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CONVERGENCE OF DIRICHLET POLYNOMIALS IN BANACH SPACES

ANDREAS DEFANT AND PABLO SEVILLA-PERIS

ABSTRACT. Recent results on Dirichlet series > an#, s € C with coefficients a,, in an infi-

nite dimensional Banach space X show that the maximal width of uniform but not absolute
convergence coincides for Dirichlet series and for m-homogeneous Dirichlet polynomials. But a
classical non trivial fact due to Bohnenblust and Hille shows that if X is one dimensional, this
maximal width heavily depends on the degree m of the Dirichlet polynomials. We carefully
analyze this phenomenon, in particular in the setting of £,-spaces.

1. INTRODUCTION

Based on our results from [13] we continue the recent study of ordinary Dirichlet series from
[11]. Let X be some Banach space and m € N. We call a series

Zan%,SEC

n

a Dirichlet series in X if all its coefficients a, belong to X. We call it an m-homogeneous
Dirichlet polynomial in X whenever a,, = 0 for all indices n which have not precisely m prime
divisors (counted according to their multiplicity). Here the Banach space ¢, of all absolutely
p-summable scalar sequences will be of special interest. As in the case of Dirichlet series with
complex coefficients each vector valued Dirichlet series has associated with it an abscissa of
uniform convergence and an abscissa of absolute convergence. More precisely, let

Oy =0) = a.(d>, an#) =infr and o, =0 =0,(}, ann—ls) = infr

be the infimum taken over all r such that on the half plane [Res > r| the series converges
absolutely and uniformly, respectively. In other terms, [Re s > o,] is the largest half plane such
that ), a,-5 converges absolutely in [Res > o, +¢] for each € > 0, and [Res > o] the largest
half plane for which the series for every e converges uniformly in [Re s > o, + ¢|. Define

T(p,q) = supogt — o7,
where the supremum is taken over all possible m-homogeneous Dirichlet polynomials in ¢,,.
Clearly, T,,,(p, q) determines the width of the largest possible strip where an m-homogeneous
Dirichlet polynomials ) an# in ¢, converges uniformly, but does not converge absolutely
considered as a series in £,. The main result of this paper is the following:
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2 A. Defant, P. Sevilla-Peris

Theorem 1.1. For each m and 1 < p < g < 00
m — 2(1/p — max{1/q,1/2})

(1) Tn(p,q) = 1 2m
1—- if2<p
p

Moreover, for every 0 < o < T,,(p,q) there exists an m-homogeneous Dirichlet polynomial in
¢, for which ou — o = 0.

if1<p<2

The theory of Dirichlet series plays an important role in analytic number theory (see e.g.
Apostol’s books [1, 2]), and results of the preceding type have a long history. Bohr in [5, 6]
defined the number T', the supremum of all width o, — o, taken over all scalar Dirichlet series,
and proved that 7' < 1/2. Eighteen years later Bohnenblust and Hille [4] showed that in fact

1
2 T=2=
( ) 2 ?
(see the beautiful survey [3] of Boas, and also [17]). They implicitly defined the number 7,,
replacing in the definition of 7" all scalar Dirichlet series by all scalar m-homogeneous Dirichlet

polynomials, and proved that

(3) Tm:—,

2m

here T, denotes the supremum of all width o, — o, with respect to all m-homogeneous Dirichlet
polynomials in C. Then letting m tend to oo leads to (2) since T, < T for all m. For another
deep study of the Bohr-Bohnenblust-Hille equalities from (2) and (3) see also [18] and [22].
Although our techniques are very different from those of Bohnenblust and Hille in the scalar
case, an easy analysis of our proof of Theorem 1.1 (see section 4.1) also shows that the Dirichlet
polynomial attaining the maximal width can even be chosen to have complex coefficients if and
onlyif p=1and 2 < ¢ < .

More recently, in [11] a similar question for Dirichlet series ) an# , 5 € C with coefficients
a, in a fixed Banach space X is addressed. Clearly, the definition of the maximal width 7'(X)
and 7,,(X) then again follows the same lines but considerably different phenomena occur. It
turns out that still 7(X) = 1/2 and T,,,(X) = =1 whenever X is finite dimensional. However,
if X is infinite dimensional, then both numbers coincide and depend only on the geometry of
the underlying Banach space X. More precisely, the main result from [11] states that for an
infinite dimensional Banach space X and for each m we have T'(X) = T,,(X) =1—1/cot(X),
where cot(X) is the optimal cotype of X (see below for definitions). For special Banach spaces
this optimal cotype is computable which e.g. gives

{UQ if1<p<?2

(4) T(ty) = Tr(ly) = 1—-1/p if2<p<oo.

This means that n infinite dimensions Bohr’s strips do not distinguish between arbitrary Dirich-
let series and m-homogeneous Dirichlet polynomials. A careful study of this phenomenon for
¢,-spaces lead to Theorem 1.1 which shows how to ‘find the polynomials back’ in our more
general setting. Moreover, this result still covers (3) (take p = 1 and ¢ = 2, and consider scalar
series only) and (4) (take p = q) as special cases.

Using results and techniques of Bohr [5, 6], Bohnenblust-Hille [4] and [11, 13], the proof will
be given in Sections 3, 4 and 5.
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2. PRELIMINARIES

In all what follows, capital letters such as X, Y will denote Banach spaces over C, whose duals
will be denoted X*,Y*,.... By a Banach sequence space we will mean a Banach space X C CN
of sequences in C satisfying ¢; C X C (., and: if z € CY and y € X with |z| < |y|, then z € X
and ||z|]| < ||y||. For each n € N we denote X,, = span{ey,...,e,} in X. Examples of such
Banach sequence spaces are the £,-spaces, whose norm will be denoted || - ||,; ¢o as usual stands
for the Banach space of all zero sequences. The conjugate of a real number v > 1, is the number
~" such that %4— % = 1;if v = 1, then ' = 0o and we use the convention é = 0. We will denote

by N(()N) the set of all sequences of natural numbers (multi indices) whose entries are all zero
except for a finite number; the length of such a multi index « is defined as the biggest k such
that oy # 0. Throughout the paper (px)r denotes the sequence of prime numbers. If o = (o)
is a multi index in N(()N) of length k, then we write p* = p{'p5*---p* and a! = a;!---al.
For any natural number n with prime decomposition n = p{'p3?---pp*, following standard
notation we write 2(n) = oy + as + - - - + . As a consequence, the symbol p will have along
the paper two different meanings: either the sequence of primes or the index of an £,-space.

The Banach space of all (bounded and linear) operators between two Banach spaces X and
Y is denoted by Z(X,Y), and the Banach space of all (bounded) m-linear mappings from
X x---xXtoY by Z(™X,Y). With the norm

|A|| = sup{||A(z1,. .., zm)lly © |zillx <1,i=1,...,m}

this is a Banach space. A continuous mapping between Banach spaces P : X — Y is called an
m-homogeneous polynomial if there exists a continuous m-linear mapping A from X to Y such
that P(z) = A(xz,...,z) for every x € X. The space of m-homogeneous polynomials between
X and Y is denoted by &(™X,Y), and with the norm || P|| = sup,<; [[P(z)]| it is a Banach
space. If Y = C then ("X, C) is simply denoted by Z(™X). We will make use of the fact
that if X is a finite dimensional Banach space then we have the following identifications

(5) ZMXY)=2("X)@.Y =QX*®. Y,

by identifying each element z* ® --- ® 2* ® y with the polynomial z ~» x*(z)™y; as usual the
projective and injective tensor norms are denoted by 7 and ¢, respectively, and the symmetric
projective and injective tensor norms by 7 and €,. Detailed studies of the theory of polynomials,
tensor products and symmetric tensor products can be found in [9, 15, 16]. If X is a Banach
sequence space, then every P € Z(™X,Y') has a monomial series expansion

(6) > calP)at,
aENéN)

where as usual % = z{"z3? - - - ; if a is a multi index of length n then the coefficient ¢, (P) = ¢,
is simply defined through the monomial expansion of the restriction of the polynomial to X,, =
span{ey, ..., e,} (which clearly can be identified with C"). It is not in general true that (6)
converges pointwise to P. A deep and complete study of when this happens in the scalar-valued
case, can be found in [12].

Following [20, Def. 1.e.12]), a Banach space X is said to have cotype ¢ (with 2 < ¢ < o0)
whenever there is some constant C' > 0 such that for each choice of finitely many vectors
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T1,...,T, € X we have

(ZHZ‘ZH <C / HZTZ xl|dt>1/2,

where 7; stands for the i-th Rademacher function on [0, 1]; as usual, the best such C' is denoted
by C,(X). It is well known that ¢, has cotype max{p,2}. By cot(X) we denote the infimum
over all possible ¢ such that X has cotype q.

3. THE PROOF: PART I. THE UPPER BOUND

We begin the proof of Theorem 1.1 by obtaining the upper bound for 7,,(p,q). In the
classical theory of Dirichlet series the corresponding abscissas of convergence of a given Dirichlet
series can be computed by means of the Hadamard Formulas (see e.g. [2, Chapter 8], [22
(I.4)]). A straightforward modification of the proofs gives the following vector valued version
of the Hadamard Formulas for a Dirichlet series ) anﬁ with coefficients in a Banach space
X provided ) a,, is divergent:

log (3= llanl|x)

7 . = li
@) o = INLY log N

log (SupteR | ZN—l annitHX)
®) ou = IS log N ‘

One of Bohr’s main contributions was to relate Dirichlet series with power series in infinitely
many variables. This relation can nowadays be treated from the point of view of holomorphic
functions on infinite dimensional Banach spaces, and carries to vector valued Dirichlet series,

in the so called ‘Bohr’s trick’ (see [11, Lemma 5]): If ay,...,ay € X and we write ¢, = Apo
then
(9) Supllzann |x = Sup || > car®|x,

aEAN

where Ay = {a € N(()N): 1 < p* < N}. Let us point out that if ay,...,ay are so that a, =0
whenever Q(n) # m, what we have on the left-hand side of (9) is an m-homogeneous Dirichlet
polynomial. On the right-hand side we have an m-homogeneous polynomial, therefore

S || Y cr®llx =1 Y cat®lloemax)

(XEAN (XEAN

This suggests that there must be a close relation between the uniform convergence of Dirichlet
polynomials in X and polynomials on ¢y with values in X. More precisely, for every m-
homogeneous Dirichlet polynomial 3 ,\_,, an/n® we have
Gpe
pH a}
this follows from an analogous formula [11, Corollary 2| for general Dirichlet series where the

polynomials P have to be replaced by holomorphic functions, and the fact that if all coefficients
of a holomorphic function with |a| # m vanish, then it is an m-homogeneous polynomial.

(10) o, = inf{u € R: there exists P € Z("cy, X) , co(P) =
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We can now prove the upper bound in Theorem 1.1. Let us consider
2m

r = m—|—2(% —max{%,% )

p ifp>2

ifp<2

By the main result in [13] (Theorem 4) there exists ¢ > 0 such that

1/r
(1) (Z ||ca<P>||;) < | Pllmes,

for every P € #("cy,l,). Then if ay,...,an € ¢, are all 0 whenever Q(n) # m, and if we
denote Ay, = {o € Ax: |a] = m}, then we can apply (11), Holder’s inequality and (9), to get

N N
S laally < NV Nanlln) = NS leally)
n=1 n=1

OLEAN,m

(12)

SCNI/T/H Z Ca 2™

aeAN,’"L

N
= 1/7‘/ Z it
Pmeoty) = NV 2§Hmﬂmm‘b

By (7) and (8) we have for every m-homogeneous Dirichlet polynomial such that ) a, is
divergent in /,

(13) Qi%m)§—+0(2t%m)

If . a, is convergent in ¢, we consider two different cases. On one hand if } a,,/n° is conver-
gent in ¢, for every s, then it is easily proved that it also converges absolutely for every s; in

other words, o4(3" a,,/n®) = —oo. Then (13) trivially holds. On the other hand, if 3" a,,/n®

diverges in ¢, for some s( then it also diverges in ¢,. Let then b, = a,,/n* and we have
1

But by the definition, aﬁq(zn by/n®) = it (>, an/n®) + s and similarly for oir: this finally
gives that (13) holds for every m-homogeneous Dirichlet polynomial and implies
m — 2(1/p — max{1/q,1/2})
Tu(p, @) < ¢ 4 2m

p

if1<p<2

4. THE PROOF: PART II. THE LOWER BOUND

Since T},(p, q) is defined as a supremum, it is clear that if in each case we produce an m-
homogeneous Dirichlet polynomial for which o8 —olr is exactly the number in (1) we will have
the desired lower bound for 7,,(p,q). To do that we need the following technical result. We
adopt now a general approach, using operators between Banach spaces. Later we will apply
Proposition 4.1 to the inclusion v = id : ¢, < {,; also by taking v = id¢ we recover the results
in Sections 4 and 5 of [4].
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Proposition 4.1. Let v : X — Y be a non-zero linear operator. Let us fit p € N, p > 1 and
m € N. If there exist v, 3 with m >~y — [ > 0 and constants K,C > 0 so that for each n there
exists P, € 2(™0,, X) with ||P,|| < C(p")" and inf =, Hca(vP ) > K(p")?, then there exists
an m-homogeneous Dirichlet polynomial in X for which o¥ (3 va,/n®) — oX (3" a,/n®) > 1/¢
where g =m/(y — B).

Proof. Let us note first that if m = v — 3 the statement is trivial since in this case 1/¢" = 0
and we are simply saying that there exists some Dirichlet polynomial for which o} — ¢ > 0.
We can assume then m > v — 3; first of all we divide each x € ¢y into blocks x1, x5, ... so that
the block z,, has length p",

and define the following polynomial blockwise

Clearly by our assumption on [|F,[| we have P € ("¢, X). Let now 3 5., _,, an= be the
Dirichlet polynomial in X associated to P (i.e. ap = ¢,). By (10) this satisfies o, < 0;
let us show now that for every fixed 0 < 6 < 1 we have 0,(>_va,/n®) > 1, = +§ This will
give 0,(> va,/n®) > 1/¢" and complete the proof. Given 0 < 6 < 1 we choose b < 1 so
that b'%p° > 1. We define z = (z(k))x blockwise by z,(k) = (%)n(l—(S)/q’. Let us check that
T € Ly /(1-s); indeed

oo p"

) /0-) _ )/0=5)
§:17 g; :lx
X bl SN b
:;k1(;) ‘qu* :;b IR
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On the other hand, by our assumption on the lower bound for ¢, (vEP,),

> llea(wP)a?| —Z Z ) llca(vPa)zy]]

|a|=m n=l |a|=m

=3 )T Y lealoP)] foal®
n=1

laj=m

ZKzg (6" 3 Jal”

|a|=m
L es) (S Py
= KZ1 E(P ) (Z(;) )
n k=1

_ KZ n2 n m/q p)m"(15)/q (pn)m

_Kz bléém/q)

The last term is oo since b'=9p% > 1.

Since x € ¢ y and is decreasing, we have for every n
1-9

o o< b
"= 1-b

On the other hand, by the prime number theorem, p,, < Dinlogn < Dyn'™d for some constants
D+, Dy. Hence there is some D3 such that

b
1 o b nlq—é

b 1

Ty < SD?)

Then for the Dirichlet polynomial Zﬂ(n):m Uan# the following holds

> lvan] %1_ =Y Hvapall( )%1_ Z l[ca(vP)]|2°].

T+3 T+§
Q(n)=m ne laj=m laj=m

. .. . =5
We know that the last term does not converge; this implies o, (> va, /n®) > i}ﬁ. O

Taking v = id : ¢, — ¢, we have that in order to prove the remaining inequality in (1) it is
enough to find in each case sequences of polynomials P, € £2(™(~.  {,) satisfying the conditions
in Proposition 4.1. Let us point out that if P € Z("cy,{,) then vP € Z(™cy,{,;). Then the
conditions in Proposition 4.1 read as || P, || P gy < C(p™)" and inf|g = |ca(Po)llq = K(p™).
We consider three different cases and treat each one separately.

4.1. The case 1 < p < g < 2. In this case we need the following version of Chevét’s
inequalities (see [23, (43.2)] for the bilinear version and [8, Lemma 6] for the m-linear version)
that can be viewed as some kind of vector-valued version of [10, Corollary 3.2].
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Lemma 4.2. Let E = (C",|| ||g) and F = (CV,|| ||r). Then there exists a constant K > 0
depending only on m such that for every choice of scalars (Ao)|a|=m we have

)d

15 S st

ja=m
|

Ko (ME)
jal=m m!

Ll id: B — " id: 6 — F| / 1D g5(w)ellde
=1

N
+id: E MSll’”/IIngw)ejllew} :
j=1

where (g;); and (Gak)ak are families of independent standard gaussian random variables.

Proof. Let us choose independent Gaussian random variables g,x, ¢o and g; for |a| = m,
k=1,...,N and j =1,...,N; by Chevét’s inequality [23, (46.3)] and (5) we have

i Sl

<o ([ X Nagalwa®lmmpds [id: 6 — F

|lal=m

+ sup (Zmaxa,w?)l / ||Zgj Jesll ).

g(mE)@,EFdw

By [10, Corollary 3.2] there exists some constant K > 0 such that

/H Z )‘aga P(ME dw—/SUp | Z )\aga CY| dw

jal=m BB Jaj=m
m—1
/ol
< K sup </\ —) < sup x 1/2) / sup gi(w)z;|dw.
la|=m [Aal m! z€Bg ;| il 2€Bg | Zz: Wi

m—1
Here we have ( sup Z |z |? 1/2> = |lid : E — £5]|™!. For the factor still to be esti-

*€Bp 1
mated we do the usual identification Z2("FE) = ®*E*; for each m-homogeneous polynomial
we have three different possible representations

m!
E Aigonim€iy @ .. B €, = E At oim iy "+ Ty, = Z J)\O‘xa'

11 yeensim 11yeeesim |a|=m




Convergence of Dirichlet polynomials in Banach spaces 9

Then

o« 12 1/2 a! m! 0 9 1/2
sup < > (e ,7>|) = sup < > o [P ,7>|>
‘ I ol

yEZP(ME)* yeEZP(ME)*
IvlI<1 al=m Inli<1 |a]=m
1/2
m!
« 2
< sup | [Aqf sup (> — [(%,9)]
la|=m veP(me): o

[Iv][<1 la|=m

’Y€(®mE*)*
lIvlI<1 1yeenstm

su

a|=

)
n (e5r)
QA! o) s (:§j|e“ sen )
)
)
)l

QAM/ lid: o7 E — "
(|)\ W) id s E— e

Note that for N = 1 we again have [10, Corollary 3.2]. Letting £ = (7 and F' = ( for some
1 <p <2 we have

0

lid: 65 — )| =n'P712 |lid 6, — 6] = n'/2.

Also, for every 1 <r < oo there exists a constant C' so that (see [23, Proposition 45.1])

/H ng(w)ek’\epdw < Conl'l",
k=1

Corollary 4.3. Let 1 < p < 2. For every choice of scalars (Aa)jaj=m there exists (Ca)jaj=m €
ly, each c, with entries consisting only of +1, such that for the m-homogeneous polynomial
Z‘M:m AaCoT® we have

IS docat e 5y < K s (1aaly) 2 )i,
la|=m |a|l=m
where K > 0 is a constant depending only on m.

Proof. From what we just mentioned we have

!
J13 ng D0 |y, gy < I s (ol 2 ),

laj=m
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It is a well known fact that the Bernouilli averages are dominated by the Gaussian averages
(see e.g. [14, 12.11]); hence if €, are independent Bernouilli random variables, then

/H Z )‘a<25a,k(w)€k)xa
|a|=m k=1
< [ 132 2D gastetenres

|a|=m k=

dw

Pz )

P(man n dw

|
< K sup <|)\a|\/i")nm/2n1/p.
jof=m m!

This means that there exist choices of signs ¢, = %1 so that

| Z Aa(zea,kek)l“ | (e ey < K sup (|Aa|\/m>” Pt/

lajJ=m k=1 |oj=m

Letting ¢, = Y p_; €axer € E the conclusion finally follows. O

We can now use the polynomials we just produced to obtain a Dirichlet polynomial whose
strip of uniform but not absolute convergence has maximal width. For a fixed p > 1 we have

from the preceding corollary polynomials P, € &2("™¢%], (£") whose coefficients have entries all

equal to +1 satisfying || P,|| < K(p")™/?*Y/? and clearly ||co(P,)|l, = (p")*/9. By Proposition
4.1 there exists an m-homogeneous Dirichlet polynomial ZQ(H):m a,/n® such that o — ol >
w. On the other hand, we already know o4 — o < To(p,q) < W and this
gives
—2(1/p—1
o (L /) — ol (Say ) = " 2EP 1D,

2m

4.2. The case 1 < p < 2 < q. In this second case we use a totally different technique
following [4, Section 3]. Let us first note that if P € ("¢, ¥,) is such that inf ||c,(P)||ec >

K (p”)ﬁ we automatically have the same inequality for inf ||c,(P)l|,. It is therefore enough to

obtain polynomials that satisfy the desired inequality for || - ||s-
Let us choose a prime number p > m and consider the p x p matrix M; = (m,s),s with
Mmys = €2™=5)/P Starting from this we define matrices
muMy ... my,M; muM,—1 ... mi,M,_y
M, = : : ooy, My = : :
muMy ... my,M; MmprMp_1 ... myM,_y

Note that each M; is a P x p? matrix. It is easily seen that M, = (Gps)rs=1,. n satisfies first
that >, a,as = p"0,s, second that |a,s| = 1 and third a2, = 1. We then consider the m-linear
mapping A, € Z("0%, (5") defined by Ay(e;,, ... €;,) = &)k With & = Giyiy -+ Qipy_ i ik
We know from [13, Section 3.2] that this mapping satisfies |A,| < (p™)™/2(p™)'/P=1/2. We
symmetrize it and consider the associated m-homogeneous polynomial P,(z) = szm ) o

whose coefficients are given by

1
(n) — — ‘ .
G = — E An(eza(l), o ,ezd(m))

’ Uezm
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where for each ¢ = (i1, ...,14,) the corresponding « is defined by «, = [{k: iy = r}| (i.e. g is
the number of 1’s in 4, s is the number of 2’s, ...) and ¥, is the group of permutations of
{1,...,m}. By the very definition of A, each A,(e;,, ..., e;, ) is avector in /2" whose entries are
all 0 except for the j,,-th one, in which there is the value a;,j, - - a;,._,j..; hence the entries of
oz!cgl) € fzn are all sums of vectors of this kind. More precisely, if Em,k ={oeX,: lo(m) = k},
for k=1,...,p" then

| E
Q. C aZCf(1>ZCf(2> alo‘(m 1)? o(m) :

O'EZm k
Each ai, )i, Qigim_1yinem 15 @ p-th OOt of unity; hence if we put £ = €*™/? there is some 7,
such that a;_ i, o iy g = 670 Then alcl” (k) is a sum of elements of this form and
we can write alcl” (k) = 25 (1) )\Ek &/ where each )\g-k) is just the number of times that the &/ is

repeated in the sum of alcl )(k) Then the sum of all the A§k)’s is the total number of terms in

the sum, i.e. > 7 = |Xnk| < |En] =ml. Just as before we can write

JOJ

E () (L) — L 4
&‘ Ca (k> - a/la(l)la(Q) alo’(m—l)zo'(m)
k

k O'szyk

— § . . ce E J
- ala(ma(z) U('m Dio(m) Aj f

TEY

Again, each \; € N is the number of times that the term & appears in the sum. Let us show
now that the last term cannot equal 0. If this were the case we would have (recall that the sum
of all the p-th roots of unity equals 0)

p—1
= —AoZe + ZA ¢ = Z — M),
Since {¢,&%,...,&P71} is linearly independent over Q this would imply A\g = Ay = ... =\, =

A. But then m! = Z )\j = pA and, because A € N, this contradicts the fact that p is prime
and > m. Hence
0< |3 < 31 h)
k k

From this we have Hc&”) |o > 0 for all a and all n. On the other hand, the fact that Z]p.;é Ag.k) <

m! gives that there is only a finite number of possible values for c&n)(k‘) (since there is only a
finite number of p-tuples of natural numbers that sum up to m! and then just a finite number
of possible sums )7~ : )\(k ¢); hence inf{||c\"”||loc: & € N2, n € N} > 0 and

||Pn|| < ||An|| < (pn)m/z(pn)l/p—l/Q.

This gives v = m/2 + 1/p — 1/2 and 8 = 0 in Proposition 4.1; hence there exists an m-
homogeneous Dirichlet polynomial } ¢, _,, a,/n® that satisfies

¢ ¢ m—2(1/p—1/2)'

O'Q_O'P:
2m

a u
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4.3. The case 2 < p Let us consider the m-homogeneous Dirichlet polynomial 3¢, _,, €x/7°.

We know that o4’ — o < Thn(p,q) < 1/p. Tt is a well known fact that the scalar valued Dirichlet
series > 1/n® (the Riemann’s C function) satisfies o, = 0, = 1. Using this fact it is not difficult
to prove that this is also the case of the corresponding m-homogeneous Dirichlet polynomial
> 0(ny=m 1/n°. 1t is then clear that 04(3 g )=y, €n/n") = 1. On the other hand we have

> it a i) P 1/p
sl 32 el =sp (32 ) TN

n=1 n=1
Q(n)=m Q(n)=m

Using (8) we obtain 01? < 1/p. This gives 0! — 0? > 1—1/p = 1/p/ and finishes the proof of

(1).

5. THE PROOF: PART III. THE INTERMEDIATE WIDTHS

In order to complete the proof of Theorem 1.1 we still have to show that there are m-
homogeneous Dirichlet polynomials that attain any intermediate given width of uniform but
not absolute convergence. Adapting an idea of Bohr [4, page 622] we show now that, once we
have attained some width with a Dirichlet series, any smaller width can also be attained with
a perturbation of the original Dirichlet series.

If > a,/n® and Y _ b, /n® are two Dirichlet series in a Banach space X for which o,(> a,,/n®) #

04(>° by/n®) then
(14) 0.(> (an + by)/n®) = max (oa(z an/n%), 00> bn/ns)).

Indeed, this is implied by the fact that a sum of two series cannot be an absolutely convergent
series if one is absolutely convergent and the other is not. Also, if 0,(> a,/n®) # 0,(>_ bn/n°)
then

(15) ou(> (a, +b,)/n*) = max (au(z an/n%), 00> bn/ns)).
We take again a general approach, using operators.

Lemma 5.1. Let v : X — Y be a non-zero operator, > a,/n® a Dirichlet series in a Banach
space X and xy € X such that vzy # 0. Let o) be the abscissa of absolute convergence of

S wa,/n® and o be the abscissa of uniform convergence of > an/n®. Then for each 0 < o <

o — X the Dirichlet series

1 1 T 1

satisfies

aa(z vb, /n®) — O'U(Z b,/n’) =0o.

If moreover > a,/n® is an m-homogeneous Dirichlet polynomial then
Zb_: Za"_+z 10+o‘ns

defines an m-homogenous Dirichlet polynomml for which we have

7Y _vba/n) = 0u() bn/n°) =0
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Proof. Tt is easily seen, using the fact that the Riemann’s (-function and its corresponding
m-homogeneous polynomials have abscissas of absolute and of uniform convergence equal to 1,

that
vy 1 Zo 1 Y
WD ) = ) =0 o
(the same for the corresponding polynomials). This, together with (14), gives 0,(>_ vb,/n®)

or. On the other hand since 6} —¢ > 0} —o¥ 40X = 02X, we have from (15) that ¢,,(}_ b, /n®) =
oY — o. This clearly gives the conclusion. U
)

The preceding lemma applied to v = id : ¢, — ¢, and the examples obtained in Section
finally complete the proof of Theorem 1.1.

6. THE OPERATOR POINT OF VIEW

Let us come back now to our original question about why for finite dimensional spaces the
maximal width of uniform but not absolute convergence for homogeneous Dirichlet polynomials
heavily depends on the degree of the polynomial, but for infinite dimensional spaces this depen-
dence disappears. Our aim was to analyze and, if possible, understand this phenomenon. We
have seen in Theorem 1.1 that if for ) a,/n® in ¢, we take the abscissa of absolute convergence
in a bigger ¢,, then again the dependence on the degree appears. Let us point out that if we
take p = ¢ in 1.1 we again have (4) and that T,,,(p, q) = ”;—;11 if and only if p =1 and ¢ > 2. We
change now slightly our point of view adopting a new one hoping that this helps in bringing
more light to our original question of the ‘invisible polynomials’. We want to look now at the
problem from the point of view of operators, inserting T,,(p, ¢) in a more general framework.

Let v be a non zero operator between two Banach spaces X and Y. If ) an# is a Dirichlet

series in X with abscissa of uniform convergence o, then anm by definition converges
1

ns

absolutely, but depending on the operator v the half plane on which the series ) wv(a,)
converges absolutely might be very different. Our main aim now is to look at the number

X

T,n(v) :=supo, — oo,

where the sup is taken with respect to all m-homogeneous Dirichlet polynomials ) ann—ls in
X, the abscissa o; of uniform convergence of > an% is taken in X but the abscissa o)
of absolute convergence is taken with respect to the Dirichlet series Y, v(a,)- in Y. Note
that T7,(v) can also be seen as the infimum over all 7 > 0 so that if > o, (n s CONVETges

uniformly in [Res > o], then Zg(n):mv(an)#

every ¢ > 0. Somehow T,,(v) gives an idea of how much does the operator v improve (or at
least modify) the summability of m-homogeneous Dirichlet polynomials. With this notation
(3) and its counterpart for finite dimensional X can be rewritten using the notation 7, (idc)
and T, (idy).

Clearly for each v the sequence (7},,(v)),, is non-increasing and

u a

converges absolutely in [Res > o + 1 + €] for

(16) Tolv) > To(ide) = oL

The situation exposed in [11] (that gave rise to our problem) can be rewritten now as

m=1 if dim X < oo
_ : _ 2m
(17) Tn(X) = Tin(idx) = { L if dim X = oo,

cot(X)’
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and the question was to try to analyze why there is this dramatic difference between the finite
and the infinite dimensional case.

It is also clear that T,,(p, ¢) = T),(id : £, — ¢,). Following ideas similar to those used in Section
3 we can also give a general upper bound for T,,(v). Let us recall (see e.g. [14, Chapter 10])
that an operator v : X — Y between Banach spaces is called (r, 1)-summing if there exists a
constant C' > 0 so that for every A € Z(co, X)

(Sreatcar)” <

Operators that are (1,1)-summing are simply called summing. As a natural generalization of
this and inspired by [4, Theorem IJ, (7, 1)-summing operators of order m are defined in [13] as
those v : X — Y for which there exists C' > 0 such that for every A € Z(™cy, X)

00 1/r
( 3 HvA(eil,...,eimw) < c]lAl.

i1yeim=1

Then BH,,(v), the m-th Bohnenblust-Hille index of v, is defined as the infimum over all r so
that v is (7, 1)-summing of order m. Clearly, BH;(v) is the infimum over the r’s so that v is
(r,1)-summing.

With this notation [4, Theorem I] reads as BH,,(idc) = WE—TI and this is used to obtain upper
bounds for T (the original, scalar one). Just as in the classical case, so also in this setting the
Bohnenblust-Hille indices help in giving upper bounds for 7,,,(v). We even get equality in the

case m = 1; it remains an open problem if equality can be achieved in the general case.

Proposition 6.1. For any operator 0 #v : X — Y we have

1 1

Proof. The proof of the last inequality follows exactly the same steps as in Section 3, using (12).
To prove the first equality, let us choose r > T3 (v) and show that r > 1/BH,(v). If ¢ = 1/r
this is equivalent to ¢' > BH;(v). We take then A € Z(¢y, X) and ¢, := A(e,). Let us show in
a first step that > ||ve,z,|| is finite for every x € ¢,. We take x € ¢, and ¢ a permutation so
that (|Z,(m)|)n is the decreasing rearrangement of x. Then sup,, |Z,()|n'/? = K < co. On the
other hand, by the prime number theorem there exists C' > 0 such that p, < Cnlogn for all

n. Then for ¢ := T( ) — 1> 0, there exists D > 0 so that < D—i= 1/(1+E), and hence for every n,

1

1
To| < K— < KD"
nq p’rlL+€

We consider now the 1-homogeneous Dirichlet polynomial

Z Ca(n

Clearly, (¢;)n is weakly 1-summable (i.e., (2’ (cn)) is summable for each 2’ € X)), which implies

TL

that A(e,) := cy(n) defines a bounded, linear operator from ¢y to X (see e.g. [14, Theorem 1.9])
and, by (10), the Dlrlchlet polynomial has an abscissa of uniform convergence o < 0. Since
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L >Ti(v) > 0) —oX >0, we see that

1
- < KDT - .
> vomTomll =D veoml [Tom] < > chom)HpHE <0
Altogether we have shown that ) |vc,zn| = Yo, [vcom)Tom)| < oo for every x € ¢,. By
Hoélder’s inequality, (||ven|])n € ¢y and the mapping Z(cy, X) — £y (Y) (the space of ¢-
summable sequences in Y) that maps A to (vc,), is well defined, and a simple closed-graph
argument shows that it is continuous. This gives ¢ > BH;(v) and completes the proof. O

Theorem 6.2. Let v be an operator with values in a cotype 2 space and m € N. Then
m—1 1 Ti(v)

() max {5 — T1(0)} < Tu(v) < 5+ =2,
(b) v is (1 + ¢, 1)-summing for every e > 0 if and only if
m—1
T(v) = o=
(v) ==~

holds for every m. In particular, this equality holds for any summing operator.

Proof. The lower bound in (a) follows from (16) and the fact that (75, (v)),, forms an increasing
sequence. For the upper bound it is known from [13, Lemma 3] that if v takes values in a
cotype 2 space, then

2m
BH,,(v) < .
m+ 2(BH11(1;) - %)

An easy computation now gives the estimation.

For part (b), if v is (1+4¢, 1)-summing for every € > 0 then BH;(v) = 1, hence by the preceding
result 7 (v) = 0, and then T}, (v) = %=L by (a). For the converse, if the equality holds for every
m, in particular we have T} (v) = 0. By Proposition 6.1 this implies BH;(v) = 1 and gives the
conclusion. For the final remark recall that every summing operator factors through a Hilbert
space (see [14, Theorem 2.8, Theorem 2.13]). O

By [19, (1.1)] (see also [14, p.208]), every operator v : {1 — £, with 1 < p < oo is (r, 1)-summing
for 1/r=1—1(1/p) — (1/2)|. Then using the preceding Theorem and Proposition 6.1 we get

Corollary 6.3. Let v : {1 — £, with 1 <p < 2. Then

m— 2+ 12)
Tnlv) = 2m

Let us finally go back to our original problem (re)formulated in (17); we re-prove (17) in a
systematic way that we feel helps in clarifying the subject. At this stage it is clear that the
maximal width of the corresponding strip for a given operator is very much related with its
summability properties (see e.g. Proposition 6.1).

By the Dvoretzky-Rogers Theorem (see e.g. [14, Theorem 2.18]), the identity of a Banach
space is summing if and only if it is finite-dimensional. Then Theorem 6.2 explains why in (17)
only the finite dimensional spaces have precisely T'(idx) = 2=1.

Again by the Dvoretzky-Rogers Theorem (see e.g. [14, Theorem 10.5]) the identity on an
infinite dimensional Banach space is not (r,1)-summing for any 1 < r < 2. Hence it is now
no surprise that cot(X) appears, since by [21, Théoreme 1.1] (see also [14, page 304]) this
is exactly the infimum over all r so that idx is (r,1)-summing (then the ‘best summability’

we can expect from idy); in other words BH;(idx) = cot(X). From [7, Theorem 3.2] we
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have BH,,(idx) < cot(X) for every infinite dimensional Banach space X (even equality by

[13, Proposition 7]). Wlth Proposition 6.1 this altogether yields that for infinite dimensional
Banach spaces,

1 1 1

_ — Ty (idy) < T, (idx) < — = :
cot(X)  BH;(idx) 1idx) < Tn(idx) < BH,,(idx)  cot(X)
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