classical Stirling numbers of the second kind. Restricted

Stirling numbers of the second kind { } _ are given by

Vl

M i{ Iy 19)

<m n'

When m — oo, {Z } = {Z } oo 18 the classical Stirling numbers of the second kind.

Associated Stirling numbers of the first kind [} ]_  are given by

_1 - 4 Fy i (— k 00 n
(— log( x)k' 1(—x)) :Z[nL % m=1. (20)
where
m lk
Fn() =Y (=D
k=1

Whenm = 1, [}] = [Z]>1 is the classical Stirling numbers of the first kind. Restricted

Stirling numbers of the first kind [} ], are given by

<m
n

(D) F( o) i[ ] T oms1). @1)

<m n'

When m — oo, [Z] = [Z] oo 18 the classical Stirling numbers of the first kind.
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Now, we introduce associated Stirling-Carlitz numbers and restricted Stirling-Carlitz
numbers. The partial sum of the Carlitz exponential is denoted by

m x,i
Epm(x) =§E_.

The associated Stirling-Carlitz numbers of the second kind { Z } ¢ > are defined by
o 7"
(ec(2) = En1()" 2:{} )

I (k) - Co=m (n)

The restricted Stirling-Carlitz numbers of the second kind { Z } ¢ <, are defined by
(Em (z)
23
k) Z{ }C<mH(n) 23)

When m = 0in 22) orm — oo in (23), {}}. = {1} -0 = {%}c <o 18 the original
Stirling-Carlitz number of the second kind. The partial sum of the Carlitz logarithm is denoted
by

Fu) = Y (=1 =
i=0 !

The associated Stirling-Carlitz numbers of the first kind [Z ] ¢ > are defined by
lo > n
(loge(2) = Fm— I(Z)) _Z[n] & 24)
I (k) = klc,>m I(n)
The restricted Stirling-Carlitz numbers of the first kind [Z ] ¢ <m are defined by
Fn(z > "
(Fm( ) Z [ ] z (25
nw — =ldewn o

When m = 0 in (24) or m — oo in (25), [{]. = [Z]C,>0 = [}
Stirling-Carlitz number of the first kind.

Due to associated Stirling-Carlitz numbers of the second kind in (22), we can obtain a
more explicit expression of hypergeometric Bernoulli-Carlitz numbers, expressed in Theo-
rem 1 or Proposition 1.

]C’Soo is the original

THEOREM 3. For N > 1andn > 1, we have

_ "\ (n+ 1\ (=Dy)IT(k) [n+ ke
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PROOF. From (22), we have
k
i _ (ec@) —Ev_1)\*
= —er

j=0
(k) (n kN
r; (n)[k}c,sz
_ i (k) {n+krN

O+ krV k } e
ML C.zN

N+/_rN

N+/

Notice that

5O (—ecoc) ;jN_l(m)

rNH N — e\ i,
X
e

&P“qg

x=0

x=0
= DN-H lf }"N+i - rN =e,
otherwise.
Applying Lemma 1 with
ec(x) —En—1(x)
A0 == fill) = ———F——,
X
we get
Ik krN 1
©__ {”+r } - ) @6
H(n+kr ) k C,>N i 20 DN+i1 "'DN-‘rik
PN e Nk e N

Together with Proposition 1, we can get the desired result. O

EXAMPLE. Letr = 3, N = 2 and n = 18. Comparing the coefficient of x” on both
sides of

i I1(k) n] ; <)C9 N )C27 N x81 N >k

x = R R . s
= IT(n) Lklc,>2 D D3 Dy
fork=1,2,..., 18, we have

(k) {18+9k} _k
I1(18 + 9%) ko Jeso DDy
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Hence,

oo

1
B(C»> 13 19 X k
g8 b
(1s) Z: <k+l)( 2) DD,

__Z(_)< )k——&
k+1 D3

Bernoulli-Carlitz numbers can be expressed in term of the Stirling-Carlitz numbers of
the second kind:

.
(—1)ID; [ n
BO=2 i o
j=0 J r c

([14, Theorem 2]). When N = 0, Theorem 3 is reduced to a different expression of Bernoulli-
Carlitz numbers in terms of the Stirling-Carlitz numbers of the second kind.

COROLLARY 1. Forn > 1, we have

n k

1\ (=D (k k
Bc,,zn(n)z n+ 1\ (DIG) [n+ _
P k+1) In+k) k Je
REMARK 4. This is an analogue of
DAL [n+k
Z n+k k ’
which is a simple formula appeared in [8, 22].

Similarly, due to associated Stirling-Carlitz numbers of the first kind in (24), we can
obtain a more explicit expression of hypergeometric Cauchy-Carlitz numbers, expressed in
Theorem 2 or Proposition 2.

THEOREM 4. For N > 1andn > 1, we have

- _1\Nk(_7 Nk N
ey =H(n)z<n+1)( DV =Ly () [n+kr } |
k=1 C.>N

k+1 O+ krN) k

PROOF. From (24), we have

) k
O (DN <logc(x)—}'N_1(x)>k

N

j=0 L+ X"

>

n:k

| N
xn kr
C,>N
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i (k) |:n + krNi| .,
= T+ ™) S
n=—(N -1k Hn+&r™) koo dezn

Notice that

© <logc<x> - fN_l(x>>

N

00 . .
(_1)N+J (rN+J _ N _ e)er+j_rN_e

r L i
X x=0  GTp Nt ¢ x=0
COYT e Nt N
— Lyyi ’

0 otherwise.

Applying Lemma 1 with
loge(x) — Fn—1(x)
fit) == filt) = —=—— :
xr
we get
(k) |:n +krNi| B Z (_I)Nk+i1+...+ik 27
H(n+krN) k C.>N i i 20 LN+i1 "'LN-‘rl'k )
;~N+il +...+rN+ik :n+krN

Together with Proposition 2, we can get the desired result. O

EXAMPLE. Letr =3, N = 3 and n = 270. Comparing the coefficient of x” on both
sides of

i (k) [n] . $27 . K81 243 . £729 k
= ),
= I1(n) Lklc,>3 L3 Ly Ls Lg

fork =1, 2,3, 4, we have

(k) [270 + 27k

-t k(k — 1)
1(270 + 27k)

= (-1 .
k i|C,z3 L§_2L4L5
and fork = 5,6, ...,270, we have

k) 270 + 27k ) i1 kk—1)
E v ——— =(-1 55 T DT o —
(270 + 27k) k o3 L5513 L572L4Ls
Therefore,

CCso0 _ < 271 )(_1)3k(_L3)k (=D k(k =1
n@e70) = \k+1 LA L4Ls

K2\ D)

R P [ O R e
k=5 L3 L4
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2 20 271 1320 271\ [k
3 k—1 3 k—1
= 3 N (=Dt —1 233
L4Ls ;( ) ( )<k + 1) LZ kXZ;( ) (k + 1) <5>
2L L3
© Lils LY

Cauchy-Carlitz numbers can be expressed in term of the Stirling-Carlitz numbers of the
first kind:

o0

1 n
CC":ZF[N'—J
0 J C

j=

([14, Theorem 1]). When N = 0, Theorem 4 is reduced to a different expression of Cauchy-
Carlitz numbers in terms of the Stirling-Carlitz numbers of the first kind.

COROLLARY 2. Forn > 1, we have
n k
1\ (—D*I1(k k
CCr=NmY n+ 1\ (DI (n+ .
Pt k+1) II(n+k) k¢
REMARK 5. This is an analogue of

L (=D"EGE) [ +k}
=2 T ey, ’
; (") k

which is Proposition 2 in [14].
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