ANNALI DELLA
SCUOLA NORMALE SUPERIORE DI PIsA
Classe di Scienze

CELSO MARTINEZ

MIGUEL SANZ

Spectral mapping theorem for fractional powers in
locally convex spaces

Annali della Scuola Normale Superiore di Pisa, Classe di Scienze 4° série, tome 24,
n°4 (1997), p. 685-702

<http://www.numdam.org/item?id=ASNSP_1997_4 24 4 685 0>

© Scuola Normale Superiore, Pisa, 1997, tous droits réservés.

L’acces aux archives de la revue « Annali della Scuola Normale Superiore di Pisa, Classe
di Scienze » (http://www.sns.it/it/edizioni/riviste/annaliscienze/) implique 1’accord avec
les conditions générales d’utilisation (http://www.numdam.org/conditions). Toute utilisa-
tion commerciale ou impression systématique est constitutive d’une infraction pénale.
Toute copie ou impression de ce fichier doit contenir la présente mention de copyright.

‘NuMDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=ASNSP_1997_4_24_4_685_0
http://www.sns.it/it/edizioni/riviste/annaliscienze/
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

Spectral Mapping Theorem for Fractional Powers
in Locally Convex Spaces

CELSO MARTINEZ - MIGUEL SANZ *

1. — Introduction

In [9] the authors extended the theory of fractional powers of non-negative
operators, a classical topic in Banach spaces, to sequentially locally convex
spaces. Previously, W. Lamb (see [6], [7] and [13]) had elaborated another,
more restrictive, extension. The reason for this study was the fact that the
natural domain of certain operators is not contained in a Banach space. In
particular, this happens if we consider the fractional derivatives and integrals
of Riemann-Liouville and Weyl (see [12]). On the other hand, the generalized
differential operators which are very important in the applications are defined
in distributional spaces which are not Banach spaces but sequentially complete.
With this new theory some of these operators (let us consider, as an example,
the operator —A, where A is the Laplacian) will be non-negative, and there-
fore we could study their fractional powers. In particular, Bessel potentials
(see [14]), defined in the space of tempered distributions, could be described
as the fractional powers of the operator (I — A)~l.

The basic properties of fractional powers were established in [9], with the
exception of the spectral mapping theorem. The known techniques (based on
the theory of Gelfand) were not suitable to prove this theorem. In this paper,
this result has been proved by obtaining new integral representations for the
resolvent operator of the fractional powers.

In the following, X will be a sequentially complete locally convex space
and we will say that X is an S-space (Fréchet spaces are a particular case).

Given a linear operator 7 : D(T) C X — X, we will say that a complex
number z belongs to the algebraic resolvent set o(T') if the operator z — T is
bijective. Otherwise, we will say that z belongs to the algebraic spectrum & (T').
In a topological sense, the resolvent set p(7") will be the set of all complex
z of p(T) such that (z — T)~! is continuous and the spectrum o (7) will be
the complement of p(T). If T is closed and the space X has the property that
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every linear closed operator from X to X, everywhere defined, is continuous
(closed graph theorem) then p(T) = p(T) and o (T) = o (T).

Given a directed family of seminorms P that describes the topology of
X, we will say that a linear operator A : D(A) C X — X is non-negative if
p(A) D] — 00, 0[ and the set {A(A+ A)~': A > 0} is equicontinuous, i.e., if for
all p € P there exist a seminorm g(p) € P and a constant M, >0 such that

(1.1) |0+ A)‘lquP <M, I¢ll,py, >0, ¢eX

The fractional powers with complex exponent ¢« € C; = {z € C: %z > 0}
were defined in [9] in the following way:

A% = J%, if A is continuous and D(A) = X,
AY=[(A7H*]7Y if 0 € p(A),
A% =5 — lin%)(A + €)%, elsewhere,

€—

where J¢ is the integral operator as defined by Balakrishnan in [1], whose
expression for 0 < Ra <n (n > 1) is

oy F(n) o a—1 —1 4qn n
(1.2) J ¢—————F(a)l"(n—a) A AT+ AT A"pdN, ¢ € D(AY),

(a formula obtained by H. Komatsu in [5]). Although in [9] the space X was
a Fréchet space, the results of this paper are true also when X is an S-space,
since the sequential completeness is sufficient for the validity of the elementary
results of integration applied there. On the other hand, the definition of A“
coincides, in Banach spaces, with the one introduced in [10] and [8].

In [9] it was proved that the operators A%, for « € C,, are closed, satisfy
the property of additivity and that A” is an extension of J; moreover A® is
equal to J¢ if and only if the domain D(A) is dense. In [11] and [12] the
fractional powers in Fréchet spaces were applied to obtain certain results about
fractional integration and differentiation.

The main goal of this paper is to relate 6(A%*) to 6(A) and o(A%) to
0 (A). In particular, we will prove that

6(AY) ={z":z2€6(A)} and 0 (4% ={z* : z € 0 (A)}.

In relation to these results, a notable difference between S-spaces and
Banach spaces is that if X is of the first class, the algebra £(X) of the continuous
linear operators, everywhere defined, from X to X, does not admit neither the
Riesz-Dunford Functional Calculus, nor the theory of Gelfand.
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2. — Functional calculus for densely defined non-negative operators

In this section we will construct a Functional Calculus that will allow us
to obtain integral formulas for certain operators and to establish, in some cases,
the existence of continuous inverse, everywhere defined on X.

Given § > 0, we will say that a holomorphic function

G:{zeC: |3zl <nm+6}—>C

belongs to the class Gy if limg, .00 e *G(z) = 0 and limgy;—, oo G(2) exists.
It is understood that the number § can vary with each function G. We will
say that G belongs to the class G; if limg;— oo €2G(2) = 0 and limgy, o G(2)
exists.

A function G belongs to Gy N G; if and only if there exist the limits
limg; s —0o G(2) and limgy,_,c G(2).

From classes Gy and G; we can define F; = {F : C\R_ — C, holomorphic,
such that F(z) = G(logz), G € G;}, j =0, 1, where R_ =] — 00, 0] and for
logz we consider the branch that is real for positive real numbers and is
discontinuous along the negative real axis.

ProposiTION 2.1. If F € Fy, then:
(i)o lim ;o F(z) exists and lim |0 27! F(z) = 0.
(ii) For all A > 0 there exist the limits

AG) = lim F(2) and () = lim F(2)
zSz>0 ZSZ<0

and f| and f, are analytic functions in R} =]0, oo[, as functions of real
variable.

(iii)o The functions Lf;(A) (k = 1, 2) are bounded in 10, 1], while the f (k =1, 2)
are bounded in [1, ool.

(iv)g By writing

1
(2.1 f) = T(fl()») — f2(0) and F(0) = lim F(z),
Tl z—0
the following formula
2.2) F(z) = F(O)+z/°ok_1f(k)(k+z)_ldk, ze C\R_
0

holds, where the integral converges as a Riemann improper integral.
For all F € F, property (ii) is maintained, but properties (i), (iii)y and (iv)g
are respectively replaced by
()1 lim ;oo F(2) exists and lim .o zF (z) = 0.
(iii); The functions \? fi(Q) (k = 1,2) are bounded in 10, 1], while the A f; (k = 1, 2)
are bounded in [1, ool.
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(iv); With f meaning the same as in (iv)o, and writing F(00) = lim ;oo F(2) we
obtain the identity

23) F(2) = F(o0) — /0 T F0G+27"dr, zeC\R.,

where the integral converges as a Riemann improper integral.

ProoF. Since a function F belongs to F; if and only if function F(z) =
F(1/z) belongs to Fy, it is sufficient to prove properties (i), (ii), (iii)p and (iv)o.
The first one follows on immediately from the definition of Fy. Let us prove
(i1)). Given F(z) = G(logz), where G € Gy is defined for |Jz] < w 4§, we
take ¢: 0 < & < min{$, 7/2}, and calling . log to the branch of the logarithmic
function which is real for positive real numbers and is discontinuous along the
ray {1e!*+® : % > 0}, we consider the function F,(z) = G(clogz). Clearly,

F.(2)=F(z), zef{re?:A>0and -7 +¢c<8 <},

and, by continuity, there exists the limit called f;(1) in the statement, with a
value equal to F,(—A). Similar reasoning is applied for f>(A).

To prove property (iii)g, given A > 0, we take a circumference I centered
on —A, of radius cA (0 < ¢ < sing). Then I' does not cut to the ray {te!-7+® :
t > 0} and thus I' is contained in the domain of F,. Expressing the function
F.(—A) = fi(A) by means of Cauchy’s integral formula along I" we have

1 [ F@
fl()\)—ﬁ/rz—i-—kdz

and derivating

1 [ R@
iy =5 /F Sz

Taking into account (in a similar way as property (i)p) that the functions
F.(z) and z7'F,(z) are bounded, respectively, in the proximities of zero and
infinity, we obtain assertion (iii)o for function f;. An analogue procedure is
used for f,.

Finally, given z € C\ R_, property (iv)p results from expressing F(z)/z
through Cauchy’s integral formula along of the path composed from the arcs:

F1={Ri9:—n+8§95n—8}, F2={pei9:—n+£§0§n—e},
Ty = {xe"@'—e) Tp <A< R}, Ty = {Ae‘i(”_a) Tp<A< R},
counter-clockwise oriented, with &, p, R positive. Taking limits as ¢ — 0,

p — 0 and R — oo we conclude (2.2), after having applied properties (i)g
and (ii). i
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ReEMARkS 2.2. If F € Fy, (2.2) would allow us to consider F(1/z) as
the Stieltjes transform associated with the complex measure du(t) = f(1/t)dt.
Likewise, (2.3) would indicate that F(z) is the Stieltjes transform corresponding
to the measure du(t) = — f(¢)dt (see [3] and [4]).

In addition to the notations introduced in the previous result, we will write

1
(2.4) ff) = E(fl A) + ().
We define the classes

Ho = {Fefo (A7 f e L'00, 1) and A7 f [y o0 L1, oo[)},

Hy = {Fefl Alf e LR }

In particular,
HonHy = {FeRNF A7 fe @D }.

From now on, in this section, A will be a densely defined non-negative
operator.

It is not very difficult to check if a holomorphic function defined on C\R_
belongs to classes Fi, Hi, k = 0,1. The following examples will be of
usefulness in our exposition.

ExampLE 2.3. If 0 < Ra < 1, function z* belongs to Hy (but not to Fj)
and, if s € C\ R_, the function

% =5
if z#s
Z—S
as* ! if z=ys

ExampLE 2.4 Given 0 < y < 1/2 and ¢ > 0, function e belongs to
Ho NH,y. The same is valid for z%¢~'%, n > 1.

ExAMPLE 2.5 If « is such that R > |a|?, the set Q, = C\ {A%e®* : A > 0
and —m <0< 7} is not empty and if —u € Q,, the function (u+z%)~! belongs
to Ho NH;. For the same values of «, given s € C\ R_, the function

is in class Ho N H;.

=S .
{ — ifz#s
¥ =S5

atsl= f =35

Z+r

is in class Hop, but not in F;. The same is true, given r > 0, for gy =
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DEFINITION 2.6. Given F € Hyp, and being f :]0, 00o[— C the function
given by the expression (2.1), the integral operator

o
T =/ ALF) A+ A)7TApdr, ¢ € D(A),
0
verifies the estimate

IToll, <Cill@ll, + Mp llDllyp) + C2 Mp [ Adllgpy, P EP,

where C1 = [, ;A7 [ fM)Idr and Cy = [ (A72| f(M)| dA. From this
inequality we can deduce that, given A > 0, operator T (A + A)~! is continuous,
which implies that T is closable. We define F(A) = F(0)+T. A simple
example is the operator A% = (z%)(A).

It is evident that if A is continuous or D(A) = X, operator F(A) inherits
the same properties. For F € H; we define the continuous operator

F(A)¢=F(oo)¢—/0 fA A+ A)pdr, ¢eX.

REMARK 2.7. If F € HoN'Hj, for all ¢ € X it is easy to see that the
integral

/°° ALY A+ A) g da
0

is absolutely convergent with respect to any seminorm p € P and therefore
defines on X a continuous operator. Taking into account the identities (2.2)
and (2.3), we have

F(0c0)¢ — / FO) O+ A 'pdr
(2.5) o .
= F(O)¢ + /O AT FQAG+ A gdr, peX,

and we can deduce, thanks to the density of D(A), that the two definitions of
F(A) coincide.

ReMARk 2.8. It is immediate that if F € Hy, then, for all u > 0, F(A)
commutes with (1 + A)~! in the domain of A. As F(A) is defined as a
closure operator, this commutativity can be extended to the domain of F(A).
This property is verified in all the space X when F € H;. In this case, F(A)
commutes with A in D(A), since the equality

FA)(r+A) "+ A)¢ = (u+ A)'F(A) (u + A)g

for ¢ € D(A), implies that F(A)¢ € D(A) and AF(A)p = F(A)A¢.
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REMARK 2.9. It can be proved, by means of the path used in Proposition 2.1
(part (iv)p), that if A is a bounded operator in Banach space X with 0 € p(A)
and F € HoUH,, the definition of F(A) coincides with the one obtained with
the Riesz-Dunford functional calculus (see [2, p. 568]).

REMARK 2.10. When F'€ Hy and f(A) > 0 for all A > 0, Remark 2.2
shows that F'(A) coincides with the operator associated to the function F ac-
cording to the Hirsch functional calculus (see [3] -[4]). Likewise, the same
property is verified when F € H; and f(A) <0 for all A > 0. However, the
functions considered in the examples 2.3, 2.4 and 2.5, the more interesting in
this paper, do not belong, in general, to the above mentioned cases, and thus,
Hirsch functional calculus cannot be used here.

THEOREM 2.11 (Formula of the product in Hyp). If F € Ho, G € Ho and
H = FG € Hy, then the operator F(A)G(A) is closable and

F(A)G(A) = H(A).

In the case that D[H(A)] C D[G(A)], then

F(A)G(A) = H(A).

This happens when G (A) is everywhere defined on X, in particular, if G € H;.
In order to prove the formula of the product we need several lemmas.
LeEMMA 2.12. If F € Ho N'H; and F(o0) = 0, we have

Lol f(\/o) — A

2.6) / o f(A/o)— f(o ) o

0

=—f*(A), A>0,
1—0o

where f and f* are given by (2.1) and (2.4) and the integral is absolutely convergent.

-1
Furthermore, fol ”—&A]L_"i—_M’ do is uniformly bounded for ). > 0.

ProOF. It is easy to obtain the estimate

[

where H and K are respective bounds of the functions f and Af’. Thus, the
final part of the statement is proven. Given A > 0 and b > 0, let w; = —A+ib,
wy = —A —ib and let I" be the contour used in the proof of Proposition 2.1
(part (iv)p), with the suitable size of positive &, p, R so that I' contains inside
w; and w,. Through Cauchy’s integral formula, by taking limits as ¢ — O,
p — 0 and R — oo, hypothesis F(co) =0 enables us to obtain

* f@ f@®

o 4w t+ wy

o' f(r/o) = foh)

l1-o0

© t
d0'§2/ |flf)ldt-i-Hlog2+5K, A >0,
0

o0
dt = —F(wjp) and / dt = —F(wy).
0
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Consequently:
g *
fim [ £ e = fim =S (P + Fw) = — (0.

On the other hand, by denoting:

—A —A
I = -——d I = ———————d
i OfO P ) A/rf<> ot
A/r - Arof() © f@)
I; = —d = = = A
3 Ar f( ) )‘)2 +b2 & Jl 0 t—A dt J2 Ar t—A d

and making b = A(1 —r)? with 0 <r < 1 and g > O, it is easy to obtain the
estimates:

o t
r&—m$mrww4/J§lw,k=Lz
0

which, if we take g > 3/2, imply that lim,(fy — Ji) =0, k = 1, 2. Hence,
in order to prove the formula of the statement, it only remains to check that
lim,_,; Iy = 0, which is a consequence of the inequality:

fm—fa)/w P
L] < su _— 1l-— dt
S Vil gt /A (=17 + 52

1#h

Mroop—A
—————m‘
(t— 2%+ b?

1-—
=2 sup |fO[AA/r =D +1f B —5
Ar<t<i/r

where for the second integral we have used the estimate

221 —r)? +rip? - 1-r?
Ar2(1—r)2+r2% — 22

log

which comes from log(l + x) < x, if x > 0. O

LEmMMA 2.13 (Formula of the product in Ho N'H;). If F and G belong to
Ho NHy, the product H = FG is in Hy N'H; and F(A)G(A) = H(A).

PrOCOF. Let f, g, h and f*, g*, h* be the functions associated to F, G and
H, given, respectively, by (2.1) and (2.4). The fact that H belong to Ho NH;
is obvious, since

h()) = f(R)E*(A) + fF(M)gR)
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and the functions f* and g* are bounded. The proof can be reduced to the
case in which F(oco) = G(oco) = 0. In this case, by using Tonelli-Hobson’s
theorem we can write

F(A)G(A)p = / /]0 B AT R0 A g dhdn, ¢ e X,

its second member can be rewritten in the form

// =L +1, with11=// and12=// .
10,00[x]0,00[ {( )iz p>0} {(,w):a>p>0}

Next, we will write I; with the variables A and 0 = u/A and I, with u and
o = A/up (after which will be done in I, A = w). Then, by applying the
second resolvent equation we obtain

F(A)G(A)¢ = // > (=1)/*hi(x, 0)drdo

1<j<4

=lim 3 (—1)f+'//w hj(\, o) dhdo,

r—>11<j<4

where
W={A,o):A>0, 0<o <1},

1

h(,0) = 7—— f) o) o + 479,
1

ho(h,0) = 7—— f) gGo)% + A) 10,

1
h3(x, 0) = 7—— f(0) g0 (ho + A)lg,

1
ha(r,0) = T—— fG0) g+ A)7'9,
and, given r,s : 0 < s <r,
Wir={(X,0):A>0, s <o <r}.

The functions k; (1 < j < 4) are absolutely integrable on W; , with respect
to any seminorm p € P. The restriction to W;, is made because there is no
guarantee that each one of the functions A; is integrable on W. By means of
the change Ac — A we obtain:

//W”hl(*"’)d*da =// %m/a)g(x) (+ A) o~ ¢ drdo

// hi(A, 0)drdo —//W 1—_—f(k)g(k/a)(A+A) lo~l¢pdrdo.
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Therefore, by associating #; with hy and h, with k3 we deduce:

-1 _
F(A)G(A)qb_ lim U Foy T8RO = 8@ L -1 i do
Ws,r l—0o
o1 _
// b (2PN da}’
Ws,r l-o

where in order to substitute lims—o JJw,, by [[y and then apply reiterated
integration, it suffices to check the mtegrablhty on W of the functions

g o7 f(A/o) — f(d)»)
A l1—-0

f) o7 lgn /o) — g(on)
A l1—0o

and

but this is an immediate consequence of the second assertion of Lemma 2.12,
together with the fact that the functions A~!f and A~!g are absolutely inte-
grable. After carrying out the reiterated integration on W and applying (2.6),
we conclude that

F(A)G(A)$ = — /0 (F) g* 0 + £*() () (b + A) ' di
- /Ooo hG) (+ A G dr = H(A),

as we wished to prove. O

Given 0 < y < 1/2, for t > 0 we will denote G,(z) = e~'%", the function
already mentioned in the example 2.4, that belongs to HoNH;. With the model
of expressions (2.1) and (2.4) we are able to obtain its associated functions g,
and g;.

LemMMaA 2.14. If F € Hy, the product H; = F G, belongs to Ho N 'H, for all
t >0, and

2.7 tll_I)% H,(A)p = F(A)¢, ¢ € D(A).
Furthermore,
(2.8) tll_% G/(A)p=¢, ¢eX

Proor. It is clear that if w € C and |Sw| < w468 (with § : (m+8)y < 7/2)
then:
lim e®e™¢"” = 0.
Rwo—> o0

It follows that H, € Fy N Fj.
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On the other hand, by simple calculation, we have:

1
gA) = — e STV Gin(eAY sinwy),
T
&A= e STV cos(tAY sinry), A >0, t> 0.

Therefore, g; and A~!g, belong to L‘(Ri) and g/ and A g; belong to L*(RY).
Furthermore, from Proposition 2.1 (part (ii)) we can see that F' € Fy implies
that A~! f* € L*(]1, oo[) and f* € L*®(]0, 1]). If h, is the function given by
(2.1), associated to H;, then, taking into account the identity

h) = fM) gr M) + () & (D),

together with the fact that A~1 f € L'(]0, 1]) and A~2f € L'(]1, oo[), one easily
deduces that A~'h € L'(R*). Hence, H, belongs to Ho N M.
For ¢ € D(A) we have

H(A) = [F(mqs + /O ALFO) 85 O+ A) A dA
+ /0 ATLF ) 2 (4 A) ' A d,

where, by the dominated convergence theorem, the part between brackets tends
to F(A)¢ as t goes to zero, due to the fact that

|g;*(k)| <1, A>0, f>0and fixed A >0, lil’I‘(l)g:(()\.) =1.
t—

It must therefore be proved that the second integral tends to zero. By
denoting

&(N) = sup ‘z_lF(z)' and k(N) = sup |F(z)|], N >0,
>N 0<lzl<N

(these suprema exist due to part (i)y of Proposition 2.1) and by changing the
variable A = ut~!'/7 we obtain

[t sl o+ 4 tag] daa
0 p

NellY
< (Il + My 18ll,p)) k() /0 1wl du

+eWN) My I1ABlyp [ 0G0l du. peP. N >0,

Nt

(where M, and the seminorm q(p) verify (1.1)). Equality limy_. o &(N) =
0, together with the fact that F € Hy and the integrability of the function
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lgt(w) u~!' on R% imply that the last term of the second member of the
obtained expression tends to zero as N — oo, while, after fixing N, the first
summand of this member tends to zero as ¢+ — 0. Therefore, we conclude that
the first member tends to zero as t+ — 0, which completes the proof of (2.7).

Relation (2.8) can be obtained as a particular case of (2.7) for ¢ € D(A).
Taking into account the density of D(A) and the estimate

M
||Gt(A)¢“p § L ”¢“q(p) ) p € Pv t> 09 ¢ € X»
cosmy

which is obtained from the definition of G,(A), we conclude the validity of
(2.8) for all ¢ € X. O

PrOOF. OF THEOREM 2.11. Let F € Hy and G € Hy such that H =
FG € Hy. For t > 0, the fact that G G; belongs to H; implies, as noted
in Remark 2.8 that operator (GG,)(A) commutes with A on D(A) and thus
(GGy)(A)p € D(A) for all ¢ € D(A). Given s > 0, by virtue of Lemma 2.13
we have (FG,)(A) (GGy)(A)p = (HG;G)(A)¢@, and taking limits for ¢ going
to zero, Lemma 2.14 assures that

F(A) (GGy)(A)p = (HG,)(A)9,
and as F(A) is closed, once again the same lemma implies that
G(A)¢p € DIF(A)] and F(A)G(A)¢ = H(A)¢,

after making s go to zero. Hence, equality F(A)G(A) = H(A) is easily
obtained, because of the fact that H(A) is closed and D(A) is dense. a

3. — Spectral mapping theorem for fractional powers of non-negative
operators with dense domain

We will continue in this section by supposing that A is a non-negative
operator with a dense domain. By using the formula of the product, we will
establish algebraic and topological spectral mapping theorems for the fractional
power A%. In particular, we will give new integral formulas to represent the
resolvent operator (w — A%)~! if the exponent « is small and w has the form
w = r%"% with r > 0 and —7 < 6 < . The following lemma studies the
product of A" (n > 1) by G,(A), and will be very useful, since it will enable
operators A" to be treated as if they belong to Ho N H;.
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LEMMA 3.1. The range of G;(A) is contained in D*°(A) = ﬂsozl D(A"™) and
A"G(A)p = ("G:)(A)¢
o0
G.1) = 0" [T e G+ A,
0
¢eX, n>l.

Proor. Since the function z"G, belongs to Hy N H; we can use (2.5) to
describe the operator (z"G;)(A) and thus

(—1)"A/0 A lgi(3) <A+A)—1¢dx=<—1)"+'/0°°A"g,(x> O+ A) g dn

and reasoning by induction on n, one deduces that Ran[G,;(A)] C D(A") and
identity (3.1). Moreover, G,(A) and A" commute on D(A"). O

THEOREM 3.2. If Rer > |a|?, the following assertions are satisfied:
(i) The non-empty set Qu = C\ {A%!** : A > 0 and —w <6<  } is contained in
the resolvent set p(A%) and if —iu € Qq, then

(A% +w~'¢
(3.2) sinamwr  [* A% 1
= A+ A) pdr, € X.
b4 /0 A2 422 cosam + u? G+A)"¢ ¢

(ii) Givens € C\ R_, then s* € p(A%) ifand only if s € p(A), and s* € p(A?) if
and only if s € p(A). Fors € p(A) and ¢ € X we have

(Aa_sa)—l¢=ésl—a(A_s)-l¢

4 sin a7 /°° A O+ A) g dr
T 0 A2 —2)%5% cosqm + s2¢ '

(iii) Givenr > 0, then r*e*™ ¢ p(A%) and

(A" —r*e®™) g = —r1 2T (A4 )79

+ sin o /°° (A —r)rel
T 0 ()»“ _ rcx)()\a — eflina ra)

AA+ A7+ A)7pdr, ¢ € X.

ProOOF. Assertion (i) (proved in [1] and [10] when X is a Banach space)
is obtained applying the formula of the product to the functions z% + u and
(2 + )~
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Let us now prove (ii). We have already seen in the examples of Section 2
that the functions

7% —s¢ z—s
if z#s if z#s
F(Z)={ z—s 7 andG(z):{z“—s“ 7

as?! if z=s L

respectively belong to Ho N H; and to Hy. Since the function z — s belongs
neither to the class Hy nor to H;, we will need to use the function G; in order
to apply the formula of the product.

As the function (z® — s%)G,(z) belongs to HoNH; and its product by G
is the function (z — 5)G,(z), also in Ho N H;, we can apply Theorem 2.11 and
thus

G(A)[(z*-s*)G1(A) =[(z—$)G,1(A) and [(z"—s5%)G,1(A)G(A) C[(z—5)G:1(A),

from which, by applying Lemmas 2.14 and 3.1 and taking limits for ¢ going
to zero, one deduces that

G(A (A% —s%) = (A" —s)G(A) = A —35.
Similarly it is proved that
A% — 5 D F(A)(A —s) and A% —s* = (A — s5)F(A).
Accordingly, s € p(A) if and only if s* € p(A%). If s € p(A), by denoting

sin o O+ s) 2
s
s2 —2)%s® cos o + A2

gl =

we have:
(A% —s)7'p = GA)A —5) 1o = G0) (A—s)"'¢
+ /oo AlgM) (A + A)TTAA - 5)71g da
0

= [G(O) + /oo AlgMs( +5)7dA| (A-5)"1o
0
+ /0 g0+ )" (h+ A dh = G(s)(A — 5)"'9
+/0 ¢WO 49 A+ A Tsdr, eX,

where the last equality is due to (2.1). As the integral operator that appears in
last term is everywhere defined on X and continuous, it follows that s* € p(A%)
if and only if s € p(A).
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The proof of (iii) is analogous to (ii), by considering the functions

Z+r Z+r

Fl(z) = o and FQ(Z) = ”
Z Z

of the class Hy, and checking the identities

— raeina _ rae—inat

A+r=(A"—r*™)Fi(A) = Fi(A)(A* —r%™)
= (A" —re ") F(A) = Fy(A) (A —r%e™™), o

LemMmA 3.3 (Moment inequality). Let 0 < Ra < RB and a seminorm p € P.
Then, there exist a positive number C(p, ., B) (depending on p, a and B) and a
seminorm r(p, B) € P (depending on p and B) such that

l_fﬁa Ra
33)  ||la8], <Cp.a. B |6l [4%4] . ¢ DAP).

ProoOF. From the definition of non-negative operator, by induction on m, it
follows that given p € P and a positive integer m, there exist a positive number
K(p,m) and a seminorm g(p, m) € P (depending on p and m) such that

(34 [+ 7" o] <Kp.m) 191405 m and

“ [A(* + A)'l]m ¢Hp <Kp,m) |¢ll,ppm - +>0, ¢€X.

Firstly, let us prove (3.3) for 8 = m. Given p € P, writing f]o,oo[ =
f]0,8]+ f]& ool in (1.2), applying (3.4) and minimizing with respect to § > 0,
we obtain

_ R Ra
35)  [A%||, <C(p.ct.m) Ibllyemy ™D Hymy- & € DA™,

where
C(p.o.m) o D K(p.m)
Lo, m) = ,m).
P T () (m — ) Rer (m — Rat) T
Let us now prove the inequality (3.3) for 0 < Ra < RB. If ¢ € D(AP)
and we take m = [RB] + 1 (where [%B] is the integer part of RB) we see,
after expressing the integrand in the form A*~'A™~# [(A + A)~!]" AP¢ and by
using (3.5), that the integral [;°A%~! [A(A + A)~1]" ¢ dx is absolutely conver-
gent with respect to any seminorm p € P. Operating with [(1 +A)_1]m it
follows from (1.2) that

A% = F(m)_ 5 /Ooo Ao [A(A+A)_1]m¢dk.

F')I'(m

By arguing in a similar way to the former case, we write [i .. = [i0.51F Jis.000
and in the first integral we use the second inequality of (3.4) and in the second,
after writing the integrand in the form Ae-lpgm=p [(A-l— A)_‘]m Aﬁ(,b, we first
apply inequality (3.5) and after (3.4). Finally, by minimizing the obtained
estimate with respect to § > 0, inequality (3.3) is concluded. O
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THEOREM 3.4. Let @ € C,. Then
0 € p(A) ifand only if 0 € p(A%) and 0 € p(A) if and only if 0 € p(A%).

ProoF. Let 0 € p(A) and n > Ra. From relation
(3.6) ACATTY = ATTYAY = AT
it follows that 0 € p(A%*). Conversely, if 0 € p(A%) then, for all positive integer
m we have that 0 € p [(A%)™ = A™“] and taking m such that m(fx) > 1, we
have that A™® = AA™*~1 = Am@~1 A which yields that 0 € 5(A).

If 0 € 5(A), (3.6) implies that (A%*)~! = A"~*(A~!)". On the other hand,
from (1.2) it follows that (A~1)* = A" %(A~!)" and therefore
3.7 @ant=@he,

Identity (3.7) implies that if 0 € p(A), then 0 € p(A¥). Conversely, if
0 € p(A%), then operator (A~1)® is continuous and if 0 < B < min(1, Ra),
Lemma 3.3 implies that (A~!)# is continuous and thanks to the multiplicativity
(Proposition 3.3 of [9]) the operator A~! = [(A_l)ﬂ]l/ F 5o is and thus 0 €
p(A). O

THEOREM 3.5. (Algebraic spectral mapping theorem) Let o € C. If6(A) is
not empty, then

G(A") = {z":z€5(A)}.

If 6 (A) is empty, the spectrum 6 (A%) also is.

ProOF. Given a linear operator T : D(T) C X — X, it is known that
(3.8) (I ={":z2€6(T)}, n=l.
Because of this, the proof can be limited, without loss of generality, to the case

where |a|? < Ra, and in this case the algebraic spectral mapping theorem is a
consequence of Theorems 3.2 and 3.4. O

THEOREM 3.6. (Topological spectral mapping theorem) Let o« € C,.. If o (A)
is not empty, then
o (A% ={z":z€0(A)}.

If o (A) is empty, the spectrum o (A%) also is.

Proor. Theorems 3.2 and 3.4 show that the result is true if |oz|2 < fa.
Hence, the validity of the theorem for all @ € C; would follow if equality (3.8)
is true for topological spectra. We can only prove, in general, that

oI C{":zea(T)}, n>l.
To prove the other inclusion, taking into account the identity
=T = (z — T)(Tn—l + ZTn-—2 4+ ..+ Zn—ZT + Zn—l)’

we would have to assure that if the operator (" — 7")~! is a continuous
everywhere defined operator, the operators T™(z" —T")"! (m =1,2,... ,n—1)
so are. But this result, which is not true in general, is valid for T = A%/", as
a consequence of Lemma 3.3. O
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4. — Spectral mapping theorem for fractional powers of non-negative
operators with non-dense domain

Throughout this section, A will be a non-negative operator defined on an
S-space X such that D(A) # X. Let us consider the S-space Xy = D(A) and
the operator Ap with domain D(Ay) = {¢ € D(A) : Ap € Xo} and defined as
Aop = A¢ for ¢ € D(Ayp). The operator Ag is obviously a non-negative densely
defined operator and it is easy to check that A% = J* for all « € C;. The
following proposition allows us to adapt literally the results of the preceding
section to the case of non-densely defined operators.

PROPOSITION 4.1. Leto € C; andn > Ra. Then the following assertions hold:
i A =1 +A"J*A+ A"
(i) P(A%) = p(AY) and (z—A%) "' = (1+A)z—AD A+ A, z € p(A).

Proor. It is clear that the operator T(a) = (1 + A)"J*(1 + A)™" is an
extension of A%. Conversely, if ¢ € D[T ()], then (1 + A)™"¢ € D(J¥) and
J¥(14+ A)™"¢ belongs to D(A" = A*A"™* = A""*A?) (Proposition 3.1 of [9])
which gives A"(1 + A) "¢ € D(A%). Hence ¢ € D(A%*) (Lemma 3.2 of [9])
which completes the proof of (i).

It is immediate to check, through paragraph (i), that p(A%) C p(Af).
Conversely, given z € p(A§) it is clear that z — A% is a one-to-one operator.
Let us see that it is surjective. Given ¢ € X, the element ¢ = (z — Ag)‘l(l +
A)™"¢ € D(AY) and we have that (z — A§)Y = (1 4+ A)™"¢ € D(A"). Let us
take an integer k > “=2¢ and let = 2%, then D(AF) C D(Ag), and from

Ra
the equality Ay =z — (1 + A)™"¢ we have that AJy € D(Ag). Therefore,
¥ € D(ASTP). As D(ATP)ND(A") ¢ D(ALP), the former identity implies that
¥ € D(AST?). Reiterating the reasoning it is concluded that ¥ € D(ASH="),
Taking n = (1 + A)"¢, we have that n € D(A*) and

=AY =>0+A)"(z—-APDU+A)"n=>1+A)"(z - ADY = ¢,
and therefore z € p(A%). O

THEOREM 4.2. Theorems 3.4, 3.5 and 3.6 also are valid, though the operator
A was non-densely defined.

ProoF. By applying Theorem 3.4 to the densely defined operator Ay and
by using the relations

1+A) A -2 "1+ T=UA—-27"! and

(14+ )AL —w) "1+ A = A" —w)™!,

valid for z € p(A) and w € p(A%), we obtain that Theorem 3.4 continues being
true for the operator A.

The proof of the spectral mapping theorems for the operator A is the same
as that of the case densely defined, taking into account that Lemma 3.3 and
Theorem 3.4 are true for all non-negative operator. O
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