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Some Theoretical Results Concerning Non
Newtonian Fluids of the Oldroyd Kind

ENRIQUE FERNANDEZ-CARA* — FRANCISCO GUILLEN* —
RUBENS R. ORTEGA**

1. — Introduction

In this paper we consider incompressible visco-elastic fluids satisfying the
Oldroyd constitutive law ([1], [15], [20]):

Da(f DaD(u)
(1.1) o+ AI—E =2 (D(u) + A ) .

Dt

Here o is the tensor of tangential stresses, D(u) = %(Vu +!'Vu) is the deforma-
tion tensor, u is the velocity field, A; and X, are respectively the relaxation and
retardation times (0 < A, < Aq{) and 7 is the fluid viscosity. In (1.1), D,/Dt
denotes the following “objective derivative” ([1], [16], [20]):

D,o ,
E—:a + - V)o + g,(0,Vu),

o’ is the time derivative,
ga(o,Vu) = W) — Wwu)o —a(Du)o + o D(u))

with a € [—1, 1] and, finally, W(u) = %(Vu —'Vu) is the vorticity tensor.

The case A; = A, = 0 (respectively A; > 0, A, = 0) corresponds to a
purely viscous or Newtonian (respectively a purely elastic) fluid. In this paper,
we will assume 0 < Ay < Aq; for A; and A, in these conditions, (1.1) can
be used to describe the behaviour of a large variety of polymers (for instance,
see [25]).

* Partially supported by DGICYT/Spain Project PB92-0696 and PB95-1242.
** Partially supported by CAPES/Brazil grant 1797/91-6 (PhD fellowship at the University of
Sevilla). '

Pervenuto alla Redazione il 1 gennaio 1996 e in forma definitiva il 10 febbraio 1997.
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The constitutive law (1.1) must accompany the motion and continuity equa-
tions for homogeneous incompressible fluids

(1.2) pW +w-Vuy=V-X+f, V-u=0,

where u’ is again a time derivative, ¥ = —pld + o is the stress tensor (p is
the pressure), f is a given field of exterior forces and p is the fluid density (a
given constant). By putting o = Ty + v with

A
™ =20"=D),
Al
we see that (1.1)-(1.2) can also be written as follows:

13) p 4+ w-Vu)—n(l —a)Au+Vp=V.-1+ f, V-u=0,
(14 T+ME +W@-V)T+ 8a(t, Vu)) =2naD(u) .

Here, we have introduced the parameter « = 1 — A,/ (notice that 0 < o < 1).
The previous system can be adimensionalized in the usual way with characteristic
values U and L for the velocity and the length. For the dimensionless variables,
one finds:

(1.5) Re' + - -Vyu)— (1 —a)Au+Vp=V -1+ f, V-u=0,
(1.6) We(t' + (u- V)T + gu(t, Vu)) + T = 2a D(u) ,

where Re = pUL/n is the Reynolds number (the ratio between inertial and
viscous forces acting on the fluid) and We = A, U/L is the Weissenberg number
(a measure of the elasticity of the fluid). We will assume that this system is
satisfied in € x (0, T), with  C R? being a bounded connected open set whose
boundary 9€2 is smooth and (0, T) is a time interval. We will complete (1.5)-
(1.6) with the following boundary and initial conditions:

1.7 u=0 on dQ2x(0,7T),
(1.8) U |1=o0 = uo, Tl=0=7T0 in .

The unknowns are u, p and t; the data of the problem are the functions uy,
79 and f and the constants Re, We, o and a.

The main goal of this paper is to deduce existence, uniqueness and stability
results for (1.5)-(1.8). Several results have already been established, up to now
all in a Hilbert framework. In [9], C. Guillopé and J.-C. Saut proved that there
exists a unique strong local in time solution using the techniques in [23], [24]
(roughly speaking, rewriting (1.5)-(1.8) as a fixed point equation and applying
Schauder’s theorem). They also proved that the solution is globally defined
if the data are small. The existence and uniqueness of a global solution for
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large data have been demonstrated by the same authors in [10] in the particular
cases of two-dimensional Couette and Poiseuille flows. Unfortunately, there is
no general result concerning global in time existence for arbitrarily large data.

On the other hand, the main result for the stationary problem associated
to (1.5)-(1.7) is due to M. Renardy ([19]). It states that, when f is sufficiently
small and 0 <.« < 1, there exists exactly one small strong solution. Some nu-
merical questions for (1.5)-(1.8) and other related problems have been analyzed
in [2], [3] and [21].

This paper is organized as follows. In Section 2, we prove the existence
and uniqueness of a local L® — L" solution to (1.5)-(1.8) (again global in time
if the data are small). We use the techniques in [23] together with some
recent results due to Y. Giga and H. Sohr [8] on the L’ — L" regularity of the
solutions of the Stokes problem. In Section 3, uniqueness and stability results
for (1.5)-(1.8) are given (the former can be viewed as an analog of the well
known uniqueness result for regular solutions of the Navier-Stokes equations).
Section 4 deals with the existence and uniqueness of a small L" solution to the
stationary problem associated to (1.5)-(1.7). In Section 5, we deduce global in
time existence and uniqueness for Poiseuille flow in cylindrical domains (the
flow of a fluid between two concentrical cylinders). Section 6 deals with some
final remarks. Some of these results have already been announced in [5].

2. — The evolution problem (I): existence and uniqueness of a strong solution

In the sequel, one will have r, s € (1, 00). Unless it is explicitly specified,
Q C R? is a bounded connected open set such that 32 is Lipschitz-continuous.
We will use the following notation (see [8]):

a) L"” = L"(Q), HY(Q), etc ... H . ={v € L'’V -u =0,v-n=
0 on 0€2}. Here, n = n(x) is a unitary vector, normal to 02 at x and oriented
towards the exterior of Q; H, endowed with the norm of L"(Q)? is a reflexive
Banach space. When r =2, we will put H instead of H,. The norm and the
scalar product in L? will be denoted by | - | and (-, -), respectively.

b)) V=HnN Hol ()3, a Hilbert space for the usual norm in Hol (Q)3. vV
is its dual space ({(-,-) is the corresponding duality pairing). The norm in H]
will be denoted by | - |.

¢) P, : L"(Q)> — H, is the Helmholtz projector in L. It is a bounded
linear operator characterized by the equality P,v = vy, where vy is given by
the so called Helmholtz decomposition

v=uv9+Vq, with vpeH, and ge W' .

d) A,=P,(—A): D(A,) — H, is the Stokes operator in H,. Here, D(A,)=
W27 ()3 N Wy (R2)> N H, is a Banach space for the norm ||A,v||r +|v|lr-
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e) D} = {v € H; llvlips = Ivller + (f5° 1Are™ A vll},de)'s < oo}

We will frequently use functions with values in R* or in the space L(R?)
of real 3 x 3 matrices. In all cases, the notation will be abreged. For instance,
u € HO1 () or simply u € HO1 means that each component of u belongs to
HO1 (2). Whenever X (€2) is a Banach space formed by functions defined in €2,
LP(X) stands for LP(0, T; X(2)) and C(X) for C([0, T]; X (£2)).

THEOREM 2.1. Assume 3Q2 € C**(u > 0), 1 <5 < +00, 3 < r < +00 and
T>0.1If
ueDS, weW', felLS(L,

then there exist T, € (0, T] and a unique strong solution {u, p, t} to (1.5)-(1.8) in
[0, T.], with

ueL*0,T,; D(A,)), u' e L*0,T,: H,),
T € C([0, T,]; W), e L0, T,; L").

THEOREM 2.2. Assume 32 € C**(u > 0), 1 < s < 400. Then, for each
T > 0, there exists ag(T) € (0, 1) such that, when 0 < o < ao(T) and the data

upe D, TeW', felL' (L)

have sufficiently small norms in their respective spaces, problem (1.5)-(1.8) pos-
sesses exactly one strong solution {u, p, t} in [0, T], with

u e L*(D(A))), u' e L°(H,),
e C(WH), e LS(L").

Theorem 2.1 slightly improves Theorem 1 in [5]. When  C R, results
similar to Theorems 2.1 and 2.2 hold again for all finite r > N.

Theorems 2.1 and 2.2 can be compared with the results in [9]. In [9]
(Theorems 2.4 and 3.3), C. Guillopé and J.-C. Saut impose stronger regularity
hypotheses on the data (in particular, f € L>(H') and f’ € L*(H™!) in The-
orem 2.4 and f € L®(H') and f' € L*°(H~') in Theorem 3.3). They also
show that if the data are small enough there exists a strong solution in [0, 00);
contrarily, in Theorem 2.2, T is arbitrarily large but finite (and oo(7) — O as
T — 4+00).

For the proofs of Theorem 2.1 and 2.2, we need the following three lemmas:

LEMMA A. Assume Q2 € C** (u>0),1 <r,s <+ooand T > 0. If
upe Di, Fel’(H),
then there exists a unique function u such that

ueL'(D(A,)), u €L*(H,)
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and
(A.1) Reu' + (1 —a)A,u=F ae in (0,T), U |i=0= Ug .
Furthermore,
C \*
A sy + 18 Fsqu,) < (i—_;) (N0l + IF N sca)

where Cy = Cy(r, s, Re, Q) does not depend on F, ugand T.

The fact that C; is independent from T is very important and will be
used below.

LEMMA B. Assume 32 € CL,3 <r <400,1 <s < +ooand T > 0. If
ieL(D(4,)), TweW",
then there exists a unique function t such that
tec(w'), el

and

B.1) { We(t' + (it - V)T 4+ g4(t,Vi)) + T =2aD@) ae. inQ2 x (0,T),
T |i=0=To.

Furthermore, one has the following estimates, where Cy = Cy(r, a, 2) :
4o 4o _
B2 7l e + e = (n ol + We)exp (Callll i wan)) = A

Tl/s
1-1
(B.3) ”T ”LJ(L’) <2 5C2A (IIuliLs(wl ) + C We)

LEMMA C. The solution to (A.1) furnished by Lemma A satisfies:
ue€ C(LYNL¥(W')yn L3 (@L>).

Furthermore, one has:

1/2

(Cl) "u”LZS(Wl ry = C3”u"LOO(Lr)||u“Ls(W2,r)
and

1-3 3
(C2) ”u”L2sr/3(L0°) = C4”u”L00r(Lr)”u"Lzs(Wl,r)

where C3 = C;3(r, Q) and C4 = Cy(r, Q).
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For the Proof of Lemma A, see [8]. Lemmas B and C are demonstrated
in the Appendix.

PrOOF OF THEOREM 2.1. We are going to rewrite (1.5)-(1.8) as a fixed
point equation. Then, Lemmas A and B will be applied. This, together with
Lemma C, will serve to check that all hypotheses of Schauder’s theorem are
satisfied.

For arbitrary T > 0, R; > 0, R, > 0 and Rz > 0, let us introduce the set

Y(T)={(@,7);u e L(D(A,)), & € L°(H,), u(0) = ug,
TeL®W'), T e L (L), 700) =1,
Nl zs peayy + 1@ s s,y < RY
Tl Looqwiry < Ra, 1T lsry < Ra).

2.1)

Let us see that, if Ry and R, are sufficiently large, then Y(T) # @ for all
T > 0 (and for all R3 > 0). Indeed, let u, be the unique solution to the Stokes
problem

(2.2) Reu, + (1 —a)A,u, =0 ae. in (0,T), us |r—0=uo.

For Lemma A, we know there exists, C; > 0 such that

C; \°
luallZs peayy + ||“I*||§,S(H,) = <m) ||U0”SD;
(Cy does not depend on T). If one chooses

C
2.3) Riz = luollpg.  Re = lmollyis

then (u,, tp) belongs to Y(T') for all T > 0 (and also for all R; > 0).

In the sequel, R, and R, will be assumed to satisfy (2.3). Let us introduce
the Banach space Xr = LS(WOI") x C(L") and the mapping &: Y(T) — Xr,
given by ®(u, T) = (u, t), where u is the unique solution to (A.1) with

F =P (—Re@@ -Vu+V- -7+ f)

and t is the solution to (B.1). Obviously, a fixed point of & solves (1.5)-(1.8).
Let us see that, for some Ty € (0, T], one has ®(Y(7T,)) C Y(T,). Indeed, if
(,7T) € Y(T) then
r du; |
Fl3s;r < Cs | Re* / (/ ij—
1 0es ) 5( %.:0 ol 7 ax;

s
) +T- “f||2c>o(wl,r) + ”f”sLs(L")) .
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We deduce that
r=3 _
1F sy < €5 (T Nl a3 ooy IV 20y T N Moy 1 W) ) -
Now, using (C.2), (C.1), the definition of Y (T") and the inequality

_ i, L,
(24) lilioory < luollmr + 'l 1 pry < Nuollm, + T 75 @ llLscery »

one obtains:

3s(r—1) s(r+3) r—3 )
”F”sLS(Lr)SC6 (||u0||1-1,2r R, T +R1s‘

“+R§~T+||fl|2s(y)) :

where Cg = Cq(r, 5, Re, ). From (A.2), we see that

c Y\’
”ullis(D(Ar)) + ||u/||sLS(Hr) < (1 — O() ”uO”;_)ﬁ
3s(r=1) s@r+3) -3 3s(r—1
+ Ce (

luolly,™ Ry ¥ T +RP-T ‘1+R5~T+||f||2s<m))‘

On the other hand, from (B.2) and (B.3), one has:

4o 4o 1—l A
IlT”Loo(le’)+CW ” 0”W1r+m eXp(Cle-T A') =A y

1 Tl/s
T/ lLsery <275 CoA | Ry +
D = CoWe |

Consequently, if T,, Ry, R, and R3 are chosen in such a way that the right
sides of the three last inequalities (with T replaced by T,) are bounded by

R, and Rj respectively, then ® (Y (T,)) will be a subset of Y (7,). For example,
it suffices to take

s Cl § s 3s(£r—1! i
Ri= (1) (Molips +Co (2+ luoll, ™+ 17 Usary ) ) -

Ao
Ry, = (llfollwlr CoWe >expC2,

R; = 21_%C2R2 (Rl +

C2WeR2)

and

s(r+3)

5
T. =min{R1 , R, e zr,Rl X_I,Rz_s,T} ,
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Thus, we have found three constants R;, R, and R3; (depending on the
data) and a time T, € (0, T] (depending on R;, R, and the data) such that
®(Y(T,) C Y(T,). Since Y(T,) is a convex compact subset of X7, and & is
continuous, Schauder’s theorem can be applied. This proves the existence of a
strong solution to (1.5)-(1.8) in Q x (0, 7). That this solution is unique stems
on Theorem 3.1 (see Section 3). O

PRroOOF OF THEOREM 2.2. Let us consider again the set Y (7'), given by (2.1).
Notice that once @, R; and R, are fixed, if uo and 7( satisfy (2.3), then the
couple (uy, 79) € Y(T); here, u, is the solution to (2.2). Hence, Y(T) # 0
(and this true for all R3; > 0).

As in the proof of Theorem 2.1, we introduce the space Xr and the
mapping ®. Let us see that there exists a(T) € (0,1) such that (Y (T)) C
Y(T) for @ € (0, ao(T)]. If (&,7) € Y(T) and we set F = P,(—Re(u - V)it +
V.74 f), then

T
IF s zry <C5 (Resz /0 (nﬁj llor
ij

Using the fact that

ou;

J

s
) + T|If||200(wl,r)+“f“is(l,r)> :
LOO

lallzowry < € (Nl + 1 lsar )
one finds
1FWscary < Cr (N8 oy N gy + 0 W oy I
+ TN s, + 1150 ) -
where C7 = C7(r, s, Re, 2, T). Using the definition of Y (T), one also has
IF sy < Cr (2RE + RS- T+ 1 fl3sr))

and this, together with (A.2), gives the following inequality:

s Gy’
”u“sLs(D(A,)) + ”u/“Ls(Hr) = (m) <||u0||spﬁ+c7 (2R12s+R§’T+”f”st(L’))) :

On the other hand, from (B.2) and (B.3), one deduces:

4o 4o -\
”‘E”Lw(wl,r) + —C—z—VVé =< (”T()”Wl,r + m,—e) exp (C2R1 - T S) =A",

21 5 A/ R l/s
-[’ sory < sC + .
|| ||L = 2 1 C2W
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Consequently, if @, Ry, Ry, R3, and the norms of ug, 7o and f are such that
the right sides of these three inequalities are bounded by R, R, + % and

R3 respectively, then ®(Y(T)) C Y(T). First, we choose ay, R; and R, such
that

C )
( ! ) C;Q2R* + RS-T) <R!.
1—0[1

Then, we choose «g € (0, ;] such that

40[()
CzWC

- exp (Cle : Tl—%) <R,.

Finally, R; is fixed, such that

1 T1/s 4 1
21-5¢, (Rl + QWC) . szge -exp (Cle .T! ) <Rj.

When 0 < « < ap = ap(T) and the norms of ug, 79 and f are sufficiently
small, one has:

Y\ s ; : i
<1 _a) (IIuoIID; +C7QR¥ + RS- T + ||f||Lx(L,))) <RS,

4o

4o
<||T0|lw1r CWe )exp (Cle T'=s ) <Ry +

-1 Tl 4o -1
256 | R+ e | (ol + 5y exp(C2R1 T 5)5R3.

As in the proof of Theorem 2.1, we can now deduce that & possesses a fixed
point in Y(T') and also that this is the unique solution to (1.5)-(1.8). O

3. — The evolution problem (II): uniqueness and stability

THEOREM 3.1. Ifug € H, 79 € L% f € L'(V') and (1.5)-(1.8) possesses two
weak solutions {u', p', t'} (i = 1,2) in [0, T] (in the usual sense), with

e L°(H)NLAV)NL'(Wh®), tf e L°(LH N LAL®°)NLA(W"?),

then they coincide (p' and p? coincide up to a function only depending on t).
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1

PrOOF. Let us introduce u = u' —u?, p = p' — p? and v = t' — 72. Then

Re(u' + (! - Vyu + (u - V)u?, v) + (1 — a)(Vu, Vv) = (V - 7, v),

a.e. in [0, T],

(32) We(t' + u? - V)t + (u- V)t! + go(r", Vi) + ga(t, Vu?)) + 7 = 20D ()
ae. in 2 x (0, T) and

3.3) u |1=0=0, T |i=0=0.

The regularity properties of u and T lead to the conclusion that u’ € L?(V') +
L'(H) and t’' € L>(LY) N L'(L?). Here, v’ and 7’ must be understood as the
usual time derivatives in D’(0, T; V') and D'(0, T; L"), respectively. We can

compute the duality product ((3.1), u) (since u € L>(V)NL*®(H)) and also the
L? scalar product ((3.2), 5-7). They give together:

1d Wi )
2.dr (Re uf +2_: e '2) + (=)l + A ’= —Re((u - V)u?, u)
We | We | We i
——(u-V)T', 1)~ —(ga(t", V), 1) — ——(g4(7, Vur), 7).
20 20 2
Hence
d We
2 \RelulP+one |2) = C(”uzuwl.oo + 2
dt 2u
(3.4)

We
12 2 2
1) (Re tu P43 12 ).

with C being a constant. Now, from Gronwall’s lemma and (3.3), one easily
deduces that u and t vanish. O

Theorem 3.1 slightly improves Theorem 3 in [5]. When Q C RN (N > 4),
one can deduce, in a similar way, uniqueness in the class

ue L°H)NLA(V)NL'WH®), e L®LHNL>L®) N LAWY,
On the other hand, if © C R?, one obtains uniqueness in the class
ue L°H)NLAWVYNL' Wh®), e L®WLHNLXW") 6 > 0).

Notice that Theorem 3.1 plays the role of Theorem 6.9 in [14] (p. 84), which
provides uniqueness for the strong solution to the usual Navier-Stokes problem.
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THEOREM 3.2. Assume 92 € CZ# (u > 0). Also, assume 1 < s < 400,
3<r <400, T > 0and
weD, weW', felL(L)NL*H.

Let {u, p, t} be the strong solution to (1.5)-(1.8) corresponding to these data. Then
for each § > 0, one has:

(@) There exists T € (0, T only depending on ug, 1o, f and 8, such that if the
data ug, 79 and f satisfy

(o, T, f) € By = { o, o, /) € D x W' x '@ NLAH)
liio — uolids + 17 — wllZ,1, + I1F = FlFsry <87},

then the corresponding system (1.5)-(1.8) possesses exactly one strong solution,
defined in the whole interval [0, T . _

(b) There exists C = C(ug, 19, f, 8) > 0 such that, if (g, To, f), (Vo, 00, &) €
Bg and {ii, p, T} and {v, G, &} are the strong solutions corresponding to these data,

one has:

Ty ) - =2
(3 5) "u - v”LOO(H) + ”u - UIILZ(V) + “‘E - allLOO(LZ)
< C (1o =50 P +1% =30 P+ = 21221, -

ProoF. Arguing as in the proof of Theorem 2.1, we see that if (uo, 1o, f)
is given and R; and R, satisfy

Cl N 33(5—1)
R} = (1 _a> (IIMoIISD; +Cs (2+ luollg,™ + IIfIIsLs(Lr))>

and

Ry = { llwoll o exp C
2 =\ llolly1.r + CW pC2,

then there exists a unique strong solution to (1.5)-(1.8), defined at least in
[0, T,], where

_s(r+3) -3 1 — __s
T,=min{ R, " ,R, i LR TR, T .

Let 8 > 0 and (ifo, To, f) € BY be fixed. Let us denote by R;, R, and T,
the corresponding values of Ry, R, and T,. Then

s ci \* s
R < (—1 ) ((luoll ps + )
l—«

+ Co(2 + (lluolla, + 3) '+ (1f lLsery +8)%)) = §1(8),

“ ) exp Cy = 51(8)

R, < F+6
2 < <I|Tol|wl, +48+ CoWe
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and, consequently,

_ _s(r+3) _ 4sr s _
T, > min {51(8) 73, 81(8) Br=D=2r §;(8) 5T, 8(8)7°, T} =T.

Hence, part a) of this theorem holds with this T.

Now, assume (ig, To, f), (Vo, 00, &) € B(‘S) and let us denote by {u, p, T}
and {v, g, o} the corresponding strong solutions to (1.5)-(1.8) (both defined at
least in [0, T]). Arguing as in the proof of Theorem 3.1, one finds:

d - We _ _ _ = _
—(Re|u—v|2+—|r~a12)+<1—a>nu—v||25c8||f—g||§,_1
3.6) dt 2o

W
+C9h<Re |G- |24—2§ | £—5 |2> .

Here, h(t) = [0 llyioo + IT(O)3 00 + ||f(t)|liv|,3- Since D(A,) C Wh*,
Wbrc L®, Wb ¢ W3, |0l spa,y < S1(8) and 1Tl poo(wiry < S2(8), one
has:

=1/s' —
Ikl 107 < Cro (s,(a) T 4 5(8)2 - T) .

Integrating (3.6) with respect to time in [0, T] and using Gronwall’s lemma,
one easily obtains (3.5). This ends the proof. O

The previous is a stability (or continuous dependence) result for the strong
solutions to (1.5)-(1.8) furnished by Theorem 2.1. With some obvious changes,
one can also demonstrate similar stability results for global solutions corre-
sponding to small data.

4. — The stationary problem

In this section, 2 C RV (N =2 or N = 3) is a bounded connected open set
and 3Q € C2. We consider the stationary problem corresponding to (1.5)-(1.7),
that is

@41 Re(u-Viu— (1 —a)Au+Vp=V.1t+ f V.-u=0in Q,
4.2) We((u-V)t+gu(t,Vu)) + 1t =20D(u) in 2,
4.3) u=0 on 9%2.

THEOREM 4.1. (@) If f € L" (N < r < +00) has a sufficiently small L" norm,
then (4.1)-(4.3) possesses exactly one small strong solution {u, p, t} (p is unique

up to a constant), with
ue D(A,), Tewlr,
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(b) There exists a constant C = C(«, r, a, Re, We, Q) > O such that, if {u, p, 1}
and {v, q, o'} are the small strong solutions corresponding to the data f and g, both
with sufficiently small L norms, then:

lu—vl*+ |t -0 P<CIf - gll3-1.

For the proof of Theorem 4.1, we need the following two lemmas:

LemMMA D.If F € L" (1 < r < 400), then there exists exactly one {u, q} (q is
unique up to a constant), such that

MED(AI‘)’ qEWLr»

(D.1) —Au+Vg=F a.e. in 2.
Furthermore, for some C| = C{(r, 2), one has:
(D.2) lullwar +1IVgller < CLIIF L .

LEmMMA E. Assume N <r < coandu € D(A,). One has the following:
(@) If G € L', there exists exactly one t € L such that

(E.1) We(@ii- V)T +71=G ae in Q.
Moreover,
Itler < NGller .
(b) There exists Cy = C}(r, ) such that, if G € W and

) 1
r < P T—— b
Nl < 20, We

thent € WY and
(E.2) Izllwir < 201G llwir -
Lemma D is proved in [11] (Theorem 2, p. 67); on the other hand, Lemma E

is demonstrated in [17].

ProoF oF THEOREM 4.1. We will only present the proof of part (a). The
proof of part (b) can be achieved with arguments like those used for uniqueness
in part (a).

1. Existence — For each u € D(A,), let us introduce the bounded linear
operators R(u) and L(u). First, we put

4.4) R@w) : L"(RQ) » L' (Q), Ruv =w,
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with w being the unique solution to

We(u-Vw+w=v.
From Lemma E, one has

IR@)vllr < llvller -

Furthermore, if ||| y2- is small, R(z) maps WL (Q) into itself continuously.
Secondly, we set

4.5) Lw):L"(Q)—> L (), Lwv=1d-a)v+aR@mv.
It is easy to check that
IL@)vller < lvller Yvel”
(recall that @ € (0, 1)). The operator L£(u) has an inverse
(4.6) L)™' L(Q) - L'(Q),

with I+
o
IL@)™ vl < (1—) lvll L
—«

(see [17]). At present, we are going to use formal calculus. This will lead
to a reformulation of (4.1)-(4.3) as a fixed point equation. By computing the
divergence of both sides of (4.2), we obtain:

We(u - VY(V-1)+ V-t =aAu—We(V.g,(r,Vu)+du:0dt).

Here, du : 9t is the vector whose j-th component is equal to

auk 31’,'j
(Qu : 0t); = _—.
J %: 0x; Ox

Hence,

@7 V-t =Ru)(aAu — We(V - g,(t, Vu) + ou : 1)) .

From (4.7) and (4.1), we see that

—(I—a)Au+Vp = —Re(u-VIu+Ru)(cAu—We(V-g,(r, Vu)+0ou : dt))+ f .
This leads to the identities

—L(W)Au+ Vp = —Re(u - V)u — WeR(u)(V - g.(v, Vu) + 0u : 97) + f
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and

—Au+Vg = —Re L) (- VIu) — We L(u) "' R)(V - ga(t, Vi) + du : 97)
+ L) f 4+ aWe L) ' Rw)(Vu - V(R(u)q))
with ¢ = L(u)~!p. Here, we have used the fact that
L)™' (Vp) = Vg — aWeLw) " Ru)( Vu - V(Rw)q))
(see [17]).
We will introduce a Banach space X, a convex compact set Y(e) and
a continuous mapping ® : Y(¢) — Y(¢) in such a way that (4.1)-(4.3) is

equivalent to a fixed point equation for ® in Y (e). More precisely, let us set
X =Wy x L xL and

Y(e) = {(ﬁ,é, )i € D(A,),Gge W, Te W',

lallwar +1Vgllr <

’ ”fllwl,r

€
S <
2C,We ~ CyWe }

for each ¢ > 0. Obviously, Y(¢) # @; now, let & : Y(¢) — X be given as
follows: ®(u,q,7) = (u, q, t), with {u, g} being the solution to (D.1) with

F = —Re £G) ™ (i - V)it) — WeL (@) "R(@)(V - ga(T, Vit) + 9it : 97)
+ L@ f +aWe L@) "' R@) (Vi - V(R@)§)) ,

/qu:O
Q

and with T being the solution to (E.1) with

4.8)

G =2aD(u) — Weg,(t, Vi) .

If (u,q,7) is a fixed point for ®, then {u, p, r} solves (4.1)-(4.3) with p =
L(u)q. Let us see that if ¢ > 0 and || f| .- are small enough then ®(Y (¢)) C
Y (¢). First, if (i, g, T) € Y(¢), then for some constants C; = C5(a,r, Q) and
C, = Cj(a,r, ), one has:

-«
+ £l +aWellilly2r VG 11r )

1+« _ - _
nFnLrsc;( 3 )(Reuuufévl,,+We||rnwl,r||uuwz,r

and
Gl < 2alally2r + CoWelTllyir il ya.r -
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Using (D.2), (E.2) and the definition of Y (¢), we obtain:

1+a Re+aWe We
r ||V r < C/ C, + 2+ r

- <(2a)+(2C[1We)2
T r &€ —_— | &7
whr =\ c;We (C)We)?

Hence, one will have ®(Y(¢)) C Y(¢) provided ¢ > 0 and | f||. are such that
the right sides in the previous inequalities are bounded respectively by

2¢e
and .
2C5We C)We

It is not difficult to find ¢ > 0 and f satisfying these conditions. The conclusion
is similar to the one in the proof of Theorem 2.1, since & is continuous
(see [17]).

2. Uniqueness — Proceeding as in the proof of Theorem 3.1, one obtains:
1 W
(1 —a)full®+ = | T 2 = —Re((u - VIu2, u) — —((u - V)7', 1)
20 2o
We 1 We 2
— (g (", Vu), v) — =—(ga(r, Vu?), 7).
20 20

Thus,
1 We
2 2 2 2 1
(1 —a)llull”+ Y | 717 < ReCillullyarllull”+ L Gt flyrr [T 1 -l

+ e e | T
—_— u 2, T .
2a 3 war

where C; = C;(r, 2), i =1, 2, 3. Hence,
lullP+ 1t P< K llyar + It ) Qul®+ 1o 1),
where K is a new constant. By assumption,
lu?llyzr <8 and T'y1r <8.

Thus, from the above estimates, we deduce that ¥ = 0 and T = 0 whenever
8 > 0 is sufficiently small. O

The use we have made of (4.8) in the right side of the Stokes problem (D.1)
is suggested by the work of M. Renardy ([19]). If, for example, f € H', one
can use the contractive mapping principle as in [19], which leads to an iterative
algorithm for the computation of the solution. In [9] (Corollary 4.3), C. Guillopé
and J.-C. Saut present an existence, uniqueness and stability result for (4.1)-(4.3)
when 0 <a <ag <1 and f € H! is sufficiently small.
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5. — Global existence for Poiseuille flows in cylindrical domains

In this section, we introduce cylindrical coordinates. We will consider the
region
Qp.r, = {(r9,2);0 <Ry <7 <Ry,0< ¢ <2m,z€R}
and we will study Poiseuille flows for an Oldroyd-like fluid in Qg, &, x (0, T).
More precisely, with data of the form
‘L'Ol (r) 0 1'3 (r)
f£(0,0, fi(r, 1)), uo = (0,0, vo(r)), ©0 = [ 0 @) 0 ] ,
gr) 0 f@)
we will search for a solution to (1.5)-(1.6) of the form
tl(r, 1) 0 3(r, t)
u=1(0,0v(r1), T= [ 0 (1) 0 ]
3(r, 1) 0 8(r, 1)
One must have:

1
pr=1+ ;(r‘ -, p,=0,

Revy — (1 —a)v, — (1 —a)-v, =71, + -7+ f*— p,
r r

and also the following constitutive equations:

1

o+ %;, =—(1-a),,

t3+t—3—iv+ 1 +a tlv—(l_a>r6v
" We  We | 2 " 2 n
t pu—
We

T+ 0,

6

6, ¢ 3
T, +%=(1+a)r v

Here, 7/ stands for the time derivative of 7, etc. Assuming (as usual) that
the “pressure gradient” p, = po(t) is prescribed, we are led to the following
system (see [17] for the details):

1 1
Revi — (1= o)vy, = (1 —@)-vy =7+~ + f,
1

T 3
Tzl+§v—e =—1-a7’v,
3_|_1:3 o + 1+a)t1v (1_a>t6v
—_— = VU r — 9
T We T We 2 2 ’

6

T
1',6 + We =1+ a)1:3v, .
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Here f = f* — p, is given. Introducing the new variables

1 1-
o! =—( +a> 4+ (——z—a-> 7% o2 =13, 03=(1+a)t1+(1—a)r6,

2

this can be written as follows:

5.1 Rev; — (1 — @)v,, — (1 — cx)%v, =%+ ;02 +f,
1, o 2y 2
(5.2) ot—l—%:(l—a)a v,
(5.3) cr,2+gi =iv,—01v,,
We We
3
o] + %Iv—e =0.

The main task in this section is to solve (5.1)-(5.3) in (R;, R;) x (0, T),
together with appropriate boundary and initial conditions. For simplicity, we
assume

54 V(R1,t) =v(Ry,t) =0 for te€(0,T),

(5.5) Vo =vo, 0 limo=0) (i=1,2) in (R, Ry).
THEOREM 5.1. Assume 0 < Ry < R, T >0, |a|< 1.
@ If
wel? olel® (=12, fel*H,

then (5.1)-(5.5) possesses exactly one “semi-strong” solution {v, ol,0%}in[0, T,
ie.
ve C(LHNLYH]), o eL®L®)NCLY) (=12,

the equation (5.1) is satisfied in the following weak sense
Re(v;, w) + (1 — ) (vy, wy) — (1 — @) (lv,, w) = (62, w)
(5.1) | 4
+ (;02, w> +(f,w) YweH] aein (0,T),
and the equations (5.2)-(5.3) are satisfied a.e. in (R}, Rp) x (0, T).
(b)

If weH!, oeH (=12, fel*lY,

then (5.1)-(5.5) possesses exactly one strong solution {v, ol,0%}in[0,T], ie.
ve CHHNLYH?, o'eCcH") (=12

and (5.1)-(5.3) are satisfied a.e. in (R, Rp) x (0, T).
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THEOREM 5.2. Assume 0 < Ry < R,, T >0, |a |< 1 and
wel? olel® (i=1,2, felL*H™.

Then, for each § > 0 there exists C = C(||cro oo, ||cr0 ||Loo 8) > 0 such that, zf
(0,6, 5%} and (W, 1, T2} solve (5.1)-(5.5) with data (vy, & 00, ag, f) and (wy, 1'0,
2, §) respectively and these belong to

B = {(50,&01, 62, f)e L* x L® x L® x L2 (H™Y);

= 2 —~ i 2 r 2 2
|50 —vo [P+ D 116 — 0gliFe0 + 11 = FlZ2gy-1) <8 }

i=1,2

one has:

=i 2
19 = Bl g2, + 17 = Bl + 22"0 i N
i=1

<C (I do—wo P+ Y log— T 1> +IIf - gnizm_l)) :

i=1,2

Part (a) in Theorem 5.1 holds for two-dimensional Couette and Poiseuille
flows, which have been studied by C. Guillopé and J.-C. Saut in [10]. On the
other hand, the argument we use for the proof of part (b) is similar to the
one in [10] (the main difference in the new term }((1 —a)v, +02)). One can
also deduce a stability result for the strong solutions furnished by Theorem 5.1,
part (b) (see [17]).

For simplicity, we will only present the part of the proof of Theorem 5.1
concerning existence. For the details and other proofs, see [17].

PrROOF OF THEOREM 5.1 (EXISTENCE). Let us first prove part (b).
There exists T, € (0, T] and a unique strong solution {v,o!, o2} in [0, T.],
with

v e C(0,T:]; H) NL*O, T,; HY), o' eC(I0,T.; HY) (i=12).

This can be deduced as in the proof of Theorem 2.1. Notice that, if T, < T,
it can be assumed that

1
xClvoll, log s Nog gy 122

(5.6) T, =
where y is increasing in each argument; this will be an important fact in the

passage from a local to a global solution. We can find estimates for {v, o', 02}
not depending on T,. It suffices to compute

o 1 @ ) 2y 2
((5.2) — Wei) . (a We) +(5.3)- (1 —a“)o?).
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Indeed, we find

d 2 2 ;o o? 1
—_ ’t _ s t) = ——— _ < — p— y t ’
VD F YD =35 (G We> Swe Twe/ 0
with
o 2
U t) = (al - ——) + (1 +a*)(0?)?.
We
Hence,
t/We o? t/ W
- . — - (S
Y <Y 0N 4 o (1)
and
(5.7 llo? lLo00, 73520y < Ci(a, &, We, [log [0, lodllLes) (i =1,2).

On the other hand, multiplying (5.1) by v in L?(R}, R;), one also finds:

1 d ) » 1 ) 1,

> Re|v[)+A-a) | v "= (1-a) { =v,, v ) —(0°, v,)+| =0, v |+(f, V).
2 dt r r

This, together with (5.7), leads to the following:

(5.3 ”v”LOO(o,T*;LZ) + ”v”L2(0,T*;H(%) < Cy(a,Re, R, Ry, Cy, | g |, "f”LZ(L2)) .

If we denote by (5.2), (respectively (5.3),) the r-derivative of (5.2) (respec-
tively (5.3)), by computing

(62r.0)) + (63,0 —a)a?) + ((5.1), —(1;“2)—“1;,,) ,

We
we obtain:
1 d [(1-a*)aRe ) L st 20\, (1—aa(l-a) )
EE(T'”"+"’r'+<1—“>"’r' T we !
1 (1-a®a(l —a) (1
+oelo P+ —a)o? )=~ We( 7V Urr

(1 - ada
B We (
— (1 —a)(o'v,, ).

1 1 —a?
o, vn) a4 (=)@ o)
r We
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Using (5.7) and (5.8) to estimate the terms in the right side, one finds

(5.9) ”v“LOO(QT*;H(;) + "v"LZ(o'T*;HZ) <G, |o "LOO(O,T*;HI) <G (i=12),

where C3 = C3(a, o, Re, We, Ry, Ry, T, |lvoll, llog | g1, l6& 1 g1, 1 fllL2¢r2y)- Let
us introduce

Tmax = sup{Tx > O; the unique solution to (5.1)-(5.5) is defined in [0, T,]}.

From the estimates (5.9), we see that

(5.10) limsup (||u||c([0j];,,5) + vl 20nm + Y ||o‘i||C([0,t];H1)) < +o00.

1= Tinax i=1,2

Now, (5.6), (5.10) and a standard argument show that the solution is defined in
the whole interval [0, T].

The proof of part (a) is divided in four steps.

FIRST STEP: THE EXISTENCE OF APPROXIMATE SOLUTIONS. Let us choose
sequences {vg'}, {og™} (i = 1,2) and {f™} such that vy € Hol, ol € HI,
f™ e L*(L?) for all m,

vy — vo in L?,

0" — oy weakly* in L® and ae.,
m : 2 -1

fm— f in LXH™Y.

From part (b), which has already been demonstrated, we know that for each m
there exist _
v™ € C(Hy) N L*(H?), o™ e C(HY,

such that

(5.1 Re(vf", w)+(1—a) (v, wy)—(1—a) Gv;", w>

1
=(ar2m,u))+ (;azm,u))+(f'”,w) VweHOI,
im
52)m “'lm+(;v—e=(1 — oy ae. in (Ry, R)x 0, T),
2m a_zi__a_ m__ __1lm m :
53 o+ We = Wev’ o vy ae. in(R;, Ry)x(0,T),

5By V" mo=v, o™ imo=0y" (i =1,2) a.e. in(Ry, Ry).
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SECOND STEP: UNIFORM ESTIMATES FOR THE APPROXIMATE SOLUTIONS. By
computing

o im o 2 m
((5.2)m - W—e2) : (cr - %) +(5.3),, - ((1 — %02 ) )

we easily obtain

2
%w’"(n D+ =y 1) = — 2% (a“" * ) <2 4 Lymen,

We We? CWe) — We? | We
where
o 2
Yr(r 1) = (o*l'"’ — —) + (1 —a*)(e®)?.
We
Consequently,
we , @ /W
m m ~t/We ; * _ ,—t/We
YD S Y0 00e N 4 o (11— et
and
(5.11) llo™ | Looro0y < Ci(a, &, We, llog |, 02 llLe0) G =1,2).

Taking w = v™ in (5.1),,, we see that

3 %(Re V" )+ —a) [V P= (1 —a) (}v:"y v’”)
— (@, v™) + (}az"’, v”’) + (", ™).
From this and (5.11), one finds:
(5-12) V"™l poo g2y + Ilvmlle(Hg) = Ca(e,Re, Ry, Ry, Ciy | vo | 1 fllp2g-1)) -
Using (5.11) and (5.12), one also has:
(5.13) 1"l 2(g-1y < C3(Cy, Ca), llo;™ll 2.2y < Ca(Cy, Ca) .

Now, (5.11)-(5.13) can be used to prove the existence of subsequences
(again indexed with m) and functions v and o such that:

v" = v weakly in L*(H)) weakly* in L%®(L?),
¢ — v, weakly in L2(H_1),
o™ > ol weakly* in  L®(L%),

o/" — o/ weakly in L2(L?).



THEORETICAL RESULTS FOR OLDROYD FLUIDS 23

From well known compactness results, one also has:
v™ — v strongly in L*(L?).

This suffices to take limits in (5.1),,, which gives (5.1). However, these
convergence properties are not strong enough to pass to the limit in (5.2),-
(5.3)m because of the terms o™ - v™ (recall that o™ and v™ only converge
weakly).

THIRD STEP: {v™", 0™ 2"} 1s A CAUCHY SEQUENCE. Notice that

Re(v" — v, w)+ (1 —a)(v) — v, w,) — (1 — ) (l(v;" - ), w)
(5.14) X r
— _(O,Zm . O_2n’ wr) 4 (;(O,Zm _O,Zn)’ w) 4 (fm _ fn’ IU)

for all w € Hy,

Im _ ~1n
(5.15) o/ —g "+ G—W;— = (1-a®) (@ — ™"+ (1 —a®)o2 (Wl — ")
and
2m 2n o’ — o @ o m n 1m Iny, m lng,m n
(5.16) 0, —o0, +——W— = %(vr —v)— (@ " =o' o (v —v)).
e

Setting w = gz (v™ — v") in (5.14) and computing the scalar products in L?
of (5.15) and (5.16) respectively by ﬁ(a"”—al") and (02" —o?"), one finds:

1m 1n |2 2m 2n |2
" — o -0 +|o™" -0
We l—a2| ! l)

o(l—a) m n 1 m n m n
+ We | v —v; |2+W€<1—a2 |o!m—o! >+| o2 —o? |2)
1- 1
= a(—wg_) <__(v;n — Uf), ™" — vn) -
€ r
o 1 2m 2n m n m n ,m n
+% ;(0 o), V" =Vt )+ (7 = 0T =)

+ (O_Zn(v;n _ v:z)’ O_Im _ o,ln) _ (Gln(v:n _ U;’), 02m _ 02n) .
The right side is bounded by

Ot(l-—O() m n m n o 2m 2n m n
—_— |y, v |V =V |+ —=— |0 —0O vt =
o
We”f flg

+C1|v:"—vf|~|alm—al"|+C1Iv:"—vfl-lazm—az"
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It must be emphasized that, in the previous manipulation, those terms “difficult
to handle”, i.e. the terms

(1 —a®)(o®™ —o®™ in (5.15) and — (¢ —a™)v™ in (5.16),

have disappeared. We find at once:

d (aRe ., ;
E(TV?'” —v |2+1_a2|al’"—al |2+|02m—02”|2)
1—
+°‘(—“)_|U;n_v:t|2
6.17) We

aRe
< Cs lvm_vn|2+ IO’lm—O'ln|2+|O’2m—0'2n|2
We

1 —a2
+ Cell 7 = f115,-1

where the constants Cs and Cg only depend on a, o, Re, We, R; and C;. From
Gronwall’s lemma, we obtain:

2 1 1n )12 2i 2n 2
”vm - vn”LOO(LZ) + “G "—0o ””LOO(LZ) + ”U " —0 n”LOO(LZ)

2 1 1n)2 2 22 2
<C7llvg —vgllis2 + llog™ —op" 72 + llog™ — o™ 52 + 1™ = Fl5205-1,) -
L L L L=(H™')

This tells to us that {v™} and {0/} (i = 1,2) are Cauchy sequences in L%®(L?).
Coming back to (5.17), we also obtain that {v"} is a Cauchy sequence in L?(L?).

FourTH STEP: PASSAGE TO THE LIMIT. The strong convergence properties
deduced from the previous step suffice to take limits in (5.2),, and (5.3),,. One
is led to (5.2)-(5.3). It is also easy to check that (5.5) is satisfied. O

When a = +1 or a = —1, results like these can be proved more easily.
One can also prove results of this nature for cylinders moving with velocities
K1(t) and K,(¢). In this case, the boundary conditions are

v(Ry, 1) = K (1), v(Ry, 1) = K(2).

6. — Some complementary questions

In order to describe the behaviour of visco-elastic fluids, several constitutive
laws have been extensively used. Many of them are of the differential kind and
have the form:

Dt

DaD(u)>
p ,

6.1) o “1%0 + B0, D)) = 21 (D(u)+)»z
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where B is a (possibly nonlinear) function of o and D(u) (here, the notation

is as in Section 1). Let us recall some “classical” modes for which the results
in Sections 2, 3 and 4 hold:

The Oldroyd’s 8-constant model. In this case,

B(o, D(u)) = uoTr(c)D(u) + 1 Tr(o Dw))Id + uy D(u)?
+ w3 Tr(DW)?)1d + pa(D(u)o + o D)),

where all u; are constants (see [16]). When w; = O for all i, we find (1.1)
again.

The Larson model. This corresponds to a =1 in (6.1) and
B(o, D(w)) =2Tr(oc D(w)) - y(Tr(o)) - (o + 1d),

with y being a scalar function of Tr(o) (see [12]).

The Phan Thien and Tanner model. Now, we have again a = 1, but

Bo,Dw)) =y -Tr(o)-o,

where y is a constant ([18]).

The Giesekus model. As before, a = 1. In this model,
B(o, D)) = yo?,
with y being a constant ([7]).

One can also consider models with several different relaxation times. For
instance, in the framework of Oldroyd models, one can introduce 7y, ...7; as

follows: .
o=+ T,
i=1

with ©y = 2noD(u) (no > 0) and

Da Ti
Dt

T; + A = 2n; D(u), ni, A\ >0 for i=1,...,k.

The analog to (1.3)-(1.4) is

k
62) pW + @ -Vyu)—noAu+Vp=Y V-t+f V-u=0,

i=1

63) T+ME + WV A+ g (i, Vu) =2n,D@w), i=1,...,k.
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Once these equations are adimensionalized, we find:

k
(6.4)Re(u’+(u-V)u)—(1—a)Au+Vp=ZV-ti+f V.u=0,

i=1
(6.5) Wi(fi/ + - V)T + ga(t;, Vi) + v = 2a; D (1), i=1,...,k,

where

k
i=1 ni pUL AU
o= , o= —, = i, Re=——, W;= .
. = =Mt ; n; , 3
Again, the results in Sections 2, 3, 4 and 5 hold for (6.4)-(6.5).

Contrarily to what happens in the case of a Newtonian fluid (see e.g. [13],
[14], [22]), the existence of a global weak solution to (1.5)-(1.8) for arbitrary
data in unknown. Some difficulties arise in order to obtain global estimates for
u and 7. In the particular case a = 0, one finds uniform estimates for u# in
L®(H)NL*V) and for T in L>(L?). Hawever, this is not enough to pass to
the limit in the term g,(t, Vu) (see [17] for more details).

Appendix: Proofs of Lemma B and Lemma C

ProoF oF LEMMA B. Let {u™} be a sequence in C([0, T1; C3(R)) such
that a™ € L*(0, T; D(A,)) for all m, & — i in L5(0, T; W?"). Also, let {tg"}
be a sequence in C%(Q) such that ' — 1o in WL, For each m > 1, there
exists a unique solution to

™ e C([0, T]; C3(Q)),

We((z™) 4+ @™ - V)™ + g, (z™, Vi) + t™ = 2aD(u™)
(B.1),, { m m
(0) =1y .

This can be easily seen introducing the characteristic curves associated to u™.
In order to estimate ™ and (t™)/, we first compute the L? scalar product
(B.1),,,] T" |""2 t™). Then, we take gradients in (B.1),, and compute the
scalar product of both sides of the resulting equation with | V<™ |"~2 V™. By
addition, one finds:

% j—t(we”l'm”;vl,r) + 1T 1 = 22(D@™), | 7" 72 ™)
+22(VD@™), | V" |"7* V™)
— We(ga (™, V™), | t" "2 ™)
— We(Vga(t™, Va™), | V™ "2 V™)
- We((twm V)T, | Ve Vr’") :
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since ((@™ - V)™, | t™ "2 t™) =0 and
(V(@™ - V)™, | V™ "2 V™) = (V™ - V)™, | VI =2 v™).
Using the fact that r > N, we see that
1d -
- E(We"'[m”:yl,r) 1T Wy < dalld™ 2 1T 15y
+ CoWell@™ llyzr 1T 151, -

Here, C; = C,(r, a, ). Dividing by We||t™|" "} ,, one obtains

er’
d 1 4o
E(”Tm"wl,r) + %”Tm”wl r < W”“m”wh

+ Collu™ ||w2,r||Tm||w1J

and, consequently,

4o 4o .
(B 2)m ”Tm”LOO(Wl r)+C W (IIro ”W1 ”+C W )exp(CZHM ”Ll(Wzv"))EAm

On the other hand, from (B.1),,, the following is found:
1
(™) = —QRaD@E™) — ") — @™ - V)" — g, (", Vu"™)),
We

1 - -
™Y ller < %(Zallumllwu + 1" Mlr) + Colla™ g T s

(it can be assumed that C; is the same constant),

1 2o
my/ r < C -m , - m , ’
™) ller < 2(|Iu lwir + ~ e) (llr lw1, +C2 e)

T 200 \°
my/ s s—1 s =m s m
N s zry < 276G (||u ||L5(W1,r)+m) (”T ||Loo(w1,r)+m) .

Finally, using (B.2),, we see that

1/s
-1 —m T
(B3), 1™ sy < 275 CaAy (“” izt + CzWe) '

From (B.2),, and (B.3),, it is clear that T™ (respectively (z™)’) remains uni-
formly bounded in L®(W!") (respectively L*(L")). Accordingly, it can be
assumed that a function 7 exists with

™ -t weakly* in L®(W!") and strongly in C(L"),
(™) - v/ weakly in L°(L").



28 ENRIQUE FERNANDEZ-CARA - FRANCISCO GUILLEN — RUBENS R. ORTEGA

This suffices to take limits in (B.1),,. Thus, (B.1) is obtained. Also, from (B.2),,
and (B.3),,, taking into account the lower semicontinuity of the norm with
respect to the weak and weak* convergence, one obtains (B.2) and (B.3). From
the results in [4] concerning the transport equation, it is not difficult to prove that
VteC(L"). The uniqueness assertion stems from the fact that (B.1) is linear. O

PrOOF OF LEMMA C. Since u € LS(W2")NC(L"), it is easy to obtain (C.1)
from the inequality

1/2 1/2
IVullr < Klull)z, lull s

(here, K is a constant; see [6], p. 27). In order to demonstrate (C.2), we will
use the following result, which can also be found in [6]: If 1 <g < p <400
and r > 3, then

1 1
lullr < C(p, g, Pllulglulys, Yue W', wherea = 15
- + —_ — =
q 3 r
For g =r and p = +o00, one has:
< C l—a a : h —_— 3 .
lullzoe < CrllullzNuly,,  with a==>;
hence,
T 2sr/3 2sr/3 2s(r—3)/3 T 2s
/0 hal22dr < C2 Pl Bl /0 %y, dr
and (C.2) holds. O
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