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Weighted composition operators between
weighted Bergman spaces

Elke Wolf

Abstract.  We study the boundedness of weighted composition operatdiisg between weighted
Bergman spaces.

Operadores de composici 6n ponderados entre espacios de Bergman con
pesos

Resumen. Se estudia la acotacion de los operadores de composioittepados entre espacios de
Bergman con pesos.

1 Introduction

We consider strictly positive bounded continuous funai@meight3 v andw on the open unit dislO in

the complex plane. Moreover I&f(D) denote the space of all holomorphic functions/@mand lety be an
analytic self map oD as well ag): D — C be analytic. Such maps induce a linear weighted composition
operatorpCy(f) = ¥(f o ¢). We are interested in weighted composition operators gaimweighted
Bergman spaces

= (/le(Z)I” w(z)dA<z>) "< oo} . 1<p<o,

Ay = {f € H(D); |7l

whered A(z) is the area measure dn normalized so that area dd is 1. ThusA? denotes the usual
Bergman space. An introduction to the concept of Bergmanesps given in ] and [8]. Composition
operators and weighted composition operators have bedredtan various spaces of holomorphic func-
tions, see e.g.1D, 9, 1, 2, 3, 4, 17]. For more general information on composition operatorgefer to
the monographsy] and [11]. In this article we want to charaterize boundedness of asitipn operators
acting between weighted Bergman spaces.

2 Preliminaries

Fora, z € D leto,(z) be the Mobius transformation @ which interchange8 anda, that is

a—z

oa(2) = 1—az
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Furthermore we use the fact that
1 —|af?

= eD.
1-a22 ~

Moreover letK,(z) = m denote the Bergman kernel atd(z) = —ol(z) = % =(1-
la]?) K,(z) the normalized Bergman kernel it? so that||k,||1» = 1. For an analytic self map of D
and weights, w on D we define the weighte(, v)-Berezin transform ofv as follows

)2 w(2)
Boswl(e) = [ los @) P aA)

In order to find results on composition operators acting omghted Bergman spaces we need the
Carleson measure. To use this we collect some factsyu lbet a positive Borel measure dn. Theny is
called a Carleson measure on the Bergman space if there istaotC' > 0 such that, for any € A?

@R du) < IR
For an arcl in the unit circled D let S(I) be the Carleson square defined by
S(I){ZED; 111 <7 < 1, ﬁé]}.

The following result is well-known. In its present form ittesken from [] (see there Theorem A).

Theorem 1 ([ 6, Theorem A]) Let n be a positive Borel measure dp. Then the following statements
are equivalent.

() Thereis a constant; > 0 such that for anyf € A?
| 1@k e < cillit

(i) Thereis a constan®> > 0 such that, for any ard € 0D,

p(S(I)) < ColIP.
(iif) There is a constant’s > 0 such that, for every € D,

/ o' (2) 2 du(z) < Cs.
D

In the sequel we consider the following weights. Ldie a holomorphic function o, non-vanishing,
strictly positive on[0, 1[ and satisfyindim,_.; v(r) = 0. Then we define the weightas followsuv(z) =
v(|z|?) for everyz € D.

Next, we give some illustrating examples of weights of thifset

(i) Considerv(z) = (1 — 2z)*, « > 1. Then the corresponding weight is the so-called standaightve
v(z) = (1—1]2*).
(i) Selectv(z) = ¢ =57, a > 1. Then we obtain the weight(z) = e e
(iii) Chooser(z) = sin(1 — z) and the corresponding weight is givendot) = sin(1 — |z|?).

For a fixed pointe € D we introduce a function,(z) := v(az) for everyz € D. Sincev is holomor-
phic onD, so is the function,,.
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3 Boundedness
We first need the following auxiliary result. The followingrhma is well-known for standard weights
(see 7] or [8]) but to the best of our knowledge not known for the weightsadied above.
Lemma 1l Letv be aradial weight as defined in the previous section i(e) := v(|z|?) for everyz € D)
such thasup,c p sup,cp W < C < o0. Then

Cv
0(0)F (1 = [22) Po(z)?

If(2)] < 1 llo.p

forall z € D, f € A, .
PROOF Leta € D be an arbitrary point. Consider the map
To: AD— AD, Tu(f(2)) = F(0u(2)04(2) Pra(oa(2))7.

Then a change of variables yields
1T fNI% = / v(2) [f(0a(2)P |05 (2)]? [va(oa(2))| dA(2)
D

- wazpa'zQ’uaz 2
= [ Mo O, i o o, o) o)) )

< sup ¥ W“*'/u% DIP 07 (2)]? 0(0a(z)) dA)

ze€D (Z
gcéwwwmwmwzmmm

Now putg(z) = T, (f(2)). By the mean-value property we obtain

v(0) [9(0)” < /DU(Z) l9(2)" dA(z) = llgll? , < CIFIE,,

Hence
v(0) [g(0)[" = v(0) [f(e)|” (1 —|af*)? v(a) < CIfII7,.
Thus|f(a)| < Cr T A B . Sincea was arbitrary, the claim follows. W
v(0)7 (1-|al?) # v(a) 7
Thus, we can give the following sufficient condition for treindedness of an operaiof’y, : AL — AP

Proposition 1 Letw be a weight and be a weight as in Lemmh If

" |wn%a% 1
€D (1= [p(2)[2)rv(e(2)) 7
then the operato)Cy: AP — AP is bounded.

w

< 00,

PROOF.  Applying Lemmal we get for everyf € A2

19Co f1» /w WP 1F(@(2))[P w(z) dA(2)

WP C
Séwmuwwn><<»< 1715 dAG)
WP
< S e e e P M e

13



E. Wolf

and the claim follows. W

Next, we turn our attention to weightsof the formv = |u|, whereu is a holomorphic function o
without any zeros o). The proof of the following theorem was inspired by the probfi6, Theorem 1].

Theorem 2 Letwu be an analytic function oD without any zeros oD. Putv(z) = |u(z)|, z € D.
Moreover letw be an arbitrary weight onD and ¢ be an analytic self-map ab. Furthermore lety be
analytic onD. Then the weighted composition operator

UCs: Ay — A3, f—¥(fo9)
is bounded if and only if the weighted Berezin transfdsp, (|¢|>w) € L>(D).

PrROOF  Our proof uses a reformulation of the Carleson measureitondBy definition,/Cj: A2 —
A? is bounded if and only if there i§' > 0 such that for every € AZ:

/|f DI (=) 2 w(z) dA(z <c/|f 2)dA(z) 1)

Sincef € A2 ifandonlyifg = u%f € A? (which meansf = —), (1) is equivalent to the following
condition: There is a consta6t > 0 such that for every € A?

M z 2U12 z - 2 P
/D 0(0(2)) 1(2)|" w(z) dA( )SC/DLq( )2 dA(z). @)

Letdvy w.p(2) = [¥(2 )|2UZ‘(;((ZZ))) dA(z) and letp, w,p = Vow,p © ¢~ be the pull-back measure induced

by ¢. If we change variable = ¢(z), then we get

JACE |2|w>|2§“ 9 = [ 100D W) = [ l9(6)P i ()

Thus, @) is equivalent tof ,|g(s)[* dftv,w,4(s) < C [ 1g(s)|* dA(s). By Theorem this holds if and only
if

sup [ 104 (5)7 dptnans) < o0

acD JD
Changing the variable back tg we get

)2 2 w(z)
sup [ [, (6 ()P s dA(e) < o

and the claim follows. W
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