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On the use of simulation methods to compute
probabilities: application to the first division
Spanish soccer league
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Abstract

We consider the problem of using the points a given team has in the First Division Spanish Soccer
League to estimate its probabilities of achieving a specific objective, such as, for example, staying
in the first division or playing the European Champions League. We started thinking about this
specific problem and how to approach it after reading that some soccer coaches indicate that a
team in the first division guarantees its staying in that division if it has a total of 42 points at the
end of the regular season. This problem differs from the typical probability estimation problem
because we only know the actual cumulative score a given team has at some point during the
regular season. Under this setting a series of different assumptions can be made to predict the
probability of interest at the end of the season. We describe the specific theoretical probability
model using the multinomial distribution and, then, introduce two approximations to compute the
probability of interest, as well as the exact method. The different proposed methods are then
evaluated and also applied to the example that motivated them. One interesting result is that the
predicted probabilities can then be dynamically evaluated by using data from the current soccer
competition.
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1. Introduction

The Liga de Ritbol ProfesionalLFP) stated that, starting at the regular season 1997-
1998, there will be twenty teams competing in the First DonsSpanish Soccer League.
During the regular season, each team should play two ganaéssagach one of the
remaining nineteen teams, one game at its own field and tlee otie at the other team’s
field. Therefore, during the regular season there will betal @f thirty-eight games
played by each one of the teams participating in this leagfier the 1995-1996 regular
season the LFP stated the actual scoring system: a win gegsrathree points, a draw
one point and a defeat, no points. In this way, at the end afdhelar season (i.e., after
the thirty-eight games have been played), teams classififfteilast three positions in
the table (i.e., positions eighteenth to twentieth) wilédheir place in the first division
and will have to play the next regular season in the Secon@iDiv Spanish Soccer
League. In addition, teams classified in the first four posgiwill play the European
Champions League, the most prestigious soccer tournaméntrope (i.e., the one that
only “the best” soccer teams in Europe will play), while tesacfassified in the fifth and
sixth positions will play the UEFA tournament (nowadaydedEuropa Leagug an
important soccer tournament for the so called “next-telibst” teams in Europe.

Soccer is the most important sport in Spain and there areaesports-related (TV
and radio) programs that concentrate most of their atterstia efforts on the Spanish
soccer league. It is a fact that sports-related programpamSan very well be labelled
as “soccer-centred programs.” In the past few years, it leas lvery frequent to hear
sport broadcasters indicating that “soccer coaches tgitdéams in the first division
believe that if a team obtains a total of 42 points at the enthefregular season, the
team will remain in this division for the next regular seasbihat is, the 42 points
figure somehow represents the barrier that will determiretéam plays in the first or
second division for the next regular season. In fact, aétading a specialized and well
known sports newspaper, the first author’s older son askedts question of why some
specific soccer coaches indicate that a team in the firsticiviguarantees its staying
in that division if it has a total of 42 points at the end of tlegular season. This very
simple and straightforward question originated our clityaess to how one can propose
some kind of approach to answer it. It also made us ask o@selhether the question
had been raised before by someone else.

A very simple analysis of the available data for the last W@eegular seasons reveals
that only in three occasions a team obtaining a total of 48tpait the end of the regular
season lost its right to play in the first division for the negason. More specifically,
during the 1999-2000 and the 2008-2009 regular seasonis, Besoccer team from
Seville and, during the 2007-2008 regular season, Zaragoogher soccer team from a
city with the same name, were both sent to play the correspgmext regular season in

1. For more details on this see, for example: http://bit.RE6GX, http://bit.ly/maportugal, http://bit.ly/brindis-
osasuna, or http://bit.ly/racing42.
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the second division. Even though there are some statigiaqedrs that propose to model
scores in soccer leagues (see, e.g., Lee, 1997; Karlis armlufsas, 2000; Rue and
Salvensen, 2000; Brillinger, 2008; and Karlis and Ntzosift2009), we are not aware
of any scientific study or attempt that has tried to find outabwial probability that a
team playing in the first division with 42 points at the end led regular season stays
in that division during the next season. Along the same Jimesdo not know of any
attempt that has been able to establish, using a rigorotistista reasoning or tool, the
total number of points a team should obtain during the regdason, so that it can stay
in the first division for the next season. These represenbivibe main objectives that
have led us to put forward some of the proposals includedam#éxt sections.

The rest of the paper is organized as follows. Section 2 dinites some basic
notation and contains a brief description of all of the polssiclassifications at the
end of a regular season for a four and a twenty team leagudio®eX describes
the use of the multinomial distribution in the context of theccer league under
study, as well as the normal approximation, Monte Carlo &timans approximation
and the exact probability computation for the different habilities of interest. In
Section 4, we include the proposed method to compute theapiidly of a team staying
in the first division for the next regular season. Section & garward a dynamic
probability computation method that allows the researareindividual to compute
different probabilities of interest during the regularsaa Finally, Section 6 ends with
some conclusions and practical recommendations. All optbposals contained in the
different sections of the paper are illustrated and evatliatith data from the First
Division Spanish Soccer League.

2. Basic notation and possible classifications settings

Let A; represent each of the(i = 1,...,N) teams patrticipating in a given league. That
is, all teams will be denoted bi,...,Ay. The order of the team is not relevant and
it could be, in fact, alphabetical, per region, or sorted by ather criteria. LetEj
represent the points obtained by tearan its k-th game during the regular season
(k=1,...,2(N—1)). In this way, the result of the game played by teanandA; in the
k-th of the regular season can be easily summarized by thk &ore vecto(Ei, Ej)’.

In the following sections we will analyze these results fug tase of a league of four
and twenty teams, which is the actual size of the First Divisspanish Soccer League
under study.

As we will see in later sections and without loss of generalite assume equiprob-
ability. That is, in each game we assume that the probaliiay the local team wins,
loses or that the result is a draw are all equal. This imphas all possible final classi-
fications have the same probability. This assumption insglat no additional a priori
information is needed to be able to compute, for exampleptbbability that a team
loses its category when having 42 points at the end of thdaegeason, or the probabil-
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ity of winning the league with a given number of points at thd ef the regular season.
In this sense, all of the results reported here could be eghplot only to the First Divi-
sion Spanish Soccer League, but also to any second divisitmamy other division or
league using the scoring system proposed in this leagueyloase and given that it is
very unlikely that all teams in this league have the sametaohgrobability of winning
a given soccer game, this is clearly a restrictive hypothisit may be considered too
strong in some cases for practical reasons but, at the samaeitimay also be consid-
ered simple enough to be interesting from a didactic pointiedv. In fact, this is the
main reason to start analyzing this problem under this agambecause, in our view,
it clearly simplifies its solution and, in addition, it willso provide reference values for
the probabilities of interest that may then be useful forahalysis of any other soccer
league one wishes to study in the future.

A less restrictive assumption that also allows us to obtateresting statistical
results, can be that efqual strengthin order for this assumption to hold, the probability
that the local team wins and the probability that it losesusdhde the same. That is, if
we let p; be the probability that the local team wins, the probability that the result
is a draw, andpz the probability that the local team loses the gamgyal strength
will occur if p1 = ps = (1— p2)/2. One interesting fact about this assumption is that it
includes the equiprobability case as a particular casg ifi.py = p. = p3 = 1/3), but
it also includes additional possibilities that could alsndmalyzed. Along these lines,
if we consider the First Division Spanish Soccer Leagueohiistl data for the 11,242
games played from the 1976-1977 up to the 2008-2009 sedbersstimated value we
obtain for py, if we use the relative frequency for the event that the tesfulhe game
is a draw is, approximatelyy, = 0.25. In the following sections, we will use both the
equiprobability and theequal strengthassumptions. Finally, we should also mention
that the equiprobability and equal strength assumptiomyirtihat the probability that
a given team wins, loses or that the result of its game is a,ditaas not depend on
which team it is playing against and that, therefore, theniunderlying independence
assumption between games. This may also be a restrictiuengion but, in our view,
it simplifies the solution to the problem of interest and,dldigion, it provides the reader
some very useful insights about the solution to a more coxieblem.

2.1. A four-team soccer league

If we have four teams in the leagu,, Az, Az, A4, there will be three games in which a
given team plays at home and three games in which it plays &wayit, as a visiting
team. Thatis, the regular season will have a total of six gainehis case, each date for
which games are scheduled will have two games being playtee aame time. If we let
a= (Eq1,E21) be the score for the game played by teanandA;, andb = (Ez1, Es1)’

be the game played by teamAs and A4, the possible scores for the first set of games
to be played is listed in Table 1. After this first set of ganseplayed, there are?3= 9
possible score vectors that are listed in the corresporabhgnns of Table 2. In order
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Table 1: Possible score vectors for a two-team soccer league.

Possibilities 1 2 3
Score vector a: (3,0 (1,2) (0,3)
Score vector b: (3,0 (1,1) (0,3)

Table2: Possible scores for a four-team soccer league after thed@tsbf games have been played.

Result albl alb2 alb3 az2bl a2b2 a2bh3 a3bl a3b2 a3b3
TeamAq 3 3 3 1 1 1 0 0 0
TeamA, 0 0 0 1 1 1 3 3 3
TeamAs 3 1 0 3 1 0 3 1 0
TeamAy 0 1 3 0 1 3 0 1 3

to better understand both the notation and contents in T3kt us describe one of
the results provided therein (i.e., axby). The result inftheth column of Table 2 (i.e.,
a2bl) indicates that in the game between teApendA; the result was a draw (i.e., the
second possible result for the score vector a in Table 1,p@a# in the game between
teamsAz and A4 the result was that teays won (i.e., the first possible result for the
score vector b in Table 1, or bl). For this specific case, the §nores obtained by
each of the team&,, Ay, Az andA, after the two games have been played would be of
1, 1, 3, and 0 points, respectively and, thus, the score veaiald then be(1,1,3,0)’
(see the fourth column in Table 2). In summary, after the l@aggeason ends (i.e., after
each team has played its six corresponding games), thellme@*® = 96 = 531, 441
different results that will, in turn, generate their correspondingrecrectors for these
four teams.

The aforementioned number of possible results is clearitedarge. However, it
can be easily managed by a computer. As the reader may haaelplguessed, this is
exactly the situation in the first round of the Champions lusagpmpetition, where only
the first two teams in each group of four teams advance to tkieroend. Therefore, it
would not be difficult to compute, for example, what would be &xact probability, for
each possible score, that a team finishes the competitidreifirst two positions (i.e.,
the probability that the team advances to the next roundarCtimampions League):

Score: <6 7 8 9 >10
Prob(next round): 0 0047477 018593 097050 1

That is, in all of the possible 53441 differentresults, we look for all results where
a team having a given score finishes the competition in thetfispositions (i.e., these

2. These results are different in the sense that, even thougbdhesscould end up being equal for some of the
cases, they were generated from different results in the gamesaths teave played.
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will the favourable cases) and divide this absolute freguday the total number of cases
where teams had obtained this score (i.e., these will bedksilgle cases).

2.2. The twenty-team or first division Spanish soccer league

The Spanish First Division Soccer League, as well as, fomgka, the ones in France
or the United Kingdom, has a total of twenty teams (i 20), so that every round
there will be ten different games played at the same timeddiitian, every team should
play nineteen games at home and another nineteen gamessiting ¥€am, so that the
regular season will have a total of thirty-eight differeatinds.

If we let (Ei, Ejk)" be the score vector representing the result of the game betwe
teamsA; andA; in thek-th round of games during the regular season, we have that:

(3,0) if Ajwins
(Ei,Ejx) = ¢ (1,1) iftheresultis adraw
(0,3) if Ajwins

Therefore, after thek-th round of games is over (i.e., after the ten scheduled
games have been played by the twenty teams in the league),iliMeave thatEy =
(Eak, Eax, - .., Ex)’ represents the score vector assigned to all teams for theggam
played that date. Moreover and given that for each one ofehegames played that
date there are only three possible different results, timetau of different score vectors
that one can obtain for that specific date is equaltb=359,049.

Let Cy be the 20x 1 score vector containing the sum of the scores from the first u
to thek-th round of games, so that

CG=> E,

andCy = (Cy, ...,Cox)’. ThereforeCy, i =1,...,20;k=1,...,38 represents the score
teamA; has after playindk games. If we place the elements@fin descending order
and denote this new score vector@y= (Cey, - --,Crox)’ = (Ci; - - -, Cy)’s we will
have in the elements of the ordered score veCGfpthe complete information about
teams classification or standings after k games have begre@lavhich will be very
relevant to compute the probabilities of interest.

If, for example, we wish to analyze the number of vectors wpitissibledifferent
scores after two rounds of games have been played@g.we have to consider that
each one of the 59,049 resulting score vectors for the sedatel for which games
were scheduled can be added to each one of the 59,049 scéoesviee the first date
for which games were also scheduled, making a total*8f%3= 59,049 x 59,049 =
3,486,784,401 possible results, even though we know that a large nuafitbem will
be basically equal. If we follow the same reasoning, we cahdint that the number of
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vectors with possiblelifferentscores for the score vect@gg at the end of the regular
season would then bé®38 = 3380~ 2 02337 + 181.

In order to be able to compute the exact probability of logimg category for a
team having 42 points, just as we did in Section 2.1 for théadity of advancing
to the next round in the Champions League for the four teamsecwe would have
to find out for how many of these.®337@& + 181 score vectors a team having 42
points stays away from the last three positions in the talde, Gtays away from the
last three positions in the ordered score ve€y). Itis clear that, even with the current
capabilities large computers have to compute this proighilis not reasonable to think
about working with such a large number of possibilities. &xample, if the computer
is able to compute 1,000 score vectors per second, afterraofemmputations, the
computer would have only computed abolitS3& + 10 score vectors. Therefore, there
is a need to look for efficient and reasonable proposals #ratake such a complicated
computation of probabilities possible.

3. Multinomial distribution

The settings we have introduced in the previous sections/alk to state that, for each
game and team, the set of possible results can be classifibe idisjoint eventsR,
(winning the game)R, (game ends in a draw) &% (losing the game). We now define
the probabilities for these events as follows:

Pr(R;j) = p; with 0<pj<l, =123 and pi+p+ps=1

To start with a simple setting, we can consider a discretéotmi probability
distribution for the three alternatives, so that it is assdrthatp; = p, = ps = 1/3.
That is, we start with the initial aforementioned equiptobty assumption. Under this
assumption, for any team in the league, the random varkabléX;, X,, X3)’, describing
the event that aftem dates for which games were scheduled during the regulaoiseas
there werex; times where the everRR; occurredx, times where the everR,, andxs
times where the eveiRz occurred, follows a multinomial distribution with probdtyi
mass function given by (see, e.g., Morris, 1975)

n!

Pr(Xs = X1, X0 = X2, X3 = X3) = m P1 Py Py, 1)

X1+X+x3=n 0<p;<l [j=123 and pi+p+ps=1

It is well known that the marginal distribution of each of tKg variables from a
multinomial distribution follows a binomial distributionith parameters and p;; that
is, Xj ~B(n,pj), j =1,2,3withE(X;) = npj, Var(X;j) = np;(1— p;) andCov X, Xj) =
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—-nppj, i,J =1,2,3,i# j. As we have already mentioned, we are under the equiprob-
ability assumption. However, the distribution of the ramdeariableX = (X3, X2, X3)’

is multinomial as long as the assumed probabilifgsp, and ps remain unchanged
for all games in the league. This implies that, for examplejar theequal strength
assumption, the distribution of the random varia¥lis also multinomial.

3.1. Normal distribution approximation

If we use the multivariate normal central limit (see, e.ggrésti, 1990, p. 424; or Rao,
1973, p. 128), we can see that the multinomial distributimmverges to the multivariate
normal distribution, so thaX = (X1, Xz, X3)’ converges in distribution to a multivariate
normal distribution with mean vector given hy = (np;,np,nps)’ and variance-
covariance matrizyx with elements given by:

) rpA—p) 0f i=
ZX@J_{—nppj it Q] @

The score a given teady obtains after playingn games iCi, = 3X; + X, a linear
combination of the components of the asymptotic multitarimormal random variable
X, which can be written &5, = d’'X, with d’ = (3,1,0). ThereforeCi, converges to the
univariate normal distributioN (d'ux,d’'~xd).

For the specific case under study, we have that38 andp; = p, = ps = 1/3, so
that the standard conditions (i.ep > 5 andn(1— p;) > 5, see, e.g., Hogg and Tanis,
1988 or Cryer and Miller, 1991) for a valid approximation dhaind, therefore, we have
that

Cizs ~ N(50.67,59.11) ®)

The probability that a given team in the league loses itsgoateis the probability
that its ordered position after the regular season endsearobthe last three out of the
twenty possible positions. Thus, we are interested in caimgthe critical score value,
say Csg, such that there would be three teams below it (around 15% aart Df 20
teams) or three teams having a score smaller @xgn In other wordsCzg. should be
such that RiCizg < Csg:) > 0.15. In order to comput€sg: and using the result in (3),
we have that

Cigs— 50.67
Zis8 T 2000 CN(0,1
V59.11 ©.1)

Therefore,

Pr <Ci38 —50.67 -

m < —Zp15= —1.0364) =0.15 (4)
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being—z,15 = —1.0364, the 15-th percentile of the standard normal distiobyN(0, 1).
Solving for Cizg in the left hand side inside the parenthesis, leads us tdrotiat

Pr[Cigg < 50.67— (1.0364v/59.11| = 0.15

and, thus, P(Cizg < 42.70) = 0.15.

If we apply a standard continuity correctigrwe would have that th€zg. value
we are searching for €35 = 43. This value leads us to obtain that(@gg < 43) =
0.1755. Moreover, we can also easily verify that ®gs < 42) = 0.1439. Therefore,
the objective score for any team wishing not to lose its aatein the First Division
Spanish Soccer League should be of 43 points.

In addition, if we use theequal strengthassumption with a probability that the
result of a draw isp, = 0.25, we have thaCizg ~ N(52.25,65.92) and, therefore,
Pr(Ciss < 43.83) = 0.15. If we use again the aforementioned continuity correctioth an
given that we can easily compute(Brsg < 44) = 0.1699 and P{Cizg < 43) = 0.1406,
we would now have thatzg. = 44.

3.2. Monte Carlo simulations approximation

A second alternative approach to obtain the distributiorCig§ consists of using a
simulations approach. Let us begin by recalling that we sseming equal probabilities
for each one of the three possible results than a given gamieese; that isiR; (winning
the game)R, (game ends in a draw) ari®} (losing the game):

Pr(Rj) = p; = é—; for j=1,23.

Most statistical packages include random number genaratsed on the uniform
distribution and, thus, it is quite simple to simulate thsuleof a given game with the
use of this softwark In this sense, if we assume independence among the gamyes pla
at each round during the regular season, the results fontapendent games can be
easily simulated in order to obtain the scores for all twée&ms after that specific date.
We also assume that the probabilitggemain constant for each game so that, under the
previous assumptions, the results for the different rofrghmes are also independent.
We can then repeat the whole simulation process thirtytdigies in order to be able to
simulate the results for the final standings for all twengnts in the league at the end
of the regular season. The whole process can be easily supechas follows:

3. We consider that for any< {0,1,...,n}, if the conditions to consider the normal approximation advatie
hold, then P{X < x) = Pr(X < x+ 1) can be well approximated by (% < x+ %), whereY is a normal random
variable having the same mean and variance as the random vatiable

4. We have used the open source software package! (see,e.ghttp://gretl. sourceforge. net
or Cottrell and Lucchetti, 2009).
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1. Based on the uniform distribution, we generate the reaflthe game between
teamsA; andA; in the first date for which games are scheduled, and obtain the
corresponding score vect;i, Ej1)’.

2. Repeat step 1 ten times and obtain the results for all taregglayed in the first
date for which games are scheduled. At the end of this stephbiaen the 20< 1
score vectoE; = (Eiq,...,Ez01)".

3. Repeat steps 1 and 2 for each one of the thirty-eight datestiich games are
scheduled, generating the corresponding 2Gcore vectorgy = (Eyy, - . ., Exk)’s
k=1,...,38, and obtain the sum of the scores for all twenty teams #fieer
“simulated” regular season ends; that is, obtain thex20final scores vector
Cas= S5, E.

4. Finally, repeat steps 1 to 3 a large nhumber of times, iayand obtain the
simulated frequency distribution f@sg = (Cy3s,...,Coo3s)’, @an approximation
of the probability distribution for this random variablecaraccordingly, of its
individual component€zs.

If we follow the procedure described ini&z-Emparanza (2002, equation (8)), we
see that, with a 95% confidence leviel,=10,000 replications will suffice to guarantee
a precision of-0.007 in the estimation of the 15% distribution percentilerdérest.

After these simulations are performed, we can straightiodly obtain that
Pr(Cizg < 43) = 0.1770 and P{Cizg < 42) = 0.1448, values that, as can be easily veri-
fied, are very close to those obtained in Section 3.1 with Heeafi the normal approxi-
mation.

However, it is also possible to consider an alternativerpragation of the results
obtained in this simulation approach. In Section 2.2 we hade&ated that there is a
large number oflifferentpossibilities for values in the final score vec@yg. Statistics
usually tells us that if we wish to learn about the specificrabgeristics of a given
population that is impossible to measure or compute, we sarstatistical inferential
methods. That is, based on the values obtained from a randmpls of a “reasonable
size” from the population under study, we can always exirdotmation that allows us
to estimate the characteristics of interest and, thus, etalpeneralize the obtained
conclusions to the population under study. In this spec#ige¢ we can interpret our
proposed procedure as one that randomly extracts or sapgdstble final scores (or
standings) among the set of all final scores (or standingg)wle have in the First
Division Spanish Soccer League. The use of the assumptiequs! probabilities for
the three possible resul, R, andRs in the simulations guarantees that, in the random
extraction or sampling, all possible score or standingarscwvill be equally likely or
have the same probability of being selected in the sample.

In addition, if we use theequal strengthassumption with a probability that the
result of a draw igp, = 0.25, and also using/l =10,000 replications, we obtain that
Pr(Cizg < 44) = 0.1728 and P(Cizg < 43) = 0.1427.
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3.3. Exact probability computation

The specific probability computation under study does nquire the use of either
the normal approximation or the Monte Carlo simulation apghes proposed in the
previous sections. More specifically, if we use enumeratahniques it is possible to
find the exact probability distribution fa@i3g.

In Section 3 we have seen that the random varixbte(X;, X,, X3)’ follows a multi-
nomial distribution, with probability mass function giveg equation (1). Therefore, as
n = 38, each one of its individual componenXs, i = 1,2, 3 will take on values in the
set{0,1,2,...,38}, and the set of possible values for the random variable finite
(i.e., there arén+ 1)(n+ 2) /2 = 780 possible values), so that the probability for each
one of its possible values can be easily computed by usingd@ge these probabili-
ties have been obtained, for each one of them, we can cor@pygte 3X; + X, and the
probabilities for each one of tH@n+ 1) = 115 possible different values f@&3g can be
easily added up together. We have done thi&iet | and list both the possible values
and corresponding probabilities fGrzg (see Table 3, column witp, = 1/3). Table 3
includes the values PCizg < 43) = 0.1768 and P(Cizg < 42) = 0.1444, values that are
very close to those reported in the approximation methodpgsed in Sections 3.1
and 3.2 and, thus, these results confirm the conclusion ligeesults reported in Sec-
tions 3.1 and 3.2) that a team wishing to stay in the first givishould obtain at least
43 points at the end of the regular season. One of the anors/mweiewers suggested
an alternative procedure to compute the exact probakiliyemeans of the probability
generating function (pgf) of the random variablethat measures the number of points
gained in a match. That is,

g(t) = p1+ pot + pat®

In this sense, the sum of 38 such random variables has a pgf tiyg(t)® and,
thus, the probability values associated to each score idigheébution function is given
by the coefficients of this polynomial.

The previously reported results have used the equiprabedsisumption, something
that may be a very restrictive assumption in the view of soesearchers. However,
as we have already mentioned in Section 3, underetipgal strengthassumption,
the distribution of the random variabl¢ is also multinomial. As above, from this
resulting distribution and with the use of enumeration rad#) we can obtain the exact
probability distribution folCizg = 3X; + X, as well. Moreover, we can easily compute the
probability distribution function foCisg for different values ofp; (i.e., the probability
that the result of the game is a draw). Figure 1 includes tlobalility distribution
functions for different values g, (i.e., forp, =0.1,...,0.9). In addition, Table 3 only
includes the probability values for the so called centrélies of the distribution of the
Score variable, also as a functionmf As can be seen in Table 3, we have included the
corresponding probability values for several cases oktiigal strengthmodel, which
contains two of its special cases we have been studying sthé&aequiprobability case
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Figure 1: Team final scores probability distributions as a functiorite probability p that the result of
the game is a draw.

Table 3: Final scores cumulative probability valuegsg= 3X; + X as a function of the probability of a

draw, p. Reported results correspond to final scores ranging f&6o 50 after the regular season has
ended and for a twenty-team league. Boldfaced numbersatalibe required final score a team should
have at the end of the regular season for not losing the cayagnder the assumed, probability.

Probability of a drawp,

Score| 0.10 0.20 0.25 0.30 1/3 0.40 0.50 0.60 0.70 0.80 0.00
36 |0.0167 0.0217 0.0246 0.0281 0.0306 0.0364 0.0474 0.061804.00.1039 0.1252
37 |0.0223 0.0290 0.0331 0.0378 0.0414 0.0496 0.0653 0.086768.10.1586 0.2232
38 [0.0292 0.0382 0.0437 0.0501 0.0550 0.0661 0.0879 0.108B14 0.2274 0.3442
39 |0.0379 0.0496 0.0569 0.0654 0.0717 0.0866 0.11G:@564 0.2157 0.3082 0.476H
40 |0.0484 0.0636 0.0730 0.0838 0.0920 0.1112 0.1488 0.201684.20.3974 0.6057
41 10.0613 0.0804 0.0922 0.1059 0.1162 0.14081875 0.2533 0.3479 0.4901 0.7164
42 10.0765 0.1002 0.1148 0.1317 0.144@.1740 0.2315 0.3106 0.4218 0.5814 0.8103
43 ]0.0944 0.1233 0.14100.1614 0.1768 0.2122 0.2803 0.3724 0.4976 0.6669 0.8754
44 10.1152 0.1498 0.1709 0.1951 0.2132 0.2548 0.3334 0.4370 0.5726 0.7431 0.9260
45 10.1389 0.1797 0.2044 0.2326 0.2535 0.3011 0.3896 0.5029 0.6442 0.808®%49.9
46 | 0.1657 0.2131 0.2415 0.2736 0.2973 0.3507 0.4480 0.5682 0.710%09.80.9761
47 10.1957 0.2497 0.2818 0.3178 0.3441 0.4028 0.5071 0.631694.70.9023 0.9863
48 ]0.2286 0.2893 0.3250 0.3646 0.3932 0.4564 0.5658 0.6904£01.80.9335 0.993%
49 | 0.2643 0.3316 0.3705 0.4133 0.4440 0.5106 0.6228 0.744%63D.80.9560 0.996%
50 |0.3027 0.3760 0.4178 0.4633 0.4955 0.5645 0.6769 0.793381.80.9718 0.998%
51 |0.3432 0.4220 0.4663 0.5137 0.5470 0.6170 0.7274 0.835@69.90.9824 0.9992
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(i.e., p2 = 1/3) and the case for whicp, = 0.25. For this latter case, we can clearly see
that Pr(Cizg < 44) = 0.1709 and P(Cizg < 43) = 0.1410, so thaiCizg. = 44.

4. Probability of not losing the category

In order to compute the probability of not losing the catggor a given team having a
final scorec, we would have to check the joint distribution of the scomsdil twenty
teams in the league at the end of the regular season and sesvimbany cases a
team havingc points has not lost the category. This implies working witle joint
distribution of a 20x 1 vector of random variables, in which each of its individual
components would have a similar distribution to that désatiforCisg in Section 3.3.
In addition, we have to point out that these individual Viales (i.e.Cy 3s, . . .,Coo38) are
not independent random variables, which makes this a coatplil theoretical problem
to solve. However, it is not difficult to obtain an approximoat of this distribution by
using a Monte Carlo simulation approximation, such as thegreviously described in
Section 3.2.

In order to describe this new approach, we define a binarnoranariableD,, taking
value one if the score appears as part of the final standings score veégjpand if, in
addition, it is larger than the score obtained by the teaneagpg in the eighteenth final
standings ordered position vect@;, and zero otherwise. That is,

{ 1 if ceCggandc > Cfgqg
Dy = ’

0 otherwise

Therefore, in the simulation process described in step 3ecfiéh 3.2, each time
a simulated final score vect@sg is obtained, the random variabl®;, takes on two
possible values, one or zero. After a sufficiently large nendb replicationsvl has been
simulated, and if we lein. be the number of occasions in which the random variable
D; has taken value one, aid. be the total number of occasions in which the vatue
appeared in the final standings score ve€ygr then, for a team obtainingpoints at the
end of the regular seasom;/M. would be an approximation of the probability of not
losing the categorync(c). We should indicate that in a simulation with a finite number
of replications we could have two easy to handle types oftardeination showing up:
cases with very low scores or cases with very high scoreseMpecifically, none of
the 50,000 replications performed to obtain the resultentep in Figure 2 included
scores lower than 15 points or higher than 88 points. Thelpnoks solved by assigning
probability zero to the very low values and probability owetlie very high values
obtained in the simulation process. These simulations eaméed out foiM = 50,000,
and values o€ =0,1,2,...,114 were considered, with the results reported in Figure 2.
In this specific case, the probabilities of not losing thesgaty for a team having 42
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Figure2: Probability of not losing the category, for each final score. Probabilities were computed by
simulations and with M=50,000 replications, with p= p3 and two different values for the probability of
adraw, p = 1/3 (i.e., equiprobability assumption) ang p- 0.25 (i.e., equal strength assumption).

and 43 points are.8673 and (6259, respectively, under the equiprobability assump-
tion, and 02307 and B581, respectively, under thregual strengthassumption with

p2 = 0.25. If one wishes to compute instead the probability of pigythe European
Champions League or the Europa League tournament, theybimaable should be
defined accordingly.

5. Dynamic computation of probabilities during the regular season

From a practitioners’ point of view, it would be very intetiag to have the possibility
of computing, after a given number of rounds of games hava b&g/ed (sak) and
conditioned on the current score vector (§aY, the probability that a given team wins
the league, plays the European Champions League or endositeop that will make
that team not to lose its category at the end of the regulaosed hese probabilities
can then be used by the teams to make strategic decisiomrgydhe regular season
and not at the end of it when things cannot be changed. For@ram team whose
main objective at the end of the current regular season itatois the first division,
would be able to determine that, if the probability of nofihgsthe category, say at mid-
season, is smaller thanl®, the team will change its coach at mid-season. However,
another team whose main objective at the end of the regudaosds to win the league
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could decide that it would change its coach if the probabdit winning the league at
mid-season is lower thatTb. That is, conditions and decision are highly linked to the
team’s objectives during the regular season. We shouldnad¢sdion that, depending on
the specific conditions of the league under study;, it is vigely that our equiprobability

or equal strength assumptions provide a solution that mapaaoo realistic. In fact,

if there are reasons that lead us to believe that these hygedtdo not hold, we should
probably propose a more complex or general probability ribeéallows us to improve
the reported results. In any case, we do believe that for aoges league it would be
interesting and useful to have the reference values thabeaasily obtained from the
model under the aforementioned assumptions.

Therefore, our aim is to be able to compute, for a given tdgma given datek for
which games were scheduled during the regular sedsen38), and conditioned on
the current score vect@, the dynamic conditioned probability that at the end of the
regular season the teafy loses its category (plays the European Champions League,
plays the Europa League tournament or wins the league).

The method proposed in Section 3.3, in which we now mexe88— k can be used to
compute the exact probability distribution for each teasaisre at the end of the regular
season, conditioned on the score each team has kittheound of game< . That is,
we would be able to find the marginal distribution of the ramd@riableCizg (team’sA;
score at the end of the regular season), conditioned on thentunformation we have
for the k-th round of games. However, in order to compute the prolghiiat, at the
end of the regular season, a given team does not lose itsocgtegnditioned on the
current information we have (s&%), it is necessary to take into account the complete
structure the score vect@ has; that is, the score all twenty teams have at that specific
date. From this information, the computation of the proligbof a team not losing
its category means, as we saw in Section 4 above, working thwthoint probability
distribution of the scores for all twenty teams. Moreoviereé consider that those scores
are not independent we will soon arrive at the conclusiotttfeanalytical computation
of this probability is a complicated probability problerast as we had in Section 4.

As one can see, this is also a very simple problem if we deddsé Monte Carlo
simulation techniques to solve it. There are differencesydver, with the solution
we proposed in Section 4, which will be described in detaiblweln this case, the
simulation process would start by taking the scores inkttte date as given or known
(i.e.,C is assumed to be known) and, thus, we would only need to simtiia results
for the remaining 38- k dates for which games are scheduled. The whole process can
be easily summarized as follows:

e We assume that the 201 current score vector for theth round of game<, is
known.

e For a given teand\, we define a binary random varialle, taking value one if,
at the end of the regular season, the team’s position in taédiandings ordered
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score vectoCSg is in one of its first seventeenth places, and zero othervisat
is, D, will take value one if teard\y’s score value = Ciag at the end of the regular
season is larger that the score obtained by the team at theeeigh position in
the final standings ordered score vedg (i.e., Cig 39), and zero otherwise. We
should point out that we are not taking into account any &fthi criteria such
as, for example, goal differences that would decide the finsition of two teams
(i.e., the ones in positions seventeenth and eighteentasia of two teams having
the same score, mainly because after thirty-eight gamesighiot so likely to
occur. That s,

which can be easily done simultaneously for all twenty teasnghat we would
now have a 2 1 vector of binary indicator variables.

e For the remaining 38 k rounds of games, repeat step 3 in the simulation process
described in Section 3.2, so that we obtain the final staisdindered score vector
C%; at the end of the regular season. The binary variBbiwill then take on values
one or zero.

e Repeat the whole process of generating the remaining B&lates for which
games are scheduled for a sufficiently large number of rafphicsM. In each
replication, the binary variable will take on values one eraz If we letm be the
number of occasions in which the binary variablg has taken value one, then
m/M would be an approximation of the probability of tear&snot losing its
categorypnic(c), conditioned on the current score ved@Rr

We now apply this to the soccer league motivating our prosgsae Table 4). The
third column in Table 4 (labelled &, in the left-hand side of the table), includes
the standings for the First Division Spanish Soccer Leadiez thek = 19-th round
of games (January 24, 2010). Using the method just desciibiinis section and =
10,000 replications, we have computed the probabilities, ttmméd on the scores at
k=19, of not losing the category, playing at least the “Europadue” (formerly UEFA
tournament), playing the European Champions League, amding the league for all
twenty teams in the 2009-2010 regular season. These resellisted on the right-hand
side of Table 4. In order to compare this prediction, basethennformation available
when about 50% of the regular games were played, with theabfital standings for
the last regular season, it is probably worth noting thacBlana won the league and
that, in addition, Real Madrid, Valencia, and Sevilla cified to play the European
Champions League. Furthermore, Mallorca and Getafe @kedgp play the “UEFA
Europa League”, and Valladolid, Tenerife and Xerez lostrtbategory. There were
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Table 4: Teams’ classification in the First Division Spanish Socceadue and probabilities computed
with the Monte Carlo simulations approximation. In this eagve were in the k= 19-th date for which
games were scheduled-January 24, 2010 (for Pr(Win), if twaa@re teams have the same number of points
at the end of the regular season, a tie-breaking mechanisitnuges a uniform random variable has been
applied).

Team Coy Pnic Pr(Europa) Pr(Champ) Pr(Win)

1 Barcelona 49 1.0000 0.9983 0.9899 0.6812
2 Real Madrid 44 1.0000 0.9870 0.9452 0.2318
3 Valencia 39 1.0000 0.9190 0.7570 0.0591
4 Mallorca 34 0.9989 0.7043 0.3838 0.0088
5 Deportivo 34 0.9992 0.6916 0.3758 0.0093
6 Sevilla 33 0.9976 0.6370 0.3068 0.0055
7 Getafe 30 0.9900 0.3876 0.1471 0.0022
8 Athletic 30 0.9900 0.4016 0.1525 0.0022
9 Villarreal 26 0.9399 0.1580 0.0425 0.0001
10 Sporting 24 0.9037 0.0829 0.0175 0.0001
11 Atlético 23 0.8894 0.0671 0.0160 0.0002
12 Osasuna 23 0.8867 0.0653 0.0212 0.0001
13 Racing 23 0.8825 0.0738 0.0244 0.0001
14 Espanyol 20 0.7389 0.0317 0.0062 0.0000
15 Almeria 18 0.5951 0.0148 0.0018 0.0000
16 Malaga 17 0.5120 0.0084 0.0011 0.0000
17 Valladolid 17 0.5234 0.0083 0.0012 0.0000
18 Tenerife 17 0.5089 0.0068 0.0006 0.0000
19 Zaragoza 14 0.3021 0.0009 0.0001 0.0000
20 Xerez 8 0.0689 0.0001 0.0001 0.0000

two relevant issues that provided not expected result$i@®2009-2010 regular season:
Zaragoza did not lose its category and Deportivo did not pley Europa League.
Zaragoza's performance during the second half of the regélason was quite better
than that in the first half of the regular season (obtainingp@ints out of 57 possible
points), a fact that allowed the team to stay in the first divisDeportivo’s performance
during the second half of the regular season was quite ustegtlg bad (obtaining only
13 points out of the possible 57 points, while in the first litaifad obtained 34 out of
57 points). As can be clearly seen, this is a fact the proposdtod clearly did not take
into account because its prediction was based on past datautse, it is clear that
dynamic predictions would be better as we approach the etiteatgular season.

6. Conclusions and practical recommendations

We have proposed an approximate method to compute the plibb&hat a team
having 42 points has of losing its right to play in the firstidion the next regular
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season. Under the assumption that all possible classificatire equally likely, this
method allows us to obtain an estimated value @603 for this probability, and, an
estimated value of .@307 under theequal strengthassumption with probability of a
draw of p, = 0.25.

We have described the normal and Monte Carlo simulated ajppadions, as well
as the exact method, to estimate what would be the objeatime & team should aim
for in order to stay in the first division of the Spanish sodoeague. All three methods
have concluded that the objective score for such a teamdlbeudf at least 43 points.

Finally, we have also proposed a simulation-based mettaictlows us to compute,
in a dynamic form and after thk-th round of games has ended, the probability,
conditioned on the scores it has up to and including kkthtdate, of a team not losing
its category (or winning the league, of playing the Europ€aampions League or the
Europa League tournament)

As we have already mentioned in previous sections, the eshability and equal
strength assumptions, even after being considered todistiopr not too realistic hy-
potheses, have two fundamental and very relevant advantagéer these assumptions,
computations are quite simple because of their underlyidgpendence assumption be-
tween games, and, in addition, they do not require of anytiasthdil a priori information
to be able to compute the probabilities of interest. In pcacif one wishes to study the
problem of a “real” league, just like the First Division SfgtnSoccer League in which
there are real reasons to believe that the probability ohimma game, losing a game or
that the result of the game is a draw for each team is diffdrentlarge or even extreme
differences in the budgets for the different teams), therrdsults reported here can be
only considered as upper or lower bounds for the probadslivif interest. For example,
it is quite reasonable to believe that a team in the first &) [osition in the league will
have a probability larger (or smaller) thapi3lof winning most of its games and this can
clearly result in the fact that the probability values repdrere for winning the league
or winning a place to compete in the Champions League (ondass category) for this
specific team can be then considered as lower (or upper) sdanthe real probability
of interest.

Future research includes the possibility of not having #ygli&ely classifications
or adding some additional information, such as some diffiék characteristics the
different teams in the league have. For example, teams $avilarger budget (i.e.,
richer teams) have more possibilities of bringing bettetypls to their teams. One
way of approaching this new problem could be, for exampleediablish ara priori
probability of winning each game that somehow depends orteam’s budget. An
additional possibility would be to establish this probapitaking previous results as
the basis for it. In any case, this is out of the scope of thigepand it will be the
objective of future research.
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