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A remark on a theorem of Howard

Ignacio Monterde, Vicente Montesinos and Manuel Valdivia

Abstract We prove that Eberlein’s theorem holds for the Mackypology in the dualX * of a Banach
space. This improves a result of Howard. We prove, too, thgeneral the spacE™ endowed with the
Mackey topology is not angelic.

Una extensi 6n de un teorema de Howard

Resumen. Probamos que el Teorema de Eberlein se verifica para la gipale Mackey en el dud ™
de un espacio de Banagh. Se extiende asi un resultado de Howard. Probamos, tanthié, en general,
el espaciaX ™ con la topologia de Mackey no es angélico.

A subsetA of a topological space is callédelatively) countably compadtevery sequence il has a
cluster point inA (a cluster point). It is called (relatively) sequentialtygpact if every sequence ihhas a
subsequence that converges to a point ¢fhat converges). The following result gives a kind 8ftiulyan
type” theorem for the dual of a Banach spaceendowed with the dual Mackey topology X *, X), i.e.,
the topology onX* of the uniform convergence on the family of all absolutelpwex and weakly compact
subsets ofX .

Theorem 1 (Howard [ 3]) Let X be a Banach space. U C X* is u(X*, X)-relatively sequentially
compact, themd is u(X™*, X)-relatively compact. The converse does not hold true.

In this note we prove an strengthening of the previous reanltEberlein type” theorem for the same
dual Mackey topology inX *.

The notation used is standard, and we referliddr all non-defined concepts. LéE&, F') be a dual
pair. The topology orE of the pointwise convergence on all pointshhis denotedw(E, F). If E is a
locally convex spaceE™ denotes its topological dual. As it is usual, the weak togple (X, X*) of a
Banach spac«’ is denoted byw, and the weaktopology of the dualX* by w*. Theabsolutely convex
hull (i.e., the convex and balanced hull) of a gedf a normed space is denotBdA). Given a diskB (i.e.,
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a bounded absolutely convex set) in a locally convex sgacie spacdvp generated by3 is the linear
hull of B endowed with the Minkowski functiond|l- || 5 of B. It is a normed space. I is a Banach
space, we say thd is aBanach disk

The following is the proposed improvement of Howard's résul

Theorem 2 Let X be a Banach space. Then, evaiyX *, X )-relatively countably compact subset®f
is u(X*, X)-relatively compact.

PROOF  The spacgX*, (X*, X)) is complete. Hence, in order to see that(& *, X )-relatively count-
ably compact subsét/ of X* is u(X*, X )-relatively compact it is enough to show that is p(X*, X)-
precompact. Assume not. Then we can find a weakly compactublgoconvex subsefl of X and

a sequencéx’) in M with no subsequence Cauchy for the topology of the uniformvemence ork.

By the Davis-Figiel-Johnson-Petczyhski factorizatioedrem (see, e.g.],[ Theorem 11.17]) we may as-
sume, without loss of generality, that generates a reflexive Banach spacg. The setM can be seen
naturally as a subset ¢fXx)*. LetT: Xx — X be the canonical injection. The transposed mapping
T*: X* — (Xg)*isp(X*, X)-u((Xk)*, X )-continuous. Sinc&  is reflexive,T* (M) is a relatively
compact subset of the Banach spé&g;)*. However,{T*z} } has no Cauchy subsequence, a contradic-
tion. W

Let E be a Fréchet locally convex space, and Aétbe a weakly compact absolutely convex subset
of E. Let{U,}>°, be a fundamental sequence of closed absolutely convexbmigbods of) in E. Put
C, :=2"K + U, forn € N. Then eaclt,, is a closed absolutely convex subsefgfasC,, is absorbing,
its Minkowski functional on® is a seminorn| - ||,,. PutL := £5((E, || - [l1), (E, || - [[2),-..) and equipL
with the seminorm

o 1/2
(@n)ll :== <lexnlli> ,  for(zn) € L.
n=1
Put
C={zeh Y |z|Z<1}.
n=1

Then, obviouslyC' C C, for all n € N. Since, for each € N we have tha” K is aw-compact subset of
E, itis clear thatC is itself w-compact (and absolutely convex)in It is simple to prove thak C C.
LetT: Ec — L be defined byl'(z) := (z,z,...) forx € E. ThenT is an isometry into, whevc
is endowed with the norm defined by the Minkowski functional’b SinceT'(C) is bounded, it follows
that onT'(C) the topologies (Ec, (E¢)*) andw(E, E*) coincide. In particularEc is a reflexive Banach
space andy is aw-compact subset di'c.
Hence, with the same proof of Theor&nwe have the following extension.

Theorem 3 LetE be a Féchet locally convex space. Then, evefy*, E)-relatively countably compact
subset ofE* is u(E*, E)-relatively compact.

Let E be a locally convex space. We define a faniilyof subsets o in the following way: K € K
if and only if K is a weakly compact absolutely convex subseEafuch that there exists a Banach disk
in £ with K ¢ B andK is weakly compact irE'z. Letv(E*, E) be the topology o2 of the uniform
convergence on all elements &f Then, by using similar arguments to those in the proof ofofems2
and3 we get the following result.

Theorem 4 Let E be a locally convex. I{E*,v(E*, E)) is locally complete and\/ is a v(E*, E)-
relatively countably compact subsetiof, then)M is u(E*, E)-relatively compact.
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Recall that a topological spa¢&, 7) is calledangelicif every relatively countably compact subset
is relatively compact and, moreover, every poinbiiis the limit of a sequence if. In angelic spaces, the
classes of (relatively) countably compact, (relativegsentially compact and (relatively) compact sets all
coincide (see, e.g.7]).

In view of Theoren®, it is natural to ask whether, for a Banach spacehe space{X*, w(X*, X)) is
always angelic. This is not the case, as the following exarsbbws:

Example 1 LetX := ¢,(I"), wherel is an uncountable set. Set

E=|J N (cta(D)),

NeN

where is the family of all countable subsets @f(I"). E is a vector subspace of * (= (- (I")). Let

S = EN By_r)- We shall prove thatin (X*, u(X*,X)), the setS is sequentially compact but not
compact(although it is, by Theorer, relatively compact), hencine space(X*,u(X*, X)) is not an-
gelic (and, according to Remark the topological spac(eBX* ,w(X*, X)) is not angelic either). Indeed,
¢,(T") has the Schur property, hence the classefompact and the class §f ||-compact subsets 6f(T")
coincide. A simple consequence is that, on bounded subiséis(b), the (X *, X )-topology coincides
with the topology of the coordinatewise convergence (amd¢@e&vith thew*-topology). Now, every element
in E, being in thew*-closure of a countable subsetaf(T"), has countable support, and so all elements
in a sequencéz;) in S have a common countable support. A diagonal argument givesoedinate-
wise convergent (hengg X *, X )-convergent) subsequence, and its limit is stillSin |t follows thatsS' is
u(X*, X)-sequentially compact. Itis ngt( X *, X' )-closed, since itg (X *, X )-closure (i.e., its closure in
thew*-topology) isBx«.

Remark 1 A consequence of the so called “angelic lemma” (see, §43.3.1)), is that, if X is a Ba-
nach space am{BX*,w(X*,X)) is angelic, then(BX*,u(X*,X)) is angelic, too, so the classes of
u(X*, X)-(relatively) countably compaci(X*, X)-(relatively) sequentially compact, and X*, X)-
(relatively) compact subsets &f* all coincide.
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