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Barrelled spaces and mean ergodicity

Krzysztof Piszczek

Abstract We characterize quasi-reflexive barrelled and completlpconvex Hausdorff spaces with
a basis in terms of the properties of this basis. Moreovernvegthat a complete, barrelled IcHs with a
basis is quasi-reflexive of order one if and only if for eveoyer bounded operatdr, eitherT or T" is
mean ergodic.

Espacios tonelados y ergodicidad en media

Resumen. Se caracterizan los espacios localmente convexos Hatisdsifreflexivos, tonelados y
completos con base en funcion de las propiedades de |aAms®as se prueba que un espacio localmente
convexo Hausdorff completo y tonelado con base es caskiaflele ordenl si y solo si para cada
operadorT de potencias acotadaE,0 T’ es ergodico en media.

Introduction

In his very well known paperd] R. C. James constructed an example of a non-reflexive BaspadeX
such that its isometric embeddingX ) into its second dual has a codimensiothat isdim (X" /7 (X)) =
1. This led to the following generalization of reflexivitytinduced in {1]: a Banach spac¥ is calledquasi-

reflexive (of orden) if codim x~7(X) < 400 (codimy~m(X) = n). Properties of these spaces have been
studied in p, 8, 10, 19, 20]. It is well known that if X is a barrelled and complete locally convex Hausdorff

space (shortlycHs) thenw(X) is a closed subset oX”, where X" denotes the bidual ok endowed
with the strong topology. Therefore we say that a barrelledl @omplete IcHs igjuasi-reflexivaf the
codimension ofr(X) in X" is finite. Since every Banach space is barrelled and comateteve have an
example of James’ quasi-reflexive spathen giving examples of barrelled and complete quasi-rigfiex
spaces is rather easy: for every reflexive barrelled and Eimgpacd” the spac&” x J is quasi-reflexive.

In [15] there are also examples of barrelled and complete quiiskie spaces without Banach subspaces

of infinite dimension.
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The aim of this paper is to continue the research of the agtadied in [ 7]. The motivation comes from
the very important and beautiful papéef] by Fonf, Lin and Wojtaszczyk where the authors charaateriz
mean ergodic operators in reflexive Banach spaces with bakeg work is then continued in the Fréchet
space setting by Albanese, Bonet and Rickerlin [The authors answer, in particular, a question posed
almost 40 years ago by Kalton ia], p. 265]. Namely they prove that a barrelled and complete hith
a basis is reflexive iff every basis is shrinking iff everyisas boundedly complete.

The paper is divided into four parts. In Secti@drwe extend the characterization of quasi-reflexive
spaces with bases to the class of barrelled and completé [ErRs methods are analogous to the ones used
in [17] therefore we often omit the proofs. Sectidiis devoted to the duality theorems for quasi-reflexive
Fréchet and (DF)-spaces. To do this we rely on the origimade&8’s approach for Banach spaces used
in [20]. In Section4 we characterize quasi-reflexive barrelled and completg’lgkth bases in terms of
mean ergodicity of power bounded operators acting on tlEsespThis is done exactly as ih]] (compare
also [7, Th. 5]).

The general reference for functional analysisli€] and for ergodic theory we refer the reader 1G][

2 Quasi-reflexive barrelled and complete IcHs’ with bases

Recall that the topology of a locally convex space is deteemhby the basis of zero neighbourhoods which
may always be chosen to be absolutely convex and closed. Weftein use this fact without explicit
mentioning. For such a zero neighbourh@d@ve denote by its Minkowski functional. IfX is a locally
convex Hausdorff space then B/ we mean the linear spaceé* of all continuous and linear functionals
with the strong topology(X*, X). A basisin a locally convex Hausdorff space is a sequencér;) ey
of elements with the following property: for everye X there exists a unique sequerieg ), of scalars
such that the seriegj a;x; converges ta in the topology ofX'. The linear functionalg;(z) := «; form
theassociated sequence of coefficient functionélhey all are continuous thefx; ) is called aSchauder
basis Recall that every basis in an barrelled IcHs is always a Géabasis. We will use in the sequel
the following notation: the symbai will stand for the canonical embedding of a locally convexusi@dorff
spaceX into its topological bidualX” and for a Schauder basis;); in X we will denote by|f;] the
closed linear subspace &f spanned by the associated sequéifecg; of coefficient functionals. Moreover
by BCB we denote the class of all barrelled and complete locallyeriausdorff spaces with a Schauder
basis.

In [17] we prove the following result which, for Banach spacesus tb SingerZ0, Th. 3].

Theorem 1 A Fréchet spaceX with a basis(z;); is quasi-reflexive of orden if and only if there exists
an integerk, 0 < k < n, such that the basi&;), is (n — k)-boundedly complete arigdshrinking.

The aim of this Section is to extend this result oB®B spaces. It turns out that the original proof uses
the fact that a Fréchet space is barrelled and completehanefore may be easily adapted to our setting.
Consequently we present only those modifications which ecessary.

Theorem 2 LetX be aBCB space andr: X<— X" the canonical embedding. Lét X — [f;]’ be the
map defined by(z) := n(z)|;s,). The space)(X) is a closed subspace f;]’ andn(X) @ [f;]* is a
closed subspace of”.

SKETCH OF THE PROOF For arbitrary zero neighbourhootls V' we denotef’ := [f;] and define num-
bers:

TUV ::sup{t>0:tU°CV°ﬂF
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and proceed exactly as in the proof @] Th. 1]. W

The definitions below of &-boundedly complete andkashrinking basis in 8CB space are analogous
to the ones in Banach spaces, givenif][ Let X be aBCB space with a basifz;);cn. We define the
following linear space of sequences of scalars

X = {(aj)ji (ﬁ;aix.ﬂ')

By [17, Lemma 2] the map

+oo
is bounde%.

m=1

T =X, W)= (W(f),
is a linear isomorphism therefore we endaiwvith the topology inherited fromy;]’.

Definition 1 Let X be aBCB space with a basigz;);. We shall say that this basis isboundedly
complete if:

i) in every(k+1 -dimensional subspace af there exists a non-zero eleméat),; such that the series
PN
E j=1 05T is convergent;

(i) there exists 4k + 1)-dimensional subspace af for which the above elemefi;); is unique up to
a homothety.

Remark 1 For £ = 0 we obtain the definition of a boundedly complete basis whictiuie to James
(see[9]) for Banach spaces and Dubinsky and Retherford [§kand[18]) for locally convex Hausdorff
spaces.

Theorem 3 Let X be aBCB space with a basiéz;);, let[f;] be the closed subspace &f spanned by
the sequencéf;); of coefficient functionals and Iétbe a non-negative integer. The following conditions
are equivalent:

(1) (z;); is k-boundedly complete.
(2) codimx~ (m(X) @ [f;]*) = k.
() codimys, (X ) = k, wherep(z) := 7 (x)|y,]-
Definition 2 Let X be aBCB space with a basigz;);. We shall say that this basisisshrinking if:

(i) in every(k + 1)-dimensional subspace &f there exists a non-zero elemghsuch that

lim sup [f(x)] =0

n—+o0 IGBQ[IH+1,IH+2,...]
for every bounded sé¢ C X.

(i) there exists dk + 1)-dimensional subspace &f’ for which the above elemerfitis unique up to a
homothety.

Remark 2 For k = 0 we obtain the definition of a shrinking basis which is due tmda (seg9]) for
Banach spaces and Dubinsky and Retherford [§pand[19]) for locally convex Hausdorff spaces.

Theorem 4 Let X be aBCB space with a basiéz;);, let [f;] be the closed subspace &f spanned by
the sequencéf;); of coefficient functionals and I&tbe a non-negative integer. The following assertions
are equivalent:

(1) (z;); is k-shrinking.
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(2) COdiInX/ [fj] = k.

The proof of the next result requires only linear isomorpteof the considered spaces therefore is just
a repetition of the proof ofl[7, Lemma 9].

Lemmal LetX be alcs and/ a total subspace ok’. Then
Vinr(X) ={0}.
If eitherdim V+ < 400 or codimx/V < 400 then
dim V+ = codimy/ V.

If, in addition, X is quasi-reflexive of ordet, then:

0 < codimx/V = dim V< n,

0 < codimx~ (m(X) @ V') <n,

codimy» (7(X) ® V1) = n — codimy V.
Now we are ready to state and prove the main result of thisosseetich generalizesl[7, Th. 10].

Theorem 5 A BCB spaceX is quasi-reflexive of orden if and only if for every basis there exists an
integerk, 0 < k < n, such that this basis i& — k)-boundedly complete aridshrinking.

PROOF Assume thafX is quasi-reflexive of ordet. Since|f;] is a total subspace of’, by Lemmal
we obtain
n = codim x (W(X) S5 [fj]l) + codimx/ [fj]

and the conclusion follows by Theorel®$2) and4 (2). If the converse holds, then by Theorén(2) we
have
X'=nX)e[f]*OF
with dim F' = n — k and by Lemmad
dim[f;]* = k.

Thereforecodim x»w(X) = n and the proof is complete. B

Corollary 1 A BCB spaceX is quasi-reflexive if and only if every basis ¥ is k;-shrinking andks-
boundedly complete for some non-negative integersk.. In this caseX is quasi-reflexive of order
n = kl + kg.

3 Duality theorems.

Recall that by [4, Prop. 23.23] every Fréchet space is barrelled which igshmtase for arbitrary (DF)-
space. But ifX is a complete (DF)-space with a Schauder basis thed fyHrop. 8.3.12] and1[4, 23.21]
X isaBCB space. Therefore we may apply to such spaces results fropneéli@us Section. The following
theorems are generalizations 8] Th. 4,5]. The proofs are analogous but at that same time, $herefore
we include them below. All the bases are assumed to be Schaude

Theorem 6 LetX be a Fiechet space or a complete (DF)-space with a b&sj$;. Denote byF' := [f;]
the closed subspace &f' spanned by the sequencg); of coefficient functionals.

(1) (z;), is k-boundedly complete if and only(if;); is a k-shrinking basis inF".
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(2) (z;), is k-shrinking if and only if( f;); is a k-boundedly complete basis i

ProOF (1) Definew; := ¢(x;) and observe thatw,); is a sequence of coefficient functionals for the
basis(f,); in F. By TheorenB (z;); is k-boundedly complete if and only dodim g ¢(X) = k while by
Theoremd (f;); is k-shrinking if and only ifcodim g [w;] = k. Here we have to know thd is barrelled.
In caseX is a (DF)-space, the spaéeis clearly barrelled as a closed subspace of the Fréche¢spaln
caseX is Fréchet, barrelledness 6ffollows by [12, Th. 6.3]. Since by Theore [w,] = ¢(X), we are
done.

(2) Since[w;] = ¢(X), (x;); is k-shrinking in X if and only if (w;); is k-shrinking in¢(X). By (1)
(applied to the basisf;); of F') this happens if and only iff;); is k-boundedly complete i". M

Theorem 7 Let X be Fréchet space or a complete (DF)-space. Suppose it is quiksiikes of ordem
andlet0 < k < n.

(1) X has ak-boundedly complete basis if and onlykif has ak-shrinking basis.
(2) X has ak-shrinking basis if and only iX’ has ak-boundedly complete basis.

(3) X has a basis if and only ik’ has a basis.

PrRooF (1) If (x;); is a k-boundedly complete basis i then by Theorend it is (n — k)-shrinking
whence by Theorem codimx/[f;] = n — k. ConsequentlyX’ has a basigg;); consisting of allf;'s
together with suitable — & elements. Since by Theorer( f;); is k-shrinking, the same is true f¢y; );.
Assume now thatf;); is k-shrinking inX’. By Theorem4 codimx~ [w;] = k, wherew;(f;) = d;;, and
henceX” has a basi$v;); consisting of alkw;’s together with suitablé elements. Since by Theorefn
(w,); is k-boundedly complete, the same holds(for);. By assumptiorodim x~7(X) = n and all closed
subspaces of codimensianare isomorphic (the proof for arbitrary Ics’ is analogou$3}) therefore we
can find an isomorphism: [v;]7°°,; — 7(X) and, consequentlyz—* o u(v;));=°, ; is ak-boundedly
complete basis itX .

(2) By Theoremb X has ak-shrinking basis if and only if it has @ — k)-boundedly complete basis.
By (1) this happens if and only iK' has a(n — k)-shrinking basis and again by Theor&nf and only if
X’ has ak-boundedly complete basis.

(3) By Theoremb X has a basis if and only if it hasfaboundedly complete basis with< k£ < n.
By (1) this happens if and only iK' has ak-shrinking basis and again by Theorérf and only if X’ has
abasis. B

4 Quasi-reflexivity and mean ergodicity

Recall that a continuous and linear operdtoon a locally convex spac is calledmean ergodidsee
e.g.[L3, Ch. 2,5§2.1, p. 73]) if the limits

o LNC gk
Px = nEIJPoo " ;T x
exist for every element € X. It is calledpower boundedf the orbits{ T*x: k € N} of all elements
are bounded sets. If a space is barrelled this is equivalehttequicontinuity of the séf’*), c L(X).

If every power bounded operator is mean ergodic then thessfas calledmean ergodicin 1931 J. von
Neumann proved that unitary operators on (complex) Hilbgaices are mean ergodic and in 1938 F. Riesz
showed that alL.?-spaces{ < p < +oc) are mean ergodic. A year later E. R. Lorch proved that reféexi
Banach spaces are mean ergodic and the question arose minetteonverse of Lorch’s result is also
true. In [7] the authors obtain a positive answer for Banach spacesbaitks and also characterize finite
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dimensional Banach spaces by mean ergodicity of power mmlogerators. These results have been
extended onto the Fréchet space settinglinahd to barrelled IcHs’ in]. Our aim is to characterize
quasi-reflexiveBC B spaces in terms of mean ergodicity. Originally such a charaation is obtained for
Banach spaces irr[ Th. 5] and later on extended by the author onto Frécheespadl7, Th. 12].

The proof of the following result is similar to the one df7] Th. 14] (comparel, Section 3] and{1,
Th. 1]) therefore we omit it.

Theorem 8 Let k& be a non-negative integer and l&t be a barrelled and complete IcHs which is not
quasi-reflexive of ordek. If X has ak-shrinking basis then it has @& + 1)-shrinking basis as well.

The proof of the main result of this Section is similar to thigimal one given in ] and its sketch is
also presented inl[/] therefore we state it without proof.

Theorem 9 Let X be a non-reflexivé8CB space. Then the following assertions are equivalent:
(1) X is quasi-reflexive of order one,
(2) for every power bounded operatére L(X), T orT': X’ — X' is mean ergodic.
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