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P-spaces and an unconditional closed graph theorem

Marek W 6jtowicz and Waldemar Sieg

Abstract Let X be a completely regular (Tychonoff) space, anddéX), U(X), and B: (X ) denote
the sets of all real-valued functions @ that are continuous, have a closed graph, and of the firsé Bair
class, respectively.

We prove that/ (X)) = C'(X) ifand only if X is aP-space (i.e., evergs s-subset ofX is open) if and
only if B1(X) = U(X). This extends a list of equivalences obtained earlier bin@ih and Henriksen,
Onuchic, and Iséki. The first equivalence can be regardesh aaconditionalclosed graph theorem; it
implies that if X is perfectly normal or first countable (e.g., metrizable)lozally compact, then there
existdiscontinuougunctions onX with a closed graph. This complements earlier results byddamnd
Baggs on discontinuity of closed graph functions.

P-espacios y un teorema incondicional de gr  afica cerrada

Resumen. SeaX un espacio completamente regular (Tychonoff). 80X ), U(X) y B1(X) se de-
notan los conjuntos de funciones reales definidaX eque son continuas, que tienen grafica cerrada y
que son de primera clase de Baire, respectivamente. Seapgueb/ (X) = C(X) siy solo siX es un

P espacio (es decir que cada subconjufigtde X es abierto) o siy sblo 98: (X ) = U(X). Estos re-
sultados extienden una relacion de equivalencias olatemidr Gillman y Henriksen, Onuchic e Iséki. La
primera equivalencia es un teorema incondicional de grafcrada; implica que st es perfectamente
normal o cumple el primer axioma de numerabilidad (por ejerspes metrizable), o es localmente com-
pacto, entonces existen funciones discontinua¥ eon grafica cerrada. Asi se complementan resultados
obtenidos por Dobos y Bags sobre discontinuidad de funsioae gréafica cerrada.

Introduction

Throughout this papek’, Y denote Hausdorff spaceS(X), U(X), andB; (X) have the same meanings
as in the Abstract, an® denotes the set of real numbers endowed with the naturalagypolf f is a
function onX, thenD( f) denotes the set of discontinuous pointg'phenceC(f) := X \ D(f) is the set
of continuity points off.
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The study ofdiscontinuouglosed graph functions was initiated in 1974 by Ivan BadgsHe showed
that if X = R then, for every closed and nowhere dense subsat X, there is a functiorf € U(X) such
that D(f) = F. In 1985 DoboST, Theorems 7 and C] generalized Baggs'’s result to two casesy fa
perfectly normal space anfd of first category inX, and forX a metric Baire (e.g., complete) space d@nd
closed and nowhere densejn In 1989 Baggs considered a similar problem under a weakeingstion
on X: he showed in3, Theorem 4.3] that ifX is completely regular then, giveli a compactys and of
first category subset oX, the equatiorD(f) = F has a solutiory € U(X). The above-cited results led
obviously to the natural question:

Whether there exists a spacé such that every closed graph function &his continuous, i.e., if
UX)=0C(X)?

In 1989 Baggs], Example 4.2] showed this question has a positive answédrafieonstructed a regular
(yet non-completely regular) spaéeon which every real-valued function with a closed graph isstant;
hence

U(X) = C(X) = Bi(X). 1)

It is worth to add that Baggs?[ Example 5.2] has also given an example of a regular and nopietely
regular spac&” such thatC(Y) = By (Y), yetU(Y) # C(Y).

The purpose of this paper is to give a full characterizatibequations {) for X a completely regular
space (Theorerh below). In particular, the characterization implies tha phenomenon described in the
latter example by Baggs does not hold wheneVas merely completely regular. We recallg, pp. 62—63]
that such a spac¥ is said to be aP-space if everyGs-subset [, -subset] ofX is open [closed]; equiv-
alently, every co-zero subset &f is closed (the examples of such spaces are included in thegraph
by Gillman and JerisonlP, Examples 4JKL, 4N], and in the papefs 1.8, 23, 26, 28]; P-spaces illustrate
also the essentiality of the notion bedekindr-completenessf C'(X) [20, Theorem 43.8]).

Our main result reads as follows (its proof is given in Set8p

Theorem 1 Let X be a completely regular space. Then the following four ctiowi$ are equivalent:
() U(X) =C(X);
(i) B1(X) = C(X);
(i) B (X) =U(X);
(iv) X is aP-space.

Theoreml extends the lists of equivalent conditions fdrto be aP-space obtained by Gillman and
Henriksen |1, Theorem 5.3] (cf.12, 4J]), and Tuckerd0, Theorem 5].

The above equivalen€g <= (iv) may be regarded as amconditionaklosed graph theorem (CGT)
(here aconditional CGTis understood asa functionf is continuous onX iff f has a closed graph- an
extra condition onf). Conditional CGTs (in a larger setting, where the targesfgaceR is replaced by a
topological spac&”) were examined by a number of authors. The most known suchudt is the linear
Banach’s CGT (see![ Chapter 6] for a survey of its generalizations, ¢]), and its versions for topo-
logical groups were studied by Graritj, Husain [L4], and Wilhelm B3]. Purely topological conditional
CGTs were obtianed by Fullei ], Piotrowski and Szymansk2[/], Wilhelm [3Z], and Moors P2].

The equivalencéii) < (iv) in Theoreml is a characterization of thos&( X )-spaces, foiX com-
pletely regular, for which the Baire order is zero (¢f1] p. 418 and Corollary 4.1]). This equivalence was
obtained independently in 1957 by Onuchi€], and in 1958 by Iséki5]; it is also included implicitly in
Theorem 4 by OhnoZ4], and appears (without any reference) on p. 562 of Tuckeep Q.

Remark 1 The equivalencéi) <= (ii) and theorems on extensions of Baire-one functidris 19,
29] suggest we can deduce the existence of discontonuous gagatfunctions onX from the relation
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Bi(A) # C(A) for a proper subsetd of X (see, e.g.[21, pp. 431-441). However, this method (i.e., an
appeal to extension theorems) of verification of the refatid X' ) £ C'(X) seems to be improper, because
from the equivalencg) < (iv) of Theorend and property 12, 4K(4)] (that every subspace off&-space

is a P-space again) it follows it is enough only to check if the gpatce A is not a P-space (and in a few
typical cases even il is non-discrete: see Corollariekand?2 below).

Since every singleton of a perfectly normal or first courgadpaceX is aGs-set, every such &-space
is discrete. Moreover, every locally compdgtspace is discrete too (this follows easily froi?] 4K(3)]).
Hence Theorer has the following immediate consequence.

Corollary 1 LetX be a perfectly normal or first countable space (e.g., meltizg or a locally compact
space. Then the following four conditions are equivalent:

() U(X) # C(X);
(i) Bi(X) # C(X);
(i) By (X) # U(X);
(iv) X is non-discrete.

The next corollary follows from the fact that eveRrspace is basically disconnected] 4K(7)] (the
latter means that every co-zero subseKofias an open closure).

Corollary 2 Let X be a completely regular space. If, additionally, is connected, then there exist dis-
continuous closed graph functions én

The last corollary deals with two spaces of functions of tha Baire class. A functiorf: X — R is
said to be

e piecewise continuou§there is a sequenceX,,) of closed subsets ot such thatX = J7~, X,
and the restrictions| x, are continuous for alb’s;

e Baire-one-star functioiif for every closed subsef’ of X the setC(f|») has nonempty interior (in
the induced topology oR’).

The linear spaces of piecewise continuous and Baire-arefstctions onX are denoted by (X)
and By (X), respectively. These two spaces were studied by BofjkBorsik, Dobos and Repickyf],
and Kirchheim [ 7], among others.

Itis known thatU (X) C P(X) for X arbitrary |5, p. 119], thatP(X) = U(X) + U(X) for X is per-
fectly normal b, Theoremil], and thatP(X) = Bj(X) for X a complete metric spacé], Theorem 2.3].
It is easy to check that iX is a P-space, then every piecewise continuous funciioon X is continu-
ous (this follows from the equality = (F) = U,~,(f|x,) ' (F), whereX = (J;”, X,,). Moreover,
U(X) C P(X) (because every € U(X) is continuous on the closed s&t, := f~![—n,n]). Hence, by
Theoreml (i), we obtain yet another characterizationféspaces:

Corollary 3 LetX be a completely regular space. Th&nis a P-space if and only ifP(X) = C(X). In
particular, if X is a complete metric space, th&lj (X) # C(X) if and only if X is non-discrete.

Remark 2 Looking at Theoremt we can conjecture that the equali®(X ) = B;(X) should implyX to

be a P-space, but this is not the case. Indeed,Xetlenote the set of all rational numbers endowed with
the natural (metric) topology. SincE is a metric space, from the Tietze theorem weReX ) C B1(X).

Itis also easy to check th@(X) = RX, whenceP(X) = B;(X). On the other hand, b1 2, 4K(1)] (that
every countablé’-space is discre}eX is not a P-space.
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2 Notations

For the basic facts concerning topology and continuoustioms we refer the reader to the monograghs [
12]. We recall that a subset of X is said to be aero-seif there is a continuous functiofi: X — [0, 1]
such thatd = [f = 0] := f~1(0); then the seff > 0] := X \ A is calledco-zero The symbolFr(A)
denotes the frontier of, i.e.,Fr(A) := AN X \ A = A\ Int(A), whereA is the closure ofi, andInt(A)
denotes the interior ofl.

3 The proof of Theorem 1

The proof of Theoren is based on a few properties of continuous and closed gragtiduns collected in
Lemmasl and2 below.

We start with a result generalizing the constructions of @3] and Baggs 3] of discontinuous closed
graph functions. The reader should note that in our Lerdrtize (nonempty) zero-s¢f = 0] is arbi-
trary, while the above-mentioned authors assume it to beheoavdense?, Theorem 5], or compacB]
Theorem 3.2, Theorem 4.3].

Lemmal Letf: X — [0,1] be a continuous function, and let the §ft= 0] be not empty. Consider the
function

1
— ifze[f>0],
fw=q7@ el
0 if z € [f=0].
Thenf* has a closed graph, anB(f*) = Fr([f = 0]).
PROOFR A proofthatf* € U(X) is actually due to Dobo%/[ Proof of Theorem 5]; Baggs.| Proof of
Theorem 4.3] applies elementary arguments: defin® — R as¢(0) = 0 and¢(z) = 1/z otherwise,
notice thaty € U(R), and that the compositiapio f equalsf*, whencef* € U(X).
Now we prove thaD(f*) = Fr([f = 0]); equivalently,
C(f*) =f > 0] uInt([f = 0)). )
Since the both sets on the right side Bf &re open ang™ is continuous on each of them, the inclusion
in (2) is obvious.
On the other hand,
zo & [f > 0] U Int([f = 0])
iff 2o € Fr([f = 0]); hence
F*(x0) =0 = f(x0). 3)

Let us fix a basi®’(z() of neighbourhoods of such an. Since

zo € [f > 0] > Fr([f = 0]),
for everyV € V(xy) there isyy € V such that
flyv) > 0. (4)

From @) we obtain
fyv) =1/f(yv) = 1.
Hence, by 8) and @), for everyV € V(z) there isy € V' such that
|f*(y) = f*(@o)| = 1.

Thereforery € D(f*),i.e.,xo ¢ C(f*). We thus have proved the inclusignin (2) is also true. The proof
of Lemmalis complete. W

In the proof of Theorem we shall apply the following three properties.
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Lemma 2 Let X be a Hausdorff space.

(a) If X isa P-space and € X, then every functiorf € C'(X) is constant on a neighborhood {12,
43(2)}

(b) Let f € U(X). Then (se¢31, p. 196 - Facts (iii) and (iv)]
(*) for every closed intervala, b] the setf ~![a, b] is closed;
(**)if fis bounded, it is continuous.

PROOF OFTHEOREM 1.

Non-(iv) implies non(i). SinceX is not aP-space, there is a continuous functipon X such that the
zero seff = 0] is non-open. The latter implies that the &ef[f = 0]) is not empty. By Lemm4, the
function f* has a closed graph ardal( f*) £ 0, i.e., f* is discontinuous. Hendg (X ) # C(X).

Both (i) and (i) implies(iv). SetU = [f > 0], wheref is an arbitrary fixed element &' (X). It
is known (see 16, Proof of Proposition 2]) that the characteristic functipm of U belongs toB; (X).
In case(ii) we obtain that/ is closed, whence (a were arbitrary)X is a P-space. In caséii), by
Lemma2(b)(**), xv is continuous, and so, as previousk,is a P-space.

(iv) implies(ii). This is a simple consequence of Lem@{a): the pointwise limitf of a sequence of
functions(f,,) C C(X), each constant on a neighborhdgdof £ € X, is constant on their intersectidn,
which is open by the definition of B-space. Hencg is continuous af.

(iv) implies(i). Let f € U(X). We claim that, for every open intervat, b), the setf ~*(a, b) is G,
hence open by the definition of A-space. By Lemma&(b)(*), every setd,, = f~i[b,b+n],n = 1,
2, ...is closed, whence the sgt'[b, ) = |-, A, is F,. Similarly, the setf~!(—o0,a] is F, too.
Consequentlyf ~1(a, b) is G5, as claimed.

(iv) implies(iii) . Since, as we have already showga), implies both(i) and(ii), we obtain that condition
(iv) implies further thal/ (X)) = C(X) = B1(X).

The proof of Theorenl is complete. B

References
[1] BAGGS, I., (1974). Functions with a closed grapRroc. Amer. Math. Soc43, 2, 439-442.D0I: 10.2307
/2038910

[2] BAGGsS, I., (1989). A regular space on which every real-valued fiamcwith a closed graph is constai@an.
Math. Bull, 32, 417-424.

[3] BAGGS, I., (1989). Nowhere dense sets and real-valued functigtisalosed graphsint. J. Math. Math. Scj.
12,1, 1-8.DOI: 10.1155/S0161171289000013

[4] BEATTIE, R. AND BUTZMANN, H.-P., (2002) Convergence structures and applications to functionallysig
Kluwer Academic Publishers, Dortrecht.

[5] BoRsIk, J., (2002). Sums, differences, products and quotientboséd graph functionSatra Mt. Math. Publ.
24, 117-123.

[6] BORSIK, J.; DoBOS, J.AND REPICKY, M., (1999/2000). Sums of quasicontinouos functions witised graphs,
Real Anal. Exchange5, 679-690.

[7] DoBOS, J., (1985). On the set of points of discontinuity for funos with closed graph&€as. Pést. Maf.110,
60-68.

[8] Dow, A., (1983). OnF'-spaces and”-spacesPacific J. Math, 108, 275-284.
[9] ENGELKING, R., (1989) General TopologyHelderman-Verlag, Berlin.

[10] FULLER, R. V., (1968). Relations among continuous and variousamntinuous functionsRacific J. Math, 25,
495-509.

17


http://dx.doi.org/10.2307/2038910
http://dx.doi.org/10.2307/2038910
http://dx.doi.org/10.1155/S0161171289000013

(11]

(12]
(13]

(14]

(15]

(16]

(17]
(18]
(19]

(20]
(21]

(22]
(23]

(24]
(25]
(26]

(27]

(28]

[29]

(30]

(31]
(32]

(33]
(34]

18

M. Wéjtowicz and W. Sieg

GILLMAN, L. AND HENRIKSEN, M., (1954). Concerning rings of continuous functiosans. Amer. Math.
Soc, 77, 2, 340-362D0OI: 10.2307/1990875

GILLMAN ,L. AND JERISON, M., (1976).Rings of Continuous FunctionSpringer-Verlag, Berlin.

GRANT, D. L., (1977). Topological groups which satisfy an open piag theorempPacific J. Math, 68, 411—
423.

HusAIN, T., (1968). On a Closed Graph Theorem for Topological GspBpoc. Japan Acad44, 6, 446—448.
DOI: 10.3792/pja/1195521147

Iseki, K., (1958). A Characterisation aP-spaces,Proc. Japan Acagl.34, 7, 418-419.D0I: 10.3792/pja
/1195524602

KALENDA, O. AND SPURNY, J., (2005). Extending Baire-one functions on topolgigaces,Topology Appl.
149, 1-3, 195-216DOI: 10.1016/j.topol.2004.09.007

KIRCHHEIM, B., (1992/93). Baire one star functioriReal Anal. Exchangel8, 385—389.
KUNEN, K., (1989). RigidP-spacesFund. Math, 133 59-65.

KURATOWSKI, K., (1933). Sur les théoréemes topologiques de la tkédes fonctions de variables réelles,
C. R. Acad. Sci. Parjgd97, 19-20.

LUXEMBURG, W. A. J.AND ZAANEN, A. C., (1971).Riesz Spaces North-Holland, Amsterdam.

MAULDIN, R. D., (1974). Baire Functions, Borel Sets, and Ordinanydtion SystemsAdv. Math, 12, 4, 418—
450.DOI: 10.1016/S0001-8708(74)80011-3

MooRs W. B., (2002). Closed graph theorems and Baire spa¢es,Zealand J. Math31, 55-62.

NAKANO, H., (1941).Uber das System aller stetigen Funktionen auf einen tofslbgn RaumProc. Imp.
Acad. Tokyp17, 308—310.

OHNO, T., (1985). On the Baire order problem for a linear latti€éunctions,Fund. Math, 125, 209-216.
ONuCHIC, N., (1957). On two properties df-spacesPort. Math, 16, 37-39.

OsBA, E. A. AND HENRIKSEN, M., (2004). EssentiaP-spaces: a generalization of door spadgésmment.
Math. Univ. Carolinae45, 509-518.

PIOTROWSKI, Z. AND SZYMANSKI, A., (1988). Closed graph theorem: Topological appro&emnd. Circ. Mat.
Palermo, Ser. 1137, 1, 88—-99.DOI: 10.1007/BF02844269

RAPHAEL, R. AND Woo0DS, R. G., (2006). OnkRG-spaces and the regularity degréepl. Gen. Topo).7,
73-101.

SHATERY, H. R. AND ZAFARANI, J., (2004/2005). The equality between Borel and BaireselgReal Anal.
Exchange30, 373-384.

TUCKER, C. T., (1984). Pointwise and order convergence for spacesntinuous functions and spaces of Baire
functions,Czech. Math. J.34, (109), 562-569.

WILANSKY, A., (1964).Functional analysisBlaisdell Publishing Company, New York.

WILHELM, M., (1979). Relations among some closed graph and openingafipeoremsCollog. Math, 42,
387-394.

WILHELM, M., (1979). On closed graph theorems in topological spacesgroupsFund. Math, 104, 85-95.

ZHONG, S.; LI, R.AND WON, S. Y., (2008). An improvement of a recent closed graph #@oropology Appl.
155 15, 1726-1729001: 10.1016/j.topol.2008.05.012

Marek W 6jtowicz Waldemar Sieg

Instytut Matematyki, Instytut Matematyki,
Uniwersytet Kazimierza Wielkiego, Uniwersytet Kazimiar#ielkiego,
PIl. Weyssenhoffa 11, PIl. Weyssenhoffa 11,

85-072 Bydgoszcz, 85-072 Bydgoszcz,

Poland Poland

mwoj t @Qukw. edu. pl wal deks@kw. edu. pl


http://dx.doi.org/10.2307/1990875
http://dx.doi.org/10.3792/pja/1195521147
http://dx.doi.org/10.3792/pja/1195524602
http://dx.doi.org/10.3792/pja/1195524602
http://dx.doi.org/10.1016/j.topol.2004.09.007
http://dx.doi.org/10.1016/S0001-8708(74)80011-3
http://dx.doi.org/10.1007/BF02844269
http://dx.doi.org/10.1016/j.topol.2008.05.012

	Introduction
	Notations
	The proof of Theorem 1

