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Actions on Environment under uncertainty: stochastic
formulation and the associated deterministic problem

J. I. Diaz and Ch. Faghloumi

Abstract. An application of the results of this paper proves that there is not always an economic benefit
when destroying the environment for planting an alternative industrial project. Our criterion, to act, to
delay or to deny the industrial investment over the environment, is given in terms of the free boundary
associated to a deterministic degenerate obstacle problem (on an unbounded domain) associated to the
stochastic optimal control problem formulated, initially, in terms of some suitable stochastic diffusion
processes. The localizing estimates on the free boundary are obtained through a suitable spatial change
of variables and by working with a suitable distance associated to the coefficient of the elliptic operator.

Acciones sobre el Medio Ambiente bajo incertidumbre: formulacion
estocastica y el problema determinista asociado

Resumen. Una interpretacion de los resultados de este trabajo muestra que no siempre hay beneficio
econdmico cuando se destruye el medio ambiente para la implantacién de un proyecto industrial alterna-
tivo. Nuestro criterio, de actuar, retrasar o negar la inversioén industrial sobre el medio ambiente, viene
dado en términos de la frontera libre asociada a un problema de obstéculo determinista degenerado (sobre
un dominio no acotado) asociado al problema estocastico de control éptimo formulado, inicialmente, en
términos de ciertos procesos de difusion estocdsticos.

1 Introduction

The aim of this study is to prove that there is not always an economic benefit when destroying the envi-
ronment for planting an industrial project alternative to the environment. We give a criterion, in terms of a
free boundary, to act and to delay or to deny the industrial investment over the environment. To model the
problem, let’s consider the environment and an alternative project as two economical goods for which the
instant benefits, to time ¢, are given by X (¢) and )(t) respectively. This paper improves the results of [12]
in several aspects (more general data, more precise estimates, etc.).

We assume that the two benefits, associated to the environment and to the alternative project, are both,
in general, not constant. Suppose that the benefits of the environment are completely destroyed once the
alternative project comes in action. We assume that the benefits X'(t) and Y(¢) obey to certain diffusion
processes of the type

ey

dX(t) = p X (t) dt + V20, X(t) dBi(t), X(0) =z € R,
dY(t) = pY(t) dt + V202 (t) dBa(t), Y(0) =y € R,
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in a probability space (O, F,PP), where {B;(t)}+>o are standard one-dimensional Brownian movements
and {F;}:>0 C F is the associated filtration adapted to {B;(¢) }+>0, ¢ = 1, 2. In fact, the initial model is
governed by

{dX(t) — X (t) At + FX(O)(AW(E) + 8dZ(t), X(0) =z € R, o

dY(t) = p(t) dt + 72X (t)(edW(t) + dZ(t)), V(0) =y €R,

where {W(t) }+>0 and {Z(¢)}+>0 are two standard Brownian movements with covariant matrix

— 1o
w21 )

i.e. W(t) and Z(t) have a constant correlation coefficient ¢ €] — 1,1[. Then the {B;(t)}¢>0, i = 1, 2
introduced by

Bi(t) = k(W(t) + 02(1)),
By(t) = k (@V(t) + Z(1)),

have the following correlation matrix

~9 ~ ~
231732@)—27%}2( 1+30 Q(3+9) >

0(3+2%) 1+3¢°
Then, the new Brownian movements have a correlation coefficient g , independent of k and ¢, given by
(357
e\ 132

and a better determination coefficient thanks to

~ 2
o [ 3+ 0 ~
2 2
= > 0%
0=10 (1 3§2> 0

Finally, we take k as to work with standard Brownian movements and {83;(t) }+>o result of the following
form

1 R
Bi(t) = \/T—Z%EQ W(t) + 02(t)),
L oww + 20)).

V14302 (e

Then, we can write the problem in the form (1) with

5./ 2
UZ.:M7 i=1,2.
V2

We consider now the conditions given by the utility function J defined by

Ba(t) =

+oo
J(z,y;T) =E {/ e (Mo, () f(X () + Wyp,00(5)V(s)) ds | 3

0

where f and « are a function and a constant, respectively. Our main goal is to study the optimal function v
given as the maximum of the utility function among the different time horizons T

o(,y) = max{J(z,y, T)).
Here, the pair (x, y) runs the open unbounded domain

Q={(z,y) ER*:2>0,y>0}.
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Optimal actions on the Environment

It is easy to show that the optimal function v satisfy the obstacle problem
min{—Lv+ av — f(x),v—h} =0 in Q, 4)
where L is the differential operator associated to the multidiffusion (X, Y;) given by

Lv = U%xzvm + 0§y2vyy + 201020TYVzy + 12V, + U2y,

and -
- —as _ Yy
) = B[ [y as) - Ty
with
/\1(<1u2)\/(1u2> 4a)
2 o9 o9 o2
Indeed,

v(z,y) > T (2,y; T + k)

k T+k
5| [ ep@eass [ e as

+oo

V(s)e ds]

T+k
—+oo

k
>E /0 e"*f(X(s))ds

1ok (E [/OT e F(X(5+k))ds + Y+ ke d%)

T

+e T (X(k),Y(k);T), TeRy,

k
>E / e~ F(X(5)) s

v(@,y) — e Ep(X(k), V(k))]
k

1
>_E
~k

k
/ e f(X(s)) dS] , (zy) eR%
0
On the other hand, assume that v > h, then, for any € > 0 there exists Ty > 0 such that T = Ty + k

verifies the inequality
v(z,y) < J(w,y; Te) +e.

Then

v(z,y) < T(x,y; To+ k) + €

d
k
/ e~ f(X(s))ds
0

+ e—ak (E

k
/ e" ¥ f(X(s))ds
0
E l

“+oo

/Ok e" Y f(X(s))ds+ /kT0+k e f(X(s))ds+ / V(s)e o ds

To+h
> e

IN

+€

IN
=

To +o0
/ U FXE R+ [ V(G k) e *ds
0

To

+e " T (X(k),V(k); To) + ¢

IN

k
e s + e Blum, )+
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Passing to the limit in €

k
u<x7y><E[ / e~ (X (5)) ds | +e~F Bu(X (), Y(k))

v(z,y) — e P E(X(k), Y(k))]
k

1
< -E
~k

k
/0 e f(X(9)) ds] , (z,y) € R%

Now, by classical arguments we can show that v is solution of the problem (4). One of the main objectives
of the next section is the study of the existence and qualitative properties of the function v: {2 — R through
the consideration of the elliptic obstacle problem (4). In fact, like in the illustrative example, this problem
gives rise to free boundary which is the boundary of the coincidence set (the set of the points (z,y) € §2
where v coincides with the obstacle k). Sometimes this free boundary corresponds to the graph of a function
g: [0,00) — R™, leaving to the, so called, strong formulation

®)

—Luv+av> f(z) and wv(x,y)=h(y) ifz>gy),
—Lv+aov=f(zr) and wv(z,y) > h(y) ifz<g(y).

(Note that g is an a priori unknown function). Another formulation of the nonlinear obstacle problem (4)
is now available in terms of multivalued operators. It is known (see e.g. [5] as a general reference) that the
obstacle problem can be written as

—Lv+av+y(v—h)> f(z) in Q, (6)

where + is the maximal monotone graph of R? given by

{0} ifu >0,
Y(u) = ¢ (—00,0] ifu=0,
1] ifu <0,

with () the empty set. Since the operator £(v) is not, a priori, in divergence form , many authors used the
notion of viscosity solution, introduced by M. G. Crandall and P. L. Lions (see, e.g. the exposition made
in [8]). However, here we can address the problem in different ways motivated by the linearity and the
special properties of the operator £(v). So, one of the more important ingredients of our treatment is that
really £(v) may be written with its main part in divergence form. To do that, we introduce the notations

2,2 2
B oix 010201y o (u1— 207 —01020)
A(z,y) = ( 010207y O.%yQ ) and b(z,y) = < (o — 205 —o1000)y )

Then, it is easy to see that
L(v) =div (AVv) +b- Vo.

A polemic fact, which appears in this problem (4), as well as in other ones associated to the similar operators
to the operator’s £(v) (see, e.g. [4]), is the absence of boundary conditions in the statement. A natural
question is either to prescribe or not some boundary values for v or Vv on the boundary of 2. Here we shall
adopt the philosophy to assume that the operator £(v) always prescribes the natural boundary condition

(AVu)-v=0 in 09, @)

where v is the outgoing unit normal vector.
Note that this boundary condition is automatically satisfied thanks to the special form of the matrix A (x, ).
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Optimal actions on the Environment

Now h = h(x,y) is taken as a general obstacle function. It is useful to introduce the following change of
variable u = v — h. Then the problem under consideration is given by

P) —div(AVu)+b-Vu+au+yu) 3G in€Q,
(AVu) - v =0 on 012,

where G(z,y) = f(x) — H(w,y) and
o) = B[ HXY.)eds)
0
i.e. h satisfies

—div(AVh)+b-Vh+ah=H inQ,
(AVh)-v=20 on OS2

In fact, under more generality we shall suppose that GG is a given function. Note that as the domain (2 is
not bounded then the natural boundary condition (7) has to be supplemented by some assumption about
the growth conditions of the solution v, for (x,y) large enough. Usually, this is implicated by the type of
growth conditions assumed on the datum G(z, y). In our case, we shall always assume that

there exists m; >1 and mo >1 suchthat w2G € L3(9), (8)
where the weight w is defined by
w(z,y) = (1+2%)7™ (1 +y%) 7™, ©)

in other words
/ (1+2%)"™ (1 +y*) " ™G*(z,y) drdy < oco.
Q
We point out that when working with in semi-linear problems on unbounded domains, several authors (see,
e.g. [7]) adopt different weights (w(z,y) = e M@ for some p > 0) motivated by the transforma-

tion (z,y) = (logz’,logy’). But in our case this transformation is meaningless on the boundary of the
domain €.

2 Existence and uniqueness of the solution

Before to introduce the weak formulation of problem (P) we introduce the Hilbert spaces
L2 (Q) = {u:w%veLQ(Q)}

with the norm

1
[ull 2 () = HU’QU’ L)’

and
Hy (Q,A)={v:ve L (Q),zv, € L. (Q),yv, € L2 (Q)},
with its norm:
2 2 2 2
HUHH}U(Q,A) = ||U||L§U(Q) + quEHL%U(Q) + ||yuy|\L$u(Q) :

We define the convex set KC
K={veH,(QA),v>00nQ}.
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Then it is easy to see that any regular solution of (P) satisfies also the problem under the weaker formulation
defined in the following terms:

u €k,
a(u,v —u) > L(v—u), foranyv € K,

(VW’){
where
a(u,v) :/w{Vv-A-Vu—i— [(;Vw-A—b> -Vu] v—l—ozuv}dxdy
Q

2.2 2,2
= / T1T WU Vg + 03Y WUy Uy + 01020TYWULVy + 0102 0TYWly Uy
Q

0 1,2 y2
—sz (Hl +20’1 (”l’rlll_’_x2 — 1) +O'10'2Q <2m21+y2 — 1)) ULV

2 2
Y T
— + 202 —— 1+ 2m— — 1 +
/Qw (ug 05 <m21 7 ) Ulagg( m11 = )) Uy ¥ + QWU

L(v) = / Gow dz dy.
Q

and

Reciprocally, it can be shown that any solution of (WWP), being twice differentiable, satisfies also (P)
for almost every point (see, the exposition given in [6]). Our existence results require some technical
conditions on the constants x and m appearing in the operator £(v) and the growth condition on G.

Theorem 1 Assume (8) and

a > qg (10)
given by
o2 o2
ao=(mi+ D + (my + D2 4 Tm2 — 1)+ Z(m2 - 1)
4 4 2 2
+M(4m1m2 + 5m1 + 5m2 — 2)

4

Then, there exists a unique weak solution u € K of problem (WP).

PROOF. Asin[12], we began by introducing the change of space variables that transforms the unbounded
set {2 in a bounded. Let F be such transformation which we assume to be given by

F: Q2 = (0,3)x(0,3)
(z,y) — (0,8) = F(x,y) = (arctan z, arctan y).

To keep a coherent notation we rename

Note that the assumption (8) is equivalent to
there exists 7,7y >0 suchthat w?G € L*(F(Q)), (11)

where My = my — 1, iy = my — 1, w(6, B) = cos?™ (6) cos2™2(B) and G(6, ) = G(F (6, 3)), i.e.

/ w(6, B)G*(9,8) ddS < co. (12)
F(©)
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Optimal actions on the Environment

‘We also introduce the notation

2
% sin? 26 %'29 sin 26 sin 23
S = 2 )
J1928 i1 920 sin 23 72 sin2 24
4 4
5in 20
51112 (,u1 — 20% cos2 6 — 01020 COS 26)
pP= o
51112 s (ug - 205 cos? 8 — o100 cos 29)

The formulation of the model in the new spatial variables is the following

P divg ) (SVu) —p - Vu +au+ vy(u) 3 G in F(Q),
(SVu)-v=0 on 0F (L),

~

where now v represents the unit outgoing normal vector in F(2). The weak formulation of (P) starts,
again, by introducing the Hilbert spaces associated to the problem:

L2(F(Q) = {v L wiu e LA(F(Q)) }

with the norm:

1
||“HL3($(Q)) = Huﬂu‘ L2(F)

and
H (F(Q),8) ={v:ve Ll (F(Q)),(sin20)vg € L2 (F(Q)), (sin2B)vg € L2 (F(Q)) }

of norm

Hu”ifi(}‘(ﬂ)s) = HuHQLg(f(Q)) + ||(Sin29)v9||2Lg(f(Q)) + [ (sin 25)Uﬁ||ii(}-(g)) .
We introduce the notation
F(HL (Q,A) = {F@):ve H,(Q,A)} andK = {ve HL (F(Q),S),v>0}.

It is easy to see that
F (H, (2,A)) = H, (F(9),8)

and
F(K) =K.

~

Then, the weak formulation of () can be stated in the following terms

~ fuek
WP ’ ~ .
WP) {a(u,v —u) > Llu,v—u) YveK,
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where
1
a(u,v) = / w {Vv -S-Vu+ [(Vu} .S — p) . Vu] v —|—auv} dédg
F(Q) w

o? o3
= / —Lwsin®(20)ugvg + —2wsin®(2B)ugvg
Fo) 4 4

+ / 01020 sin(20)w sin(25)ugvg + 92¢ sin(26) sin(28)ugvs
Fey 4
- / o (11 — 202(1 — (g + 1) sin®(0)) — o1090(1 — 27y + 1) sin2(8))] SI020) g
f
—/ [2 — 203 (1 — (e + 1) sin®(B)) — g1020(1 — 2(2y + 1) sin®(6))] Sin(;ﬂ)wu[gv
F(Q)
A

and
L(v) = / (wGv) dodg.
F()
The two following lemmata imply the conclusion of Theorem 1.

Lemma 1 Under the assumptions (10) and (11) u is a solution of (W73) if and only if uw o F is solution of
(WP).

PROOF. We have

a(u,v):/ w{Vv~S~Vu+[(inoSp)~Vu]v+auv}d9d6
F()

/Qw {w(f) A - Vu(F) + Ki}w A- b) . Vu(]-')} o(F) + au(]—')v(]-')} dz dy
—a(uo F o F)
and

Z(v):/ w@vd@dﬂ:/Gwvo}'dxdy:L(vo}').
F(Q) Q

Then, since F is a diffeomorfism we get the conclusion. W
Lenlma 2 Assume the conditions (10) and (11). Then, there exists a unique solution u of the problem
(WP).

PROOF. It is easy to see that the bilinear form @, is continuous: indeed, by Holder inequality

[a(u,v)| < & llull g (r).8) 1V (F@).8) -

where
9

T 1 1
§= <4 —|—m1) o7 + (4 +m2> o5+ (2 +m —|—m2) o102|0| + ot + FH2:
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Moreover, a is coercive since

'd(u,u):/ w{Vv~S~Vu+[<u1}Vw~Sp)~Vu}v+auv}d9dﬁ
F(Q)

- /ﬂm - (1= lelwsin®(20)(ug)? + -2 (1 = |ol)w sin®(26) (ug)?

B ) sind(0) il + B (2 (o) sin® ()
F()
2
_ / % (M2 sin* 0 + 7y (9sin® 0 — 7sin 0) + 8sin® 0 — 10s5in2 0 + 2) wu?
F(Q)
2
N / % (M3 sin® B + Mo (9sin® B — 7sin® ) + 8sin? B — 10sin® B + 2) wu?
F()

- / %‘29 (41 g sin® O sin® B + iy (10sin® @sin® B — sin® 0) ) wu?
f

—/ 01029( 2(10sin? @ sin? 3 — blnzﬂ)) wu?
F 4

+

/ awu? — 71228 (1651n fsin” 0 — 4sin® 0 — 4s1n2ﬁ+4)
F@) 4

0'2 . O'2 .
> (1= leDlsin(20)us|I% 70y + - (1 = leDlIsin@B)uslZ, 7

2

S

£
V

+ (o= a) [ull (7

where
_ ~ M1 ~ 1 U% ~ 2 ~
al—(2+m1)z+(2—|—m )I+7( +2m1) 5 —= (M3 + 2ma)
L9200l o 4 0 + 97 4+ 12).
Then, since

ﬁzl:ml—l and T/ﬁgzmz—l
we conclude that a; = g and from (10) we get that
~ 2
a(u,w) >0 l|lullf (7@)s)
with

. 1 1
7 = min {40%(1 - lol), 103(1 — o), a — ao} .

On the other hand, the form T is continuous since from (11

/2 pm/2
v)\z/ / wGvodp
o Jo

=[]

vy IMlzeE@)

because G € L2 2 (F(£2)). Finally, K is a closed convex set of H_ +(F(£2),8S). Then, by the Stampacchia
Theorem (see, e.g. [6]) we conclude that the problem (WP) has a unique solution u € IC such that

<% el

lull g1 (7 a),8) < L2(F(Q)
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This ends the proof of Lemma 2 and so of the proof of Theorem 1. M

The following result shows that the weak solution satisfies, locally, the problem (P) in almost every
point. This is reduced to show that the expression £(v) = div (AVv) + b - Vv makes sense in almost
every point: a property clearly implied by the condition u € HZ (12).

Proposition 1 Suppose the conditions of Theorem 1 and let u be the weak solution of (P). Then u €
HZ ().

loc

PROOF. It is clear that if u is a solution of (WP) then u satisfies the problem in a local weak way. More
precisely, u is a local weak solution of (P) in the Brezis sense (see [5]), i.e.

a(u,(v—u)) > L(n(v—u)) YwveK and Vne D).
Given € > 0 small enough, we consider the intermediate local problem

(P) —Luy + aus +v(us) G in Q,
V(A -Vu,)-v=(A-Vu)-v ondQ,

where Q. = { (z,y) € Q: d((x,y), ) < e } and ' is the bounded subset of 2 such that ' C . Assume
d = dist(09, Q2.) > 0. Then we have

£ A& =o0ia?e] + 03785 + 200100096162
> 03 (1 — |ol)a2e} + o3(1 — |ol)y*E3
> min{o7,03}(1 — |of) min(z?, y?)(&F + £3)
> min{o?, 03 }(1 — [o]) (dist(9Q, ) [¢* V¢ € R? — {0}

Then, there exists a unique weak solution of the problem (P, ). We define
H" Q) ={ve HY(Q.) :v>0inQ}.

Thanks to the regularity results of [5] the unique weak solution u, of problem (P,.) satisfies u, € H?(.)N
HYF(QL). Then, u. is locally a strong solution of the problem (P,.) in the sense that

(—Lus + qus, " (v —ws)) r2(0) = (Gon(v — ui)) 2y Vn € D(QL) and Vo € HT(Q).

On the other hand, it is clear that u € HY(Q.). Then, by taking n* = nw € D(2) such that n* € D(Q),
we get
a(u — ue, n(u —uy)) <0.

But, in general,
a(u,nv) = /Qw {V(nv) “A-Vou+ K;Vw A - b) . Vv] (nv) + anva} dz dy
= /anVv A Vo4 [(nVw - A +wVn- A —nuwb) - Volv + anuwo? dz dy
= /gzﬁ*vv A Vv + % (Vn* - A —n*b) - Vo2 + an*v® dz dy
= /Q n*Vov-A-Vou+ {an* — %div (V" - A — n*b)] vidzdy

1 1
= / n*Vou-A-Vou+ |:042’I7* — §V17* ‘b — idiv (Vn* A)} vidady
Q
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Optimal actions on the Environment

where ap = a — 11 — po + 20% + 203 + 201020y n* € D(Q). Then,

alv, qv) = /Q

If we take n* such that

1 1
n*Vu-A-Vu+ |aen® — §V17* ‘b — idiv (Vn* - A) | v? dzdy.
—div(AV9*) = bVn* + asn® >0
n* =1 inQ and 0<n* <1,
then

0> alu — us,n(u — uy))

1
> V(u—u)AV(u— uy) + iag(u—u*)Q
o

. 1
> min{o? (1 — [el), o3(1 = lo]), o2} u = welf o)

Finally, we deduce that u = u, on ', andsou € H2(2'). W

Before to study the localization of the free boundary it is useful to obtain some a priori L™ (£2) estimates
on the solution.

Proposition 2 Assume the conditions of Theorem 1. Let u be the weak solution of (P). Suppose, addi-
tionally, that

wo GT S LOO(Q)

with
wo(z,y) = (14 22) 55 (14 y?) "% (13)
Then we have
0 <wou < P |G+w0’Lm(Q) .
PROOF. Letk = —! |G wol| .« () and consider vo = u — (u — kwy ')t as a test function. Then

o — (g
we have vy € H] (2, A). Let u be a solution of the problem, then

a(u,u—vo)g/ﬂwG(u—vo)

a(u, (u—kwyH)*) < / wG(u — kwy )T
Q
Then
a(u —kwg, (u— kwy )" < —k(=L(wy ") + awg ! w(u — kwy 1)) 120

—|—/ wG(u — kwy )T
Q

< [ ]G~ KLy + aug)] (u - kug )"
Q
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Let us evaluate —L(wy ') + awy

) » O'% 1.2 $2
wo(—£(wg™) +ewg) = a = gg (m+1) =g (44 0m =T s
o2 2 y?
om0 (s om - 75
2,92
01020 Y
_1ree 1 1
g (Dt D s
5 2
I x o Y
7Z(m1+1)1+332 *Z(m2+1)ﬁy2
o? 3
Zaiﬁ(m1+l)(4+(m1*7))*E(m2+1)(4+(m277))
> a— g

thus
—k(—L(wy ')+ awyt) < —k (a0 — ap)wy .

In consequence, since o — ag > 0, we get
a(u —kwg ", (u— kwy 1)) < / w (G — k(= ag)wy 1)) (u — kwg 1) *

—Ja

g/w(G— 16+ wol|, . wgV)) (1 — kug )"
Q
0.

IN

Since a is coercive (use that @ is coercive), we get that (u — kwy ')* = 0 en Q which implies the
conclusion. M

3 Localizing the free boundary

3.1 The main result

We are interested now in the study of the coincidence set defined as the set of points (x,y) € € where
the solution coincides with the obstacle. In the case of the “new” formulation u = v — h the obstacle is
reduced to the function zero, and so, the domain of coincidence is the domain of points where w vanishes.
As we can not give an explicit formula for this set (see e.g. [20]) we shall give some a priori estimates on
its localization. For a given general function ¥ : 2 — RT we define the null and positive sets associated to
U as follows:

N(U) =nullsetof ¥ = { (z,y) € Q: W(z,y)=0},

ST(V) = positive set of ¥ = { (z,y) € Q:  ¥(x,y) >0}.

We note that @ = N(u) U S™(u) but we do not know, a priori, if the coincidence set N (u) is empty or
not. Obviously it depends on the data G(x, y). Our next result states that this set is not empty if G(z,y) is
“sufficiently negative” in some subset of €2 “big enough”. In fact, in this case we shall get also an estimate
on its location.

Our method of proof is inspired on the, so called, method of local supersolutions, (see a previous
exposition in Diaz [11]). One of the main difficulties in implementing such method to our problem comes
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from the fact that the coefficients of operator £(u) depend strongly of the different points (x,y) € Q. To
carry out our study we introduce the distance d on € given by

(w0, 90), (2, 9)) = ¢ (1og (x)) . (1og (j))

Motivated by the special structure of the coefficient of the operator £(u) we introduce the auxiliary function

8
9 1
o — Qg

(z,y) = {1 (07 +02) (2 — |ol) (ma +ma + 2% + (I — 07| + |z — 021 (s +m2+2>}

€ |G+w0|Lm(w)wO_1

where wy(x,y) is given by (13).
Assume now that Ty = { (z,y) : G(z,y) = 0} is a monotone graph and that, for any (x,y) € I'y and
h > 0 we have (z,y + h) € ST(—G). Let T,, ;, be the application defined by

Top R? — R?
(z.y) — (ze® ye’)

then
-1
ab — T—a,—b'

Let hq, ho and k; in R2, we can note that
it (r—hy— k) €ST(-G) and (x4 ha,y— ki) € ST(~C),

then
Vko >0 (;z:—hl,x+h2)><(y—kl,y+k2)CS+(—G).

Theorem 2 Let u be solution of the problem (P) and assume that the set

ST (=G —e) ={(z,y) €Q: G(z,y) < —¢(z,y) }
is not empty. Then the coincidence set N (u) satisfies that
N() > {(21) € Thy o (87 (=G = ) Ty o (87 (=G =€) = d((@,9),092) = Ro },

4

here Rp = ———.
where Ry 1 F s 12

PROOF. We consider the set
p = {(w) € Trr(ST(~G — ) (T-rr(ST(~G —€)) : 2d((z,y),00) > R} .

Let (0, y0) € Qr. We define

Br(zo,y0) = {(a:,y) cq: (log (;))2 + <1og (i))Q < R2}.

We point out that
R

ER(xO,yO) C (woe™ ,ﬂﬂoeR) X (yoefR,yoeR)
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and that
G(zoe T yoe ) <e and  G(zgel, yoe ) < ¢
since

V((E,y) € ER(xmyO) G(l’,y) <e

We shall get our conclusion by construing a local supersolution @(z,y : 2o, yo) defined on B (o, yo), for
any (xo,yo) € Qr. We search such function in the class of radially symmetric functions

ﬂ(wvy : ‘TanO) = n(r)a

where n > 0,1’ > 0and " > 0 Vr > 0, which will be determined later, and with r = d((z,v); (zo,v0)).
We have

(log(y) — log(yo))
T2

2
(2
1 72 2

Lo — {Uz (log() — log(xo))’

+ 201020 )

(log(x) — log(wo)) (log(y) — log(yo)) }n,,

o
1 72 72

. {U% fot ( , (log(@) ~log(z0))” | _» (og(y) ~ log(yo))’

(log(z) — log(x0)) (log(y) — log(yo))
r2

+ 201020

/

+ (1 — o) (log(z) — log(z0)) + (2 — o3) (log(y) — log(yo)) ) }Z
Then,
£y < {U%u o 0@ lomloo)” ooy _ ) Qo) = ogn)) } v

/

o = 0?) (o) ~ og(an) + (2 ~ o3) () ~ og(s0)) ) }Z

/
< (o7 +03) (L= leln” + {oF + 03 —min {o?, 03} (1 +|el) + 2r (I — o] + lu2 — o3)} T

/
< (o7 +03) (L= le) n" + {oF + 03 +2r (I — o3| + 2 — 03)) } T

Thus, for r € (0, R) we get that

/

Ln < (07 +03) (1= lel)n” + {oF + 03 + 2R (| — oF| + |2 — o3) } L.
Finally
/
—Ln+an > —(of +03) (1= |e)n” = {of + 03 + 2R (|1 — of| + |p2 — 03]) } 777

On the other hand, it is easy to check that given €y > 0, the solution of the problem

{— (02 +03) (1 —|ol) 0" — {0 + 0% + 2R (|1 — 03| + s — 03)) } L + B(n) > —ep in (0, R)
n(0) =7/(0) =0
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is given by
€0 2

.
2(0f 4+ 03) (2 —|ol) + 4R (|1 — oF| + |2 — 03])

n(r) =

The condition _
€0 < =G in Bgr(zo,y0) and n(R) > ulop.(x,)

or, equivalently,

n(R) =

€0 2 -1
R* > sup Kw™'(x,y)
2(0F +03) (2= lo]) + 4R (ln1 — 7| + |p2 — o3]) 9B

and
eg = inf {e(x,y)},
0= nf {el@ )}
implies that 7 is a supersolution of (P). Then 7 is also a supersolution of (P) in B r(Z0,yo0). Finally, the
choice of e(x,y) and R = m leads to the option u(z,y) = 0 for any (z,y) € Qg,. N

Remark 1 7o get some special conclusions obtained via Theorem 2 for several special type examples of
data G(x,y), the reader can consult [12] (see also [14]).

Remark 2 An evolution problem quite related to the deterministic problem considered in this paper was
the main object of the paper [10].

3.2 A simple example

By using other different techniques, we consider consider now an illustrative example (suggested to us by
G. Diaz) to understand the process of how to develop such a criterion for an optimal action. We consider a
simple onedimensional model where the environmental benefits at time ¢ are given by X (¢) solution of

dX(t) = V20X (t)dB(t), t>0, (o>0)
X(0) =z €Ry.

The alternative project is assumed to have a constant benefit Y(t) = ¢, t > 0. It is worth considering the
logarithmic scale X'(¢) = log X (¢). Using the Ito theorem we get

1 2 2
- sEpe WP

dX(t) = —o2dt + V20 dB(t), t >0,
{2?(0) =logz =7 € R,

or equivalently
X(t) ~ N (3— o2t \/%) . t>0.

Following the same philosophy, we introduce the logarithmic scale in the value that involves the control
time T € Ry

+o0
J(z;T)=E [/0 e™* [Mo,((s) log(X (s)) + Wy 1oo((s)c] ds}
= l {/x\ (1 — e_o‘T) — 0-2 <l_e_aT _ Te—aT) + ’c\e—aT}

« «

+V20E UT e B(s) ds] :
0
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where ¢ = log ¢ and « > 0 is the discount term .
Clearly the function
T J(@;T)

is linear increasing and affine, so, the function optimizing the logarithmic cost

V@)= sup J(@T), ZER,
T€R+

is convex.
Then, from its semicontinuity to the right it is locally Lipschitz on R. Indeed, thanks to the existence of
TZt > 0 such that

~, ~, N - . Iy 1— e_O‘T?l N N
V(@) — V(T) < J(Z1; T2 — J(Z9; T2 ) + £ < E— —Ta+e (e > 0),

the function ]7 satisfies

o S 1. PN
V(@1) = V(@2)| < — |71 — 72, 71,72 € R.
[0

In consequence, V increases, near the infinite, at most linearly. More precisely,

S c
z) > liminf J(7;T) = — 7 € R2 14
V(z) > imin J(@;T) o ze (14)
Moreover
1—e T ;T V@ V(@ z; T2 1
LgAlim Mgliminfﬂglimsupﬁg lim J( ) te < -,
« Z—+o0 x T—+oo T Fodoo L T—+o0 x «

for a suitable Tf, € > 0 small enough. Then, as, T is arbitrary we get

5)

. 1
lim = —.
T—+oo X 6]

By means of the Dynamics Programming
V(@) > J@T+h) =E s e

h R T+h R
/ e” ¥ X(s)ds +/ e”*X(s)ds
0 h T+h

h =N T . “+o00
:EV " X(s)ds| +eoh (IE l/ "X (5+ h)ds +/ Eea5d§>
0 0 T

h
=E l/ e~ X(s)ds| +e " T(X(h); T), T e Ry,
0

~

V() > E

/he—w;?(s)ds FehE[P(R(R))], FeR.
0

Then, some classical arguments, we can show that V is a viscosity continuous solution of the nonlinear
ordinary differential equation

o~

min{—029”+029’+a9—§,9— 2} =0 inR; (16)
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in fact, by the Aleksandrov theorem (see [8, Theorem A.2]) the function V is twice differentiable in almost
any point. So, we get that

~

min{—azﬁ”—i—aQﬁ’—i—aT/—f,fJ—C}zO ae. T eR.
a

Since V(-) is increasing and convex we can ensure the existence a free boundary {Z;} separating the
coincidence region

=] -

«

from the continuation region

~ c N
[V > a} = |z, +oo[,

characterized by % (’:1?]7) = 0. If we assume that the continuation region is the whole space of zero

1 o
M= (144/14+4=
2< + U2>’

from the relative differential operator we deduce the representation

characteristic

- T o2

W(Z) = Ce' ™ 4 De P+>-—3 TeR (CDER)

for any solution. Then, from
At>1 and M\ <0,

and the increasing assumption (15) we get that C' = 0. Moreover, by the lower bound

o~

V(@) >

SHE)

this representation is valid only in the continuation region |Z ¢, +occ[. In consequence we have

02

—)

T>7 5 €R).
oz T2y (6 €R)

W(E) = de* @%1) 4 % _

From the uniqueness of the viscosity solution of the problem

W'+ *W + oW =7 en |y, +ool,
~ c . W(@ 1
W(zy) = S and _lim Ea:) ==
«Q r—+oo T a

and the results on viscosity solutions we get that

R 1 2 o 2
V(@) = — ((5_ B+ U) N @-T) 45 ‘7) ’
« « «

Then, from the uniqueness and complementary regularity for the problem

=)

v

8)
<

N -~ 2 .
min{aZV”+a2V’+aVo:,V =0 inR?,
o

dim 2D g g 2O L
r——o00 I (6% r—+oo I (6%
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(see [3]) we deduce the property V € C1(R), and so we get

- 1 2 2 1
0=V1E;) = ((5—@+2>A+1) & §f=a+%+7.

Q|

Thus, the solution of the problem is

c N
R -, 0 <z <oy,
V@ ={¢ 2 2
@=11 So4 T\ A @) o
cC—xf+ e +x— , Tp<IT
o o
Note that since
lim A7 = —o0,
o—0
the free boundary is attaint in the point.
/\O _ =
:ij =C
So, in absence of risk the solution is
c PR
N —, 0<z<e,
V@) =4 2
X ~ o~
-, c<Z.
«
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