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Abstract: There exists a strong connection between the concept of (sub)normality and that
of moment problem. They interact very often, sometimes in a subtle, unexpected way. It
is possible to use a (sub)normality result, providing eventually a spectral measure, used to
solve a moment problem. Conversely, there are situations when the solution to a moment
problem leads to the existence of a normal extension for some operators. The present work
endeavor to present several results sustaining the interplay mentioned above, as well as the
necessary background to understand those phenomena, both is a bounded or a unbounded
context.
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1. BOUNDED SUBNORMAL OPERATORS

1.1. INTRODUCTION We start by presenting the concepts of operator-
valued positive measure and spectral measure. More details can be found in
[8], [12] or [25].

Let © be an arbitrary set and let P(£2) be the family of all subsets of €.
We recall that a nonempty family ¥ C P(Q) is said to be a o-algebra if it has
the following properties:

(i) Dex;
(ii) if S €3, then Q\ S € X;
(iii) if S € £,k =1,2,3,..., then J,o, Sy € =.
From now on we assume that € is a (topological) Hausdorff space. We
denote by Bor(2) the smallest o-algebra in P(2) containing all open (equiv-

alently closed) subsets of Q. Each element of S € Bor(Q2) is called a Borel
subset of ().
f This text is a written version of the lectures given by the author within the Fourth

Advanced Course in Operator Theory and Complex Analysis, held at the University of
Sevilla, June 18-20, 2007.
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Let also H be a fixed complex Hilbert space and let B(H) be the algebra of
all bounded linear operators acting in H. The identity on H will be denoted
by Iy or simply by I.

DEFINITION 1.1. An operator-valued positive measure (or simply a posi-
tive measure ) on 2 is a map F' : Bor(Q2) — B(H) with the following properties:
(1) F(S) > 0 for all S € Bor(2);
(2) F(0) =0, F(Q) =1

(3) for every sequence (Sk)r>1 of mutually disjoint Borel sets and each
x € H, the series ) ;- F(Sk)z is convergent in H and one has

F USk zzZF(Sk)m.

k>1 k>1

If, moreover,

(4) for every pair S1,S2 € Bor(€2) we have

F (51 N 52) — F(S1) F(Ss),
then F' is said to be a spectral measure on ().

Remarks 1.1. (a) If F : Bor(Q2) — B(H) is a positive measure, then
for each finite family (Sy)};"; consisting of mutually disjoint Borel subsets, we
have

FLUSe| =D F(Sk),

k>1 E>1

as a consequence of (2) and (3). In particular, if S1 C S, if F/(S2) — F(S1) =
F(S3\ S1) > 0.

(b) If F: Bor(Q2) — B(H) is a spectral measure, then F'(S) is an orhogonal
projection for all S € Bor(Q2). Indeed, F(S)* = F(S) by (1) and F(S)? =
F(S), via (4).

Given a positive measure F' : Bor(Q2) — B(H), for all pairs (z,y) € H we
set
Foy(S) = (F(S)z,y) , S €Bor(Q),
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which are scalar measures. Note that F, , is positive for all z € H.

An important tool for the study of (operator-valued) positive measures is
the following classical theorem, due to Naimark (see [21]):

THEOREM 1.1. Let F' : Bor(Q2) — B(H) be a positive measure. There
exist a Hilbert space K O H and a spectral measure E : Bor(Q2) — B(K)
such that F(S) = PE(S)|H for all S € Bor(Q2), where P is the orthogonal
projection of K onto H.

We recall that a complex-valued map f on 2 is said to be a Borel function
if f71(A) € Bor(Q) for each A € Bor(C). Let B(Q) be the set (in fact, an
algebra) of all Borel functions on  and B*°(2) the subset (in fact, a sub-
algebra) of all bounded functions from B().

Given a positive measure F' : Bor(2) — B(H) and a function f € B®(Q),
we can construct, as in the scalar case, the “integral” of the function f with
respect to the measure F', which is an element of B(H) denoted by [, fdF.
Moreover, the map

B®(Q) 5 fH/Qde € B(H) (1)

is linear, unital, contractive and involutive. If, in addition, the measure F' is a
spectral measure, the map (1) is also multiplicative. As both B> () and B(H)
are C*-algebras, the map (1) is therefore a unital C*-algebra homomorphism,
provided that F'is a spectral measure. In particular, setting Ny = fQ fdF
for some f € B*>(2), the adjoint N7 of Ny is precisely Ny and we have that
NiNy = NyN; (= Njg2)- In other words, the operator Ny is normal. The
converse is also true:

THEOREM 1.2. Let N € B(H) be a normal operator and let c(N) be the
spectrum of N. There exists a unique spectral measure Ey : Bor(o(N)) —

B(H) such that
N = / 2 dEn(2).
o(N)

Theorem 1.2 is a fundamental result in operator theory, known as the
spectral theorem for normal operators (see, for instance, [25]).

Normal operators form a class in B(H) whose members are fairly well
understood. For this reason, mathematicians have tried to study some larger
classes, related to that of normal operators. One of them is the class of
subnormal operators, which will be discussed in the next section.
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1.2. SUBNORMAL OPERATORS It was Halmos (see [16]) who first isolated
the class of subnormal operators as restrictions of normal operators to invari-
ant subspaces (which are not necessarily normal). More precisely, we have the
following:

DEFINITION 1.2. An operator S € B(H) is said to be subnormal if there
exists a Hilbert space £ D H and a normal operator N € B(K) such that
S = NJ|H.

In particular, H is invariant under N and S* = N*|H for all integers k > 1.

EXAMPLE 1.1. One of the simplest yet interesting example of a subnormal
operator is the following. Let T be the unit circle in the complex plane and
let L?(T) be the Hilbert of all square integrable complex-valued functions
with respect to the normalized Lebesgue measure on T. The (multiplication)
operator N on L%(T), given by Nf(¢) = (f(¢), is normal, as it is easily seen.
The Hardy space H?(ID), consisting of those functions from L?(T) having an
analytic extension to unit disk in the complex plane D, is a closed subspace
of L?(T), invariant under N. Thus the operator S = N|H?(D) is a subnormal
operator which is non trivial in the sense that S is not normal.

The next result is a (very elegant and useful) criterion of subnormality,
due to Halmos and Bram (see [10]).

THEOREM 1.3. An operator S € B(H) is subnormal if and only if

z”: <ijk,5k:nj> >0 (HB)

J,k=0
for all finite collections of vectors xg, 1, ...,T, € H.

The necessity of the (HB) condition is easily obtained. Indeed, it is clear

that
n n
> (S Shay) = 3N 2 0,
4,k=0 §=0

where N is any normal extension of S. The sufficiency is much more elaborated
(see [16] or [13]).

Another criterion of subnormality, due to M. Embry (see [13]), is expressed
in terms of positive measures. Specifically, we have the following:
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THEOREM 1.4. An operator S € B(H) is subnormal if and only if there
exists a positive measure F : Bor ([0, |S|) — B(H) such that

El
SEngn = / " dF(t)
0

for all integers n > 0.

With the terminology from the theory of operator moment problems (see
[19], [22], [31], ... ) the operator S is subnormal if and only if the sequence
(S*™S™)p>0 is a Hausdorff operator moment sequence.

The result of Halmos-Bram (Theorem 1.3) has been extended to arbitrary
families of operators. To exhibit such a result, due to Ito (see [17]), let T be a
fixed (non-null) abelian semi-group. A representation of I in B(H) is a map
I' > v~ S, € B(H) such that S, S,, = Sy, 4, for all y1,72 € I and Sy = 1.
Such a representation is said to satisfy the Halmos-Bram-Ito-condition (briefly
(HBI)-condition) if

n

S (Syyaes Sy 2 0

Jk=1

for all finite collections x1,...,x, € H and y1,...,v, € I'.

A representation I' 3 v — S, € B(H) is said to have a normal extension if
there exists a Hilbert space L O H and a representation I' 3 v — N, € B(K)
such that N, is normal and S, = N,|H for all v € T..

A version of the Halmos-Bram theorem, due to Ito, sounds like that:

THEOREM 1.5. A representationI' 3 v — S, € B(H) has a normal exten-
sion if and only if it satisfies the (HBI)-condition.

An interesting application of the Halmos-Bram criterion is the following
result, due to A. Atzmon (see [7]):

THEOREM 1.6. Let (ounn)mn>0 be a double sequence of complex num-
bers. There exists a (scalar) positive measure on the closed unit disk D such
that

A = / ZMmzZ", m,n >0

D
if and only if

§ Um+jn+k Cn,j Em,k > 0
m7n’j’k20
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for every double sequence (¢p, j)n j>0 With finite support, and

§ (am,n - am+1,n+1)wmwn >0
m,n>0

for every sequence (wy)n>0 With finite support.

This is, in fact a solution of the moment problem in the closed unit
disk D (see the next section for formal definitions), whose proof, as given
by A. Atzmon, uses Theorem 1.3.

1.3. MOMENT PROBLEMS IN SEMI-ALGEBRAIC SETS Let t = (t1,...,%)
denote the variable in the real Euclidean space R", and let P,, be the algebra
of all polynomial functions in ty,...,%,, with complex coefficients. Let also
Z be the set of all n-tuples of nonnegative integers (i.e., multi-indices). If
a=(ai,...,a,) € Z7} is an arbitrary multi-index, we put t* = ¢ - - - 3"

Let v = (’Ya)aeﬁ be an n-sequence of real numbers. We set

Ly(t%) =Ya, @€, (2)

and extend L, to P, by linearity.

The n-sequence v = (’Ya)aezi is said to be positive semi-definite if L. is
positive semi-definite (that is, L,(pp) > 0 for all p € Py,).

Let K C R™ be a closed set. The n-sequence 7 is said to be a K-moment
sequence [9] if there exists a positive Borel measure p on K such that t* €
L' () and 7o = [, t*dpu(t) for all a € Z7. When such a measure p exists,
then it is called a representing measure of the sequence .

To solve the K-moment problem means to characterize those n-sequences
of real numbers v = (%)aem (70 > 0) which possess a representing measure
on K (see [9]).

Let P = {p1,...,pm} be a finite family in P,, consisting of polynomials
with real coeflicients, and let

Kp={seR": pj(s) >0, j=1,...,m}. (3)

A closed subset K C R™ will be called (in this text) semi-algebraic if there
exists a family P such that K = Kp.

Fix P = {p1,...,pm} a finite family in P,, as above. Suppose that K =
Kp is compact. In this case, with no loss of generality we may and shall
assume that 0 < p(s) <1 for all p € P, and s € K. We also assume that
{0,1} C P.
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We denote by Ap the set of all products of the form

ql...qk(l_n)...(l_rl)

for polynomials q1,...,qx,r1,...,7; € P and integers k,[ > 1.
We clearly have p|K > 0 for all p € Ap. Note also that the set Ap can be
explicitly constructed in terms of P.

The following assertion has been proved by the author of this text (see [33]
and [35]; see also [11], [23], [27], ... for related results).

THEOREM 1.7. Suppose that K = Kp is compact and that the family P
generates the algebra P,.

An n-sequence of real numbers ¥ = (Ya)aczy (Y0 > 0) is a K-moment
sequence if and only if the linear form L. is nonnegative on the set Ap.

In addition, the representing measure of a K-moment sequence is uniquely
determined.

COROLLARY. Let P and K = Kp be as in the previous statement. Let also
T = (Va)aezﬁﬁ (70 > 0) be a K-moment sequence, and let i be the representing
measure of . Assume that there exists an r € P(R") such that L~ (rp) > 0
for all p € Ap. Then

supp(p) C {s € K : r(s) > 0}.
If Ly(rp) = 0 for some r € P(K) and for all p € Ap, then
supp(p) C {s € K : r(s) =0}.

Remarks 1.2. (1) There are versions of the previous results stated for a
family P consisting of polynomials with complex coefficients (see [35]).

(2) Most of the classical results concerning the moment problems (e.g.,
the Hausdorff moment problem, the trigonometric moment problems etc., in
one or several variables (see also [2], [9], ... ) are particular cases of these
results.

(3) Results concerning the decomposition of positive polynomials on semi-
algebraic compact sets can be obtained as applications of the moment results
from above (see [33] and [35]).
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1.4. MOMENTS AND SUBNORMALITY That there exists a strong connec-
tion between the moment problem and subnormality has been known for a
longtime (see [31], [13], [1], [7], [6], to quote only a few).

In this section, we present some statements concerning the subnormality of
certain (multi)operators, as well as some operator moment problems, obtained
via the results from the previous section (see also [6]).

As in the first two sections, let H be a complex Hilbert space and let B(H)
be the algebra of all bounded linear operators acting on H.

IfT = (Th,...,T,,) € B(H)" is a commuting multioperator (briefly, a
cm.), for every p € Pop, p(z,z2) = Za,ﬁ Ca,B 7928, we set

p(T*,T) = cagT T, (4)
a7B

with 7% =717 .- - To~ for all o = (v, ..., ) € ZT}.

We recall that a c.m. T' € B(H)" is said to be subnormal if there exist a
Hilbert space K O H and a c.m. N € L(K)" consisting of normal operators
(which is called a normal extension of T') such that T; = N; | H, j =1,...,n.
Among all normal extensions of a subnormal c.m. T, there exists a minimal

one, which is unique up to unitary equivalence. In that case one also have
|T5]| = [N, 5 =1,...,n (see [17] for details).

Let K = Kp be a semi-algebraic compact subset of R™ (see the previous
section). Let also 7 be the mapping

C"3z=(21,....2,) — (|21 ..., |2]?) € R™ (5)

Note that the set 771(K) C C" is also compact. With this notation, we have
the following (see [33, Theorem 3.1]):

THEOREM 1.8. The commuting multioperator T' € B(H)" has a normal
extension N € B(K)" (K D H), whose joint spectrum lies in 7=!(K), if and
only if (po7)(T*,T) >0 for all p € Ap.

The next result is an enlarged version of [33, Theorem 3.4]. The method
of proof is similar to that for Theorem 1.8.

THEOREM 1.9. Let I' = (Foé)aezgr be a sequence of bounded self-adjoint
operators on H, with I'o = I. Let also Ly : P, — B(H) be the mapping

Lr(p) = anfa it p(t) = anto‘.
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Then there exists a uniquely determined operator-valued positive measure Fr
on K such that Ly(p) = [, pdFr for all p € P(K) if and only if Lp(p) > 0
for all p € Ap.

In the affirmative case, assume, moreover, that there exists anr € P,, with
real coefficients such that Lr(rp) > 0 for all p € Ap. Then

supp(Fr) C {s eK :r(s)> O}.
If Lp(rp) =0 for some r € P, and for all p € Ap, then

supp(Fy) C {s € K : r(s) = 0}.

Remark 1.1. Theorem 1.9 contains, as a particular case, the following clas-
sical result of [31]:
A sequence (I'y)rez, in B(H) can be represented as

1
T :/ thdF(t), k>0,
0

for a certain operator-valued positive measure F' on [0, 1], if and only if
m
>0 (7 )ty 20
j=

for all integers m, k > 0. See also [19] for further connections.

A consequence of Theorem is the following (see also [33, Theorem 3.4]):

COROLLARY. Let T' € B(H)" be a subnormal c.m., and assume that the
support of the representing measure Fr of T' is contained in the semi-algebraic
compact set K = Kp.

If there exists anr € P,, with real coefficients such that ((pr)or)(T*,T) > 0
for all p € Ap, then

supp(Fr) C {SEK r(s) 20}.

If there exists an r € P, such that (r o 7)(T*,T) = 0, then one also has
(ro7)(N*,N) =0, where N is the minimal normal extension of T'.
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2. UNBOUNDED SUBNORMAL OPERATORS

2.1. UNBOUNDED NORMAL OPERATORS The results and concepts from
this section are classical. More details can be found in [12] or [25] (see also
126]).

Let H be a fixed complex Hilbert space. We consider linear transformations
of the form T': D(T) C H — H, where D(T) is the domain (of definition)
of T. Let also R(T) = T(D(T)) and G(T') = {(z,Tx) e HxH : z € D(T)}
be the range and the graph of T, respectively. If D(T) = H, the operator T
is said to be densely defined. If G(T') = G(T'), the operator T is said to be
closed. If G(T) is the graph of an operator T, then T is said to be closable
and T (which extends T)) is the closure of T.

Let T': D(T) C H — H be densely defined. One defines the adjoint T* of
T in the following way. The domain of T is given by

D(T*) ={y € H : 3My > 0 such that | (Tz,y)| < My|z|, z € D(T)}.

For each y € D(T™), the linear functional fy(z) = (Tz,y), + € D(T), has a
bounded extension to H, thus by a classical theorem by Riesz there exists a
(unique) vector y. € H such that (T'z,y) = (z,y.) for all x € D(T). We set
T*(y) = y«, which is linear on D(T*). The operator T* : D(T*) C H — H is
called the adjoint of T.

The next three results are classical (see [12] and/or [25]).

THEOREM 2.1. If the operator T : D(T') C H — 'H is densely defined and
closed, then its adjoint T* : D(T*) C H — 'H is also densely defined and
closed. Moreover, T** =T

DEFINITION 2.1. A densely defined closed operator N is said to be normal
if NN* = N*N.

Although this definition is formally the same as the corresponding one for
bounded operators, it explicitly means that

D(NN*)={z € D(N*) : N*z € D(N)}
={z € D(N) : Nz € D(N*)} = D(N*N)
and NN*r = N*Nz for all z € D(NN*) = D(N*N).

THEOREM 2.2. A densely defined closed operator N is normal if and only
if D(N*) = D(N) and |[N*z|| = | Nz|| for all x € D(T).
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The most important property of a normal (not necessarily bounded) op-
erator is the existence of an associated spectral measure (already mentioned
in the bounded case; see Theorem 1.2).

THEOREM 2.3. Let N : D(N) C ‘H — 'H be a normal operator. There
exists a uniquely determined spectral measure E : Bor(C) — B(H) such that

(Nz,y) :/z dE, (%), xe€D(N), ye H.
C

In fact, defining o(IN) as the set of those z € C for which zI — N has not a
bounded inverse, which is the spectrum of N, one can prove that the support
of the spectral measure E in Theorem 2.3 is precisely o (V).

2.2. INSUFFICIENCY OF THE HALMOS-BRAM CONDITION  As in the
bounded case, a linear transformation S : D(S) C ‘H — H is said to be
subnormal when there exist a Hilbert space D H and a normal operator
N : D(N) C K — K such that D(S) C D(N) and Sz = Nz for all z € D(S5).
A natural question is the following:

PROBLEM. Characterize the unbounded normal operators.

As we have seen, the Halmos-Bram condition is necessary and sufficient for
the subnormality of a given bounded operator. This condition can be stated
for unbounded transformations in the following way:

n
§:<§mwﬁw>zo (HBU)
J,k=0
for all finite collections of vectors xg, x1,...,x, € D®(S), where

D>(S) = (] D(5*).

k>0

Although certainly necessary, the condition (HBU) is far from being suffi-
cient for the subnormality of a given linear (unbounded) transformation. The
following example, showing the insufficiency of the (HBU)-condition for sub-
normality, has been given by J. Stochel and F.H. Szafraniec (see [29]; see also
[28] and [30] for other details concerning unbounded subnormal operators).
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EXAMPLE 2.1. Let v = (Ym.n)m.n>0 be a positive semi-definite (see Sec-
tion 1.3 for this and other details) double sequence of complex numbers. In
the space of polynomials in two variables Ps, we define the semi-inner product
(p,q0)y = Ly(pq) (a classical idea which goes back to Gelfand and Naimark;
see [15]). Put Z = {q € P2 : (q,q), = 0}, which is an ideal in Py. Therefore,
Hp is a P-module. Moreover, setting (p,q) = (p,q), for all p,q € Po, where
p = p+ I, Hyp becomes an inner product space, whose completion will be
denoted by H.

We consider in H the operator S : Ho — H, given by Sp = zp + Z, where
z = s + it is the complex variable and s,t the corresponding real variables.
In fact, Hp is invariant under S, and so we have D*>°(S) = Hy, implying
D>(S) dense in ‘H. In addition, Hy is algebraically generated by the set
{Sk(l +7): k> O}, and we may say that 1 = 1 4+ T is a “cyclic vector”
for S.

Assume now that S would have a normal extension N in a Hilbert space
K D H. If E is the spectral measure on N, we would have S¥(1) = N¥(1) for
all £ > 0. Hence

(2™, 2" = (S™1,8"1) = / 2"Z"dE; 1(2)
C b

for all integers m,n > 0. This clearly implies that
Ym,n = / st dp
C

for all integers m,n > 0, where y = FEj i, showing that -y is a moment sequence.
But choosing as v a positive semi-definite sequence which is not a moment
sequence (see, for instance, [9] for the existence of such a sequence), we are
led to a contradiction. On the other hand, with v only a positive semi-definite

sequence, and choosing qo, ..., G, € Hg arbitrary, a simple calculation shows
that
2
n
> <Sj67k75k§j> =D Fal >0,
3,k=0 k>0 0

which is precisely the (HBU)-condition for S.
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2.3. MOMENTS IN UNBOUNDED SETS VIA ALGEBRAS OF FRACTIONS We
first present some facts from [36] (see also [3] and [37]).

Let Q be a compact Hausdorff space and let C'(§2) be the algebra of all
complex-valued continuous functions on €2, endowed with the natural norm
| flloo = supyeq |f(w)], f € C(Q). It is well known that every positive linear
functional on C'(€2) has an integral representation. Specifically, if ¢ : C'(2) —
C is linear and positive, then there exists a uniquely determined positive
measure 4 on ) such that ¥(f) = fQ fdu, feC(Q). As a matter of fact, if
¥ C(Q) — C is linear, then 9 is positive if and only if ¢ is continuous and
[¥[] = 9(1).

These features of positive linear functionals can be partially or totally
recaptured in more general spaces, derived from the basic model C(£2).

Let Q be a family of non-null positive elements of C(€2). We say that Q
is a set of denominators if: (i) 1€ Q, (ii) ¢,q¢" € Q implies ¢'¢" € Q, and
(iii) if gh = 0 for some ¢ € Q and h € C(Q2), then h = 0.

Let C(Q)/Q denote the algebra of fractions with numerators in C(£2),
and with denominators in the family Q, which is a unital C-algebra (see,
for instance, [32] for details). This algebra has a natural involution f — f,
induced by the natural involution of C((2).

To define a natural topological structure on C(€)/Q, we note that for
every f € C(2)/Q we can find a ¢ € Q such that ¢f € C(Q2). If

CQ)/q={feCQ)/Q: qf €C(D},

then we have C(Q)/Q = UyeoC(R)/q. Setting || fllco,q = [l¢flloc for each
f € C(Q)/q, the pair (C(2)/q,| * ||c,q) becomes a Banach space. For this
reason, C(€2)/Q can be naturally regarded as an inductive limit of Banach
spaces (see [24, Section V.2]).

Giving two elements ¢,¢' € Q, we say that ¢’ divides ¢ (in Q) if there
exists ¢ € Q such that ¢ = ¢'¢".

In each space C(Q)/q we have a positive cone (C(€)/q)" consisting of
those elements f € C(€2)/q such that gf > 0 as a continuous function. We
say that f € C(Q)/q is positive if f € (C(Q)/q)™.

The positive elements of the algebra C(€2)/Q are, by definition, the mem-
bers of the cone (C(2)/Q)™, consisting of all finite sums of positive elements
from the cones (C(Q)/q)", with ¢ € Q arbitrary. The positivity of a linear
map on C'(2)/Q will be defined with respect to the positive cone (C(Q)/Q)™.

In fact, a linear map ¢ : C(Q)/Q — Cis positive if and only if 1|(C(2) /q)*
is positive for all ¢ € Q.
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EXAMPLE 2.2. Let Co, = C U {oc} be the Riemann sphere and let =
(Coo)™, for a fixed integer n > 1, which is a compact Hausdorff space.

Let Poy, be the algebra of all polynomials in z1,...,2,, 21, .., 2Zn, Where
z = (z1,...,2n) € C" is the current variable. (In fact, Pa, can be identified
with the algebra of polynomials in 2n real variables and complex coefficients,
and so this notation is compatible with that from the previous chapter; see
also Section 1.4. For every multi-index a = (v, ..., ) € Z}, we define

Qn

ra(2) = (L+ |21)™ - (L + [2a]*)™" € Pap

and ¢o(2) = 1/ro(2), z € C". We note that each function ¢, has a unique
continuous extension to 2, by setting g,(z) = 0 for all z € Q\ C". Moreover,
if h € C(Q2) and h(z)gq(z) = 0 for all z € C" and some «, then h = 0, since
C™ is dense in 2. For this reason, it is clear that the set Qo,, = {qa € Z’}r}
is a set of denominators, and we can form the algebra of fractions C'(£2)/Qay,.

If £, m € Z7} are given, let a € Z'} be such that 2a; > £; +n; when §; # n;,
and o > & when §; = n;. In this case, the rational function

has a (unique) continuous extension to (2.

For a fixed a € Z'}, let Poy o be the linear space generated by the mono-
mials 262", with &,n € 7% satisfying the relations from above. For each
p € Popa, the function p/r, has a unique continuous extension to (2, say
h, allowing us to write p(z) = h(z)/qa(2), z € C". In this way, the space
Pon.a can be identified with a subspace of C(2)/qq, and so Py, is a subalge-
bra of the algebra of fractions C(2)/Qay,.

The Hamburger moment problem in C™ means to characterize those multi-
sequences v = (’Y&n)&nezi for which there exists a positive measure 4 on C"
with the property

Ve = /(C 22dp(z), §&nelZl.

This is equivalent to characterizing those linear forms L : Ps,, — C for which
there exists a positive measure p on C" such that L(p) = [, pdu for all
JZS PZn-

The positivity of linear forms on the algebra of fractions can be described
in the following way (see [36, Theorem 2.4]):
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THEOREM 2.4. A linear map v : C(Q)/Qa, — C is positive if and only if

gl =v(a™"),  a€ Qam,

where ¢, = ¢|C(Q)/q.
If ¢ : C(Q)/Qan — C is positive, there exists a positive measure i on
C" such that 1/q is p-integrable for all ¢ € Qa, and ¢(f) = [e. fdp for all

[ €C(Q)/Qan.

Giving a solution to the Hamburger moment problem on C" amounts
to extending the linear functionals on P, to positive linear functionals on
C(£2)/Qap. The next result is an assertion in this sense (see [36, Theorem 3.7]).

THEOREM 2.5. Let ¢ : Ps, — C be linear. There exists a positive ex-
tension v : C(Q)/Qa, — C of ¢ such that ||1.| = ||¢a| for all o € Z7,
with ¢o = ¢|Pana and Yo = ¢|C(Q)/qa, if and only if |pal = ¢(g;") for
all « € 21 .

That the condition from the statement is necessary can be easily obtained,
as follows.
If ¢(p) = [cap dpe for all p € Pap o we have

a

o) < [ |

whence [|¢o| < ¢(ro). But ro € Popo and ||7alsc,q. = 1, and so [[¢a| =

P(ra)-

dp < [pllad(ra),

«

2.4. POSITIVE MAPS ON ALGEBRAS OF FRACTIONS As before, let €2 be
a compact Hausdorff space and let H be a complex Hilbert space. The next
two results are essentially due to Arveson (see [4]).

THEOREM 2.6. Let ¥ : C(Q2) — B(H) be linear, positive and unital. Then
U is completely positive and completely contractive.

Let us explain the meaning of this statement. We know that ¥ is linear,
U(f) > 0 for all positive f € C(Q2) and ¥(1) = I. If M, (C(f2)) is the algebra
of all n x n-matrices with entries in C'(Q2), and if ¥,, : M, (C(Q?)) — B(H"™)
(where H" is a direct sum of n copies of H) is given by

n((fir) = (C(fir)) > (fir) € Ma(C(9)),
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the hypothesis of the theorem from above implies that ¥,, > 0 and ||¥,[ <1
for all integers n > 1. In other words, with the terminology from [4], the map
® is completely positive and completely contractive.

THEOREM 2.7. Let M C C(Q) be a linear subspace with 1 € M. If
& : M — B(H) is a unital, complete contraction, there exists a (completely)
positive map V¥ : C(Q2) — B(H) which extends ®.

The hypothesis means that ®(1) = I and ||(®(fjr))[ln < 1 for all (fjx) €
M, (C(M)) and n > 1, where the norm ||(®(fjx))||» is computed in B(H").
This hypothesis implies the existence of a ¥ : C(Q2) — B(H) which extends

®, having the properties from Theorem 2.6.

We fix now a set of denominators @ C C(£2) and a dense linear subspace
D C H. Let SF(D) denote the space of all sesquilinear forms on D. Let
¢ : C(2)/Q — SF(D) having the following properties:

() (z,y) =(z,y), w,y€D

and
Y(f)(x,z) >0, fec)/Q, f>0, z€D.

We shall briefly say that such a map 1 is unital and positive.

We also consider a subspace F =} .o Fy C C(2)/Q with F; C C(Q)/q
for all ¢ € Q, and a linear map ¢ : F — SF(D), which is unital, that is,
(1) (z,y) = (z,y), x,y € D (as above). We want to extend such a map ¢
to a map ¢ : C(Q)/Q — SF(D), which should be positive. The main reason
for having such an extension is that positivity of ¥ implies the existence of a
positive measure F : Bor(Q) — B(H) such that

B(f) () :/Qdez,y, feC(9)/Q, z.yeD

(see [3, Theorem 2.2]).

If ¢ : F — SF(D) and ¢ : C(Q)/Q — SF(D) are as above, we put
by = O\ Fa Vg = VO, bgu = bg(¥)(,7) and Gy = Yo(x)(z,7) for
all ¢ € Q and z € D.

We have the following extension result (see [3, Theorem 2.5] for more
general conditions):

THEOREM 2.8. Let F = 3 o Fq with Fy C C(2)/q for all ¢ € Q and
1/q' € Fy, for every ¢’ € Q which divides ¢ in Q. Let also ¢ : F — SF(D) be
linear and unital. The following statements are equivalent:
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(a) The map ¢ extends to a unital positive map ¢ : C(Q)/Q — SF(D) such
that ||Vg .|| = ||¢q|| for all ¢ € Q and x € D.

(b) ¢(¢ ') (z,z) > 0 for ¢ € Q and x € D\ {0} and, for all ¢ € Q,
Tlyeees Ty Ylyo- o, Ty € D with

n

> (g ) (wj, @) <1,

=1

n

> o(a ) i) < 1,

j=1
and all (fj) € My (Fq) with ||(¢fjk)|lnec < 1, we have

> o(fin) (@ yy)| < L.

k=1

Let T' = (T3,...,T,) be a tuple of linear operators defined on a dense
linear subspace D C H. We also assume that 1;D C D and T}Tx = T} 1w
for all j,k=1,...,n and x € D. We define a map ¢ : P2, — SF(D) by the
equation

or (42" (,y) = (T2, T") ,  &nell, zyeD,

extended to Pay,, by linearity.
As a consequence of Theorem 2.8, we give the following criterion of sub-
normality for a tuple T' as above (see also [3, Theorem 3.4]):

THEOREM 2.9. The tuple T = (T1,...,T,) admits a normal extension if
and only if for all « € Z", m > 1, x1,...,2, € D and y1,...,yn € D with

> or(ra)(w), @) <1,
j=1

> or(ra)(yj,uy) <1,

j=1
and for all p = (pjr) € My (Pan,a) with sup;ccen ||¢a(t)p(t)||m < 1 we have

n

> ér(pjn) (@r,y5)| < 1.

jk=1
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Other criteria of subnormality for unbounded operators can be found in
[30] (the case n = 1) and in [34], where the subject is treated via completely
different methods.
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