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SOLITONS OF THE SINE-GORDON
EQUATION COMING IN CLUSTERS

C. SCHIEBOLD *

Abstract

In the present paper, we construct a particular class of solu-
tions of the sine-Gordon equation, which is the exact analogue of
the so-called negatons, a solution class of the Korteweg-de Vries
equation discussed by Matveev [17] and Rasinariu et al. [21]. Their
characteristic properties are:

Each solution consists of a finite number of clusters.
Roughly speaking, in such a cluster solitons are grouped
around a center, and the distance between two of them
grows logarithmically. The clusters themselves rather
behave like solitons. Moving with constant velocity,
they collide elastically with the only effect of a phase-
shift.

The main contribution of this paper is the proof that all this
— including an explicit calculation of the phase-shift — can be ex-
pressed by concrete asymptotic formulas, which generalize very
naturally the known expressions for solitons.

Our results confirm expectations formulated in the context of
the Korteweg-de Vries equation by Matveev [17] and Rasinariu et
al. [21].

1 Introduction

Soliton equations are a class of nonlinear evolution equations, which are
usually qualified as integrable. Although there is still no satisfying gen-
eral definition of integrability (see also the discussion in Zakharov [27]),
one has a good intuition of the characteristic properties of integrability:
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1) There are enough constants of the motion to rule out chaotic be-
g
haviour.

(2) A systematic solution theory is available: On the one hand one
knows a large class of explicit solutions, whose behaviour reflect
the essential properties of the system, on the other hand there is
a general access to the initial value problem (inverse scattering
method).

(8) There is an intuitive law, referred to as nonlinear superposition, how
to construct solutions by combining known solutions. Physically,
this corresponds to the fact that solitary waves interact without
changing shape and speed.

Since the results of this article can be best motivated starting from (3),
we want to take a closer look at the notion of superposition. For linear
differential equations, it is just the trivial fact that sums of solutions
are again solutions. Typically, this leads to the possibility to solve the
initial value problem by integral formulas (superposition of fundamental
solutions).

In the nonlinear case, which is more subtle, superposition is best
understood by the example of Hirota’s N-solitons [9]. Qualitatively, N-
solitons describe the interaction of N single solitary waves, each moving
with constant velocity and permanent shape. Unlike as in the linear
case, we have no precise addition. But it is almost precise (if we take
into account the additional effect of a phase-shift), and it can in fact be
shown that the N-soliton tends asymptotically for £ — +oo to a sum of
N single solitons (cf. Toda [26]).

The main goal of the present article is the complete asymptotic de-
scription of a class of examples, which show the following new type of
nonlinear superposition: Again there is a finite number of solitary waves,
but now those are coupled together in clusters. The clusters them-
selves move with constant velocity, whereas solitary waves contained in
the very same cluster move away from each other only with a speed of
O(log|t|). (For a detailed presentation of the main result, we refer to
the next section.)

The solution class described above was discovered 1992 by Matveev
[14] in connection with the Darboux transformation, which was worked
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out by Matveev [13], too. He called them negatons in contrast to the
analogous class of positons. The terminology is related to special prop-
erties relevant to the inverse scattering transform.

In subsequent articles (see also Beutler [3] for the situation most
closely related to this article), Matveev [15], [16], [17] investigated the
asymptotic behaviour of positons. In [17] he gave the asymptotic de-
scription of finite superpositions of solitons and positons of the lowest
degree of complexity (see the last remark in Section 2 for some more
details). In our context, there is also a significant contribution of Rasi-
nariu et al. [21], where special cases of negatons of low complexity are
examined.

In both cases ([17], [21]) natural expectations are formulated by the
authors (in [17] for positons, in [21] for negatons). Our results settle
completely the case of negatons.

We decided to present our result in the context of the sine-Gordon
equation (see the author’s thesis [22] for the Korteweg-de Vries equation)
for the following two reasons: Firstly because in this setting negatons
are regular and real-valued. This is not true e.g. for the Kortweg-de
Vries equation, where clusters of higher order necessarily contain poles.
Secondly because the structure of clusters is richer in the case of the
sine-Gordon equation, where kinks, antikinks, and breathers participate
in clusters, whereas for the Korteweg-de Vries equation only solitons and
antisolitons appear.

The picture would not be complete without the sources of our main
techniques. In contrast to the Darboux transformation of Matveev,
we make use of explicit solution formulas which were discovered in an
attempt to apply methods of functional analysis to soliton equations.
Building upon pioneering work of Marchenko [12], Aden/Carl [1] de-
duced an explicit solution formula for the Korteweg-de Vries equation
formulated in terms of determinants on operator ideals. The formula
for the sine-Grodon equation we use in what follows was found in the
author’s thesis [22].

The paper is organized as follows.

The main result of this paper (Theorem C) is stated in Section 2
together with an exhaustive discussion of its geometric content. In Sec-
tion 3 we give a self-contained proof of the solution formula for the sine-
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Gordon equation restricting all arguments to the finite dimensional situ-
ation. Section 4 contains the linear algebra part of the proof of Theorem
C. To this end a series of simplifications and reductions of the hypoth-
esis is performed. Some remaining questions about well-definedness are
discussed in Section 5. In Section 6 we carry out the asymptotic analysis
and finish the proof of Theorem C.

Finally, several plots are included to illustrate the result in Section
7. They were produced with MATHEMATICA 3.0 at the PC-pool of the
Fakultatsrechenzentrum of the Friedrich-Schiller-Universitat Jena.
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2 Statement and discussion of the main results

For the construction of N-clusters of solitons, we exploit a general de-
vice originating from functional analysis. In the recent work [6], it was
explained how the concept of operator ideals can be used to investigate
soliton equations. The principle of this approach is due to Marchenko
[12]. From a somewhat different point of view it was developed within
the scope of operator ideals by Aden/Carl [1].

In the same spirit the author of the present paper obtained in [22] a
general solution formula for the sine-Gordon equation

Uy = sin(u). (2.1)

Restriction to the finite dimensional setting yields the following descrip-
tion of N-clusters of solitons:

Theorem A. Let A : C¢ — C® be an arbitrary d x d-matrix with
0 & spec(A) + spec(A).
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a) Then the elementary operator ® 4 : Mg q(C) — My4(C) given
by ®4(X) = AX + X A is invertible.

b) If we define py(x,t) := det (1 £iL(x,t)) with L(x,t) = exp (Az +
Ao (f® f) for f, f € CY, then

_ i P (@1
u(z,t) = 2110gm (2.2)

is a solution of the sine-Gordon equation.

Let us immediately state the following trivial but crucial lemma,
which allows to restrict our attention to matrices in Jordan form.

Lemma B. Let u(z,t) be any solution in Theorem A generated by a
matrix A, and U the transformation of A in Jordan canonical form J,
A =U'JU. Then the following reformulation holds

_ t
u(z,t) = 2ilog g (@, ),
q+($7t)

q+(z,t) = det <1 +iexp(Jx + J*It)i'jl ((Uﬁl)tf ® Uf)) (2.3)

Next we observe that our solution class (2.2) comprises the N-solitons.
Indeed, with a diagonal matrix

ay 0 0
0 ay -~ 0 . oy
A= . a; € C all different and aj+a; # 0 (Vj, '),
0 O ag
Theorem A yields pi(z,t) =
S < Sk 1 £ (e ey i
1+Z(j:1) | Z H 20, exp (azjx—i-a ) H o ta )
k=1 11<...<tg j=1 J j'=j+1 J J
The N-soliton solutions of Hirota [9] are obtained for
‘ 1ifs
R(aj) >0 and Z —exp (ajz +a; ' eR (2.4)
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(for the proof see Poppe [19]). Since p4(z,t) = p—(z,t), the solution
can be rewritten as

S(p—(2,1))
R(p-(z,t)

We emphasize that the dimension d differs from the number N of the
solitons. In fact, one-solitons may arise in two different ways, either by
one real eigenvalue or by a pair of complex conjugate eigenvalues. We
recall these two basic configurations, which are the building blocks of
the clusters.

u(z,t) = —4arctan (2.5)

If N =1, condition (2.4) tells that we get one-solitons only for

a1 >0 and m € R.
2&1

Writing b := a; and (f1/1)/(2a1) = eexp(8), e = £1, # € R, we get

up(z,t) = 4arctan <e exp (bx + b7+ ,8)) (2.6)

For short, (2.6) will be referred to as soliton for e = 1, and antisoliton
for e = —1.

If N = 2, a different type of one-solitons is obtained for a pair of
complex conjugate eigenvalues aq, ay = a1. In this situation, (2.4) yields

faf B fifi
R(ar) >0 and 20 2

With ¢ := a1 and (f1£1)/(2a1) = exp(y), v € C, we find

poretan (L (30— g +90)
uc(w,t) = 4arcta <0£ cosh (%(C)[m + #t] +R(y) + log oz) >, (2.7)

(¢)]

a= %. As in the literature, (2.7) is called pulsating soliton.

For a geometric description, we turn to the sine-Gordon equation in
the coordinates ¢ =z + ¢, 7 = —x + €,

Urr — Uge +sin(u) = 0. (2.8)
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In this form it applies to various physical problems, for example as a
non-trivial model in field theory.
In the new coordinates, the soliton (2.6) becomes

up(€, 7) = 4arctan <eexp (% + 6)), (2.9)
—
1-b?

—107 Thus, its velocity is g with —1 < p < 1. In partic-
ular, there are stationary solitons, a feature specific to the sine-Gordon
equation. Since its graph is similar to a step function, it is also called
kink (e = +1) or antikink (¢ = —1). Let us remark that the quantity
¢ := —y/1 — p? 8, usually denoted as the phase of the soliton, represents
the coordinate of its center at 7 = 0.

The pulsating soliton (2.7) now writes

where p =

E+§(7)>
uc(§, 7) = 4arctan <l V-2

“ cosh (m 57% + R(y) + log(a)) )
(2.10)

. 1—]c|? .
where ¢ =|¢| (V1 —w? + w), a = %, and v = _1+}2\‘2' Hence it
moves with velocity v, —1 < v < 1, and its shape, varying because of
the oscillating cosine term in (2.10), has motivated the notion breather.

Remark that v := —v/1 — 12 R(y) is the phase of the pulsating soliton.

In general, the N-soliton solution consists of IV such basic configura-
tions as described above. Namely, an INV-soliton is induced by a diagonal
matrix

COS (w

A =diag{by,... ,bp,c1,...,Cm,C1,. .., Cm} (2.11)

with
b >0 Vj and R(cj) >0 vy (2.12)

Then the resulting formula (2.2) describes the collision of n solitons/anti-
solitons and m pulsating solitons, thus N = n + m. As a remark, here
the dimension d equals n + 2m.

In other words, N-solitons are characterized by the fact that, for
large times 7 — +o0, they look like a superposition of n solitons/anti-
solitons and m pulsating solitons (N = n + m). In a mathematically
precise way, this is formulated in terms of their asymptotic behaviour.
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Definition. The functions u(§, 7), v(&, T) possess the same asymptotic
behaviour for T — oo (T — —o0),

uw(&, 1) = (&, T) for T = oo (T &= —00),

if for every € > 0 there is a 7. such that, for 7 > 7. (1 < 1), | u(&, 7) —
v(&,7) |< € holds uniformly in &.

For N-solitons the asymptotic behaviour is well-known (Novikov
[18]):
Result. Let the matrix A in Theorem A be given as in (2.11), (2.12),

and assume bj, j =1,...,n, and |¢;j |, j' =1,...,m, to be all different.
We associate to this data

ubij (&,7) = 4arctan <6j exp (fi + (B + ,Bi))> (2.13)

1—,uj
ut, (€7) =
leé_T x +
COS w]‘172+\9(’)/j/+’}/j/)
1—vs
1 !
4arctan( ‘ o T] ),
' cosh (,/l—w \/7] fy]/—l-’y;?)—i-log(aj/))
1 -2

(2.14)
. 1—-b2 A
with p; = _Tbjz and (f;f;)/(2b;) = €jexp(B;), € = £1, B; € R, and

1 :
vjr = H_}C'}Q for cjy =|cj | (/1 w]z, +iwyr), aj =|wj | /4/1 —wjz,,

and (fn4 fnﬂ 1)/(2¢;) = exp(v;1), vj € C. The quantities 6;E and ’y]j.,c
indicate a change of the phase in the asymptotic forms, namely

By i LA Zm: log | & 0 (2.15)
= o) .
J — °8 by + b; o & cy +bj ’
£(bj—bg)>0 +(bj—legs)>0
Cp' — Cj Cg! — Cjr 2
, = lo lo J J .
Z g(bk—i—01> klzl g|:<0k’+cj’> <c_kl+cjl>:|
£(le; /\ bk)>0 :l:(\cj/\f\ck/\)>0
(2.16)
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Then the asymptotic behaviour of the corresponding solution (2.2)
in Theorem A is described by

m

u(é, 1) =~ Zui & 7)+ E uzcj, (&, 7) for T ~ +oo0. (2.17)
j=1

J'=1

Therefore, one can visualize the wave up, (or ucj,) as travelling with
constant velocity for all times. As time goes by, collisions with the other
participating waves happen, which are elastic and leave the shape of the
wave uy,; (or ch,) unchanged. The only effect caused by such a collision
is a phase-shift.

Remark. a) The assumption that b; (j =1,...,n), [ey7| (7' =1,...,m)
are all different means that the waves move with different velocities.

By the way, our method also leads to solutions where several waves
travel with the same velocity (for example a soliton and a pulsating
soliton, both stationary). In the present work we shall not persue the
study of these degeneracies.

b) Further asymptotic results related to the inverse scattering method
are proved in Schuur [24].

Up to now we have seen how simple eigenvalues lead to solitons. We
shall next explain that larger Jordan blocks produce clusters.

Before we give the complicated formulation of our main theorem, we
first shall discuss its geometric content.

Interpretation.

a) To start with, we consider the case of a single Jordan block B
of dimension ni corresponding to an eigenvalue by > 0. The resulting
solution consists of a wavepacket — a cluster — containing n, waves each
of them being either a soliton or an antisoliton (their shapes are identical
depending only on the eigenvalue by ).

The first observation is that the geometric center of the cluster prop-

agates with constant velocity pi1 = —3 - g whereas the involved soli-
tons/antisolitons themselves drift apart at most logarithmically.

Now, for large negative times 7 << 0, one can imagine each soli-
ton/antisoliton to be located on one side of the center, approaching the

center logarithmically. Sometime it changes over to the other side of
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the center (colliding elastically with other waves of the cluster in the
meantime). For large positive times 7 >> 0, the soliton/antisoliton
thus is located on the opposite side, moving away from the center again
logarithmically.

According to this interpretation — which is motivated by computer
experiments — the solitons/antisolitons appear exactly in reversed order
in the asymptotic forms for —oo and +oc. As a matter of fact, solitons
and antisolitons always alternate. In particular, there are only two dif-
ferent types of asymptotic forms depending on whether the first involved
wave in the asymptotic form for —oo is a soliton or an antisoliton. The
latter is determined by the sign €; of the parameter responsible for the
phase of the cluster.

It is remarkable that the cluster itself, or, more precisely, the path
of its geometric center, is not disturbed by internal collisions.

b) Next we consider the case that the solution belongs to two Jordan
blocks Cy, C1, both of dimension m1, corresponding to a pair of complex
conjugate eigenvalues ci, ¢1 with R(c;) > 0. Again the solution forms
a cluster, now containing m, pulsating solitons (with identical shapes
depending only on the eigenvalue cy).

The2 geometric center of the cluster propagates with velocity vy =
o L—E }2 ’
rithmic speed. As in a), one visualizes each pulsating soliton on one side
of the center. As time goes by, the pulsating solitons get closer, collide,
and separate again. Once more, the internal collisions do not effect the
center.

In the asymptotic forms for 0o, now only pulsating solitons appear.
However, the statement that solitons and antisolitons always alternate
remains true if we take into account that each pulsating soliton can be
considered as a bound state of a soliton and an antisoliton. The latter
was shown in Novikov et al., see [18] for details.

Let us in addition point out that the oscillation of the pulsating
solitons is synchronized in the asymptotic forms for +oc.

and again the involved pulsating solitons drift apart with loga-

¢) In general, a solution consists of N = n + m clusters,

e n clusters of solitons/antisolitons as described in a),
(n the number of Jordan blocks B; of dimension n; with
eigenvalue b; > 0),
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e m clusters of pulsating solitons as described in b)),
(m the number of pairs of Jordan blocks Cj, C_]/ of
dimension mj with complex conjugate eigenvalues cj/, Cjr,
where R(c;j1) > 0).

As a whole, clusters rather behave like solitons. They collide elasti-
cally and the only effect of the collision is a phase-shift (of the whole
cluster). Moreover, the resulting phase-shifts ﬁji for the j-th cluster of
solitons/antisolitons, see (2.26), and %(’y]i,) for the j'-th cluster of pul-
sating solitons, see (2.27), are a very natural extension of the formulas
for the N-soliton, see (2.15), (2.16), from which they differ only by the
exponents n;, m;:, respectively.

The following theorem is the main achievement of the present article
and translates the preceeding interpretation into exact formulas.

Theorem C. Let the matrix A in Theorem A be given by

A = diag{By,...,B,,C1,...,Cp,C1,...,Cp}, (2.18)
Bj Jordan block of dimension n; corresponding to the eigenvalue b;
(G=1,....,n),
Cj, C_]/ Jordan blocks of dimension mj corresponding to a pair of
complex conjugate eigenvalues cy, ¢jr (j' =1,...,m),
bj >0 Vj and R(cj) >0 vy (2.19)
Assume in addition bj, j =1,...,n, and |cj |, j' = 1,...,m, to be all
different.

Adapted to this Jordan canonical form, we decompose the vectors
f.f € C% accordingly f = (fi,..., fatom)’, and for j = 1,...,n, j' =
1,....m,

fj = (f](na"'af](nj))ta fn+j’ = (fr(z{:j”"" ,s:r_l;l/))t,

- (1) (m/) t
fn—l—m-l—]’ - (fn+m+j” LR n+Jm+j/) )

. n;—o6+1 Ak+o—1 mj—0'+1 (k' Flr'+0"=1
with Zﬁjzl f.](ﬁ)f](ﬁ—i— ) € R; and Zn’]zl fT(liZn+]lfT(lir—I;l+]/) -
ij—é’—l—l f(n’) A(k'+6"—1) (5

_ s — .
v it ot =1,...,n5,0 =1,...,mj).
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We associate to this data the curves

— T .
Bbj,kj (5’7-) = % + log | T ij +(/3j + 6]:‘: +/3]:'|,:kj)’ (2.20)
—

for k‘j = —(’I’Lj - 1), —(’I’Lj - 1) + 2, ey (nj - 1) - 2, (’I’Lj - 1), (2.21)

— Vs T . vl — T
Cepny (€ 7) = /1 — w3 LT +log | 7 T +iwj v T
1-— VZ/ 1— 7/2,
V J J
+ (my & rjr) log(ayr) + (0 + ;0 + yji,ﬁj, ), (2.22)

for Ky = —(mjr—1), —(my —1)+2,...,(my —1) =2, (mj — 1), (2.23)

and, along this curves, the solitons
+
Up, ki (&)=

(nj —1)+k

(F1)™ =D 4arctan <(—1)2jej exp (B,,].,kj (5,7))>, (2.24)

ucij/ 1 (53 T) =

1 1005 (S(Cey oy (6:7))
(1) =1 4arctan< : >, (2.25)
% cosh (R(Cey .y (€7)) )
with the notations pu; = 1y and (fmf(nj))/(%-)”j = ¢;jexp(f;)
7 1457 i i J J 3
17‘041‘2 .
ej = £1, Bj € R, and vy = —W for ¢y =|cj | (/1 —w?-, + iwjr),

1 A(m") m.r
CY]'/ :|w]/| /1/]_ —OUJQ-,, and (fT(L+)]’ n+‘;~, )/(2631) J = eXp(’)’j/), 'Y]’ & C.

The quantities ﬁ]j-[, B;Ekj and ’y]j.,E, 'y;? ., indicate a change of the phase
b ) ]
in the asymptotic forms, namely

i i bk _ b an i Ck’ _ b 4mk1
= log( J) + log ‘ (2.26)
] X . )
P b + b] o Cp' + b]
+(bj ~bp)>0 £(bj=ley)>0
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N n bk o 2ny, m cr — ¢ o — cjr 2my
. = 1 —_— 1 9
= e () e 2 e () ()

£(lejrl=bg)>0 E(lejrl=legr >0

(2.27)

(m)' 40, )qtkj

((nj—;)qﬁkj )! 1+ 07

<(m]I—1>:|:K/]’>' 4%( ) FK.1
+ 2 ' ¢’ !

s . 2.2
Vit T 08 ((m]";l)%j’)! <1+ cjr 2) (2:28)
Then the asymptotic behaviour of the corresponding solution (2.2) in
Theorem A is described by

u(§,7) zzzui,kj(fﬁ)—i-ZZuzﬁj,ﬁj,(f,T) for 7 =~ +o0

j=1 kj J'=1 Ky

(2.29)
(the summation indices k; given by (2.21), kj by (2.23)), and hence,
the following equalities for the dimension d and the number N of par-
ticipating solitons hold

n m n m
d:an+2ij/, N:Enj+zmj:. (2.30)
j=1 j=1

j/zl ]121

Let us stress that our results concerning asymptotics are a complete
generalization of what is known for N-solitons. In our opinion, this
proves how nicely adapted the geometric background of Theorem A is
to the dynamical nature of our solution class.

Taking into consideration the interpretation of pulsating solitons as
bound states of a soliton and an antisoliton (see Novikov et al. [18]),
we derive the following conservation law as an immediate consequence
of Theorem C.
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Corollary. The sum over all phase-shifts vanishes:

zn:m-( - 5) +2§:mj, (RO = Rev;)) = 0. (2.31)

j=1 j'=1

Moreover, we can calculate the ‘topological charge’ @,

1 oo
= — d 2.32
Q=5 [ uelemae (232)
which is evidently a conserved quantity for (2.8) (see e. g. [18]). For
a soliton/antisoliton, () = €, whereas a pulsating soliton — as a bound
state of a soliton and an antisoliton — contributes () = 0. This generalizes
naturally to the solutions described in Theorem C.

n
Corollary. Q= Z €.
n;:otlid
Finally we should mention some further literature, which is most
closely related to the subject of this article.

Remark. a) The solutions discussed above were already mentioned
by Péppe [19]. He used the notion ‘multipole solution’ (for a single
cluster) since it corresponds to scattering data with a multiple pole in
the reflection coefficient.

However, Poppe did not treat the asymptotic behaviour of “multi-
pole solutions”.

Recently, the concept of positons was introduced by Matveev in [14]
in connection with the Korteweg-de Vries equation, for a more detailed
version see [17] as well. The sine-Gordon equation was considered by
Beutler [3].

Roughly speaking, positons of order N arise by eigenvalues a; (j =
1,...,2N) which are purely imaginary by taking the limit a; — a,
a € iR, for all j = 1,...,2N. These solutions are weakly localized,
oscillating at infinity, and decay like 1/£. Moreover, in positon-positon
collisions no phase-shifts occur at all.

The difference to the behaviour of a single cluster — not considered
by Matveev et al. — is remarkable, particularly with regard to the fact
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that it can be constructed by essentially the same procedure. Namely,
choosing positive eigenvalues a; (j = 1,...,N) and taking the limit for
aj — a, a >0, forall j =1,...,N, we end up with a single cluster, a
negaton of order IV in the notion of Matveev et al..

(The interpretation of positons of order N as limit of 2N-solitons is
due to Jaworski et al. [10].)

c) The smallest interesting case, N = 2, is studied in detail in [23]
for the Toda lattice equation. For the sine-Gordon equation, the corre-
sponding solution for N = 2 is also noted in [5], [11].

In several articles [7], [8], Gesztesy et al. treated the very natural
problem how to obtain solutions as limits of N-solitons as N tends to
infinity. For the greater class of IN-clusters of solitons we shall discuss
the analogous question in a subsequent article.

3 Explicit construction of solution formulas

In this section, we give the proof of Theorem A.

For the sake of readability, we restrict all considerations to the finite
dimensional situation. Nevertheless we want to stress that all arguments
extend to the much more general context of quasi-Banach operator ideals
(see [22]).

Moreover, there is a connection between the so-called bilinear method
of Hirota [9] and Theorem A. To be precise, it can be shown that the
functions py(x,t), p_(z,t) as defined in Theorem A are a solution of
the ‘Sym equation’, the bilinear form of the sine-Gordon equation (this
is proved as well in [22]). Then the solution u(z,¢) of Theorem A is
given by u(z,t) = 2ilogp_(z,t)/p+(x,t) which transforms the solution
p_(z,t), p4(z,t) of the Sym equation into a solution of the sine-Gordon
equation.

(To be brief, here we will follow a different line of reasoning.)

Let us first treat a matrix sine-Gordon equation.

Proposition 3.1. Let A € Mg 4(C) be an invertible d x d-matriz over C
and, for B € Mg4(C) arbitrary, L(z,t) = exp (A:L" + A_lt) B a smooth
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family of matrices. Then

Vi=1—i(1 JriL)*l(ALA*1 + L)

V=1 + i(1 —iL)"'(ALA~' + L (3.1)

yield a solution of the matriz sine-Gordon equation

N

provided that (1 £iL)~"! exist.

Proof. By the so-called base equations

P P »

we easﬂy calculate
Vi

+i(1 £iL) N (HAL)(1 £iL) Y (ALA™" + L) Fi(1 £iL) " A(ALA™" + L)
= Fi(1+iL) ' A(1 £iL) Y (ALA™' + L)

and

volo= <1i1L (1ilL)¢1(ALA +L))) -

-1
(1+iL)" iL)A‘1>
— AQFiD) AT (liiL).

I
A

Thus, on the one hand we get
w5 (vi'gve) = ig (A0 +12)7(ALaT + 1))

=—iA(1+ L)™' A_1L2+LA_1L>(1+L2)_1(ALA_1+L)
+1A(1+L YT'ATY(ALAT 4+ 1)
< (AT'L> + LA™'L) 4+ A~ (1+L2)>(1+L2)_1(ALA_1+L)

A(1+ L% 1(A L LA IL) (14 L) Y(ALA' +L).
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On the other hand, from
Vi—V. = —i((l—iL)’l+(1+iL)’1>(ALA’1+L) = —2i(14+L*) (ALA ' +1L)
and

vit+vot = A(1+L2)*1((1+iL)A’1(1+iL)+(1—iL)A*1(1—iL))

= 2401+ L% (A‘l - LA—1L>,
we conclude
(vive—vav) = (vt vt (v - v
= 4AQ+L*) YA - LA L)1+ LY YALA '+ L).

Remark. Extensions of the sine-Gordon equation to an analogous equa-
tion of higher (but finite) dimension have already attracted attention in
the literature. For an example of such an equation in a form which is
somehow similar to (3.2), see Andreev [2]. Commonly, the corresponding
equation is interpreted as a system with a finite number of equations, and
subsequently solution techniques such as the inverse scattering transform
or, as in [2], Backlund transformations are developed for this system.
However, our approach is quite different: Reading (3.2) as a matrix-
valued sine-Gordon equation, our solution (3.1) can be viewed as a
matrix-valued generalization of the well-known one-soliton.

Next we prove Theorem A.

Proof (of Theorem A)

a) In the matrix case, the solvability of the equation AX — XB =
Y, where A, B, and Y € M, ,4(C) are given matrices, was originally
shown by Sylvester [25]. For the convenience of the reader, we give an
elementary proof.

Evaluation of ® 4 at an arbitrary one-dimensional operator w ® v,

Dy(w®v) = (A'w) @ v+ w  (Av),
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immediately shows that A + p is an eigenvalue of ®4 with eigenvector
w @ v whenever \ is an eigenvalue of A with eigenvector v and p is an
eigenvalue of A® with eigenvector w (remember spec(A) = spec(AY)).
To show
spec(®4) = spec(A) + spec(A4), (3.3)

it is therefore sufficient to observe that the (algebraic) multiplicity of the
eigenvalue A + 1 of ® 4 is not smaller than the product of the (algebraic)
multiplicities of the eigenvalues A and p of A.

To this end, let us denote by N (A, \) the nullspace of a sufficiently
high power of A — A1 whose sequence of nullspaces is stationary. Hence
the algebraic multiplicity of the eigenvalue A equals the dimension of
N(A,N).

Similarly as above, we have

(24— 004 1) wan) = Xk: <’;> (4"~ wy) @ ((4 - k).
k=0

Thus, if vy,...,v, form a base of N(A,\) and wy,...,w,;, a base of
N(A!, i), then the n - m matrices w; @ v; (i = 1,...,m, j =1,...,n)
obviously are linearly independent in N (®4,\ + u). For dimensional
reasons, this already yields the assertion.

b) First we observe that, given a solution v_, v of the scalar version
of equation (3.2), we obtain a solution u of the sine-Gordon equation
(2.1) by the transformation

u= ilogv—_. (3.4)
Ut

Next we exploit Proposition 3.1 to extract scalar solutions from
matrix-valued solutions of equation (3.2).

According to a) we choose B := &' (f ® f) - A. Thus the solution
given by Proposition 3.1 is Vo = 1 Fi(1 £il)"'L - f ® f, and

Vol - 1=

= e -ve) = v (Fi(asin T s aFin T e f)
- PRIV +I) 'L fef
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is one-dimensional.
In preparation, let us recall the known relations

det(l+g®g)=1+tr(¢g®g) for one-dimensional matrices g ® g,

0
0x

(3.5)

— det(V) = det(V) -tr(V_IQV)for any V € Mg44(C). (3.6)

ox

Now we show that the scalar functions vy := det(VL.) are solutions
of the scalar version of equation (3.2). Observe

1({o= _ vt
2 (= v_

1
2
1
= 2
1
2

):

det(V_)  det(V4)
<det(V+) ~ det(V0)

((1 er(VEV = 1)) — (L (VY — 1)))

) - %(det(va_)—det(v:lw))

(Vv - vy

= tr (% ((V__la—i ,) - (V_[l%%r))) (by Proposition 3.1)

. % tr(v—la—iv_)—tr(Vf%w))

Since f

Ut

det(V) det(Vy) ) — ot \ o vy

s O <aidet(v_) a%det(w)) 0 <a%v_ - %m)

® f = ABA™! 4+ B by the choice of B, we finally get

= det (1 Fi(l+il) Y(ALA" + L))

_ det(1FiL)

—  det ((1 +il) TA(1F iL)Ail) "~ det(1 +iL)’

which completes the proof. [ |

Remark.

The solvability of the equation AX — XB =Y, considered

as an operator equation, is the subject of numerous publications, see [4]

for further

references and a comprehensive survey of applications.
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4 Some preparational reductions

The main problem in the study of the class of N-clusters is that in con-
trast to N-solitons it is no longer possible to calculate the determinants
p+(z,t) in Theorem A explicitely. Nevertheless, we can carry out an
asymptotic analysis. To this end, in the present section we perform
some reduction steps.

To begin with, we prove Lemma B, which allows to confine all con-
siderations to matrices in Jordan form.

Proof (of Lemma B)

We immediately check &, (UBU 1) = U(cb A(B)) U~'. In particular, for
B =3, (f ® f) we observe &,(UBU 1) = U(<I>A(B))U*1 —U(f®
HU L= WU YfeUf. Applying @;1 to both sides of the equation,
we get UBU ! = @;1 ((U*I)tf ® Uf) Therefore we have expressed B

in terms of J, U by B = &, (f® f) = U [@;1 ((U*l)tf ® Uf) ]U.
Hence, the following relation between gy (z,t) and py(z,t) as defined in
Theorem A holds,

pi(.’L',t) =

= det (1 +iexp(dz + A7')® N (f ® f))
—  det <1 +iexp (U‘l(Jx n J‘lt)U) U-! [(I)}l((U‘l)tf ® Uf)] U)
— det <1 +iexp(Jz + J7)®;! ((U—l)tf ® Uf))
= q(z,1),
yielding the assertion. n

To avoid repetitions, we impose the following assumption for the rest
of the paper:

Assumption 4.1. Let the matriz A € My4(C) in Theorem A be given
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by
A0 0 o 10
0 A 0 .
A= 2 with A]' = Co € Mkj kj (C)a
................. o
0 0 - A 0 .

(4.1)
Jordan blocks of dimension kj corresponding to the eigenvalue aj;, in
particular d = Z?Zl kj.
We assume

lai| # |aj| Vij and R(a;) >0 Vi, (4.2)

and, in view of Theorem C, we admit as constellations of eigenvalues
either real eigenvalues a; € R or pairs a;, a; of complex conjugate
ergenvalues.

Remark. It should be stressed that for the reduction steps in this
section we only need the assumption concerning the invertibility of ® 4,
i.e.

a; +a; #0 Vi, j.

Our next step is the calculation of @Zl(f ® f) It is convenient to
introduce a slightly extended version of this operator: For given matrices
A; € Mki,ki(c), A]‘ € Mkj’kj(C), we define

Paa; t Mk (C) = My, 5, (C) by @, a,(X) = 4, X + XA;.
(4.3)

In the sequel we use the notation é;, 0; for

- 1 okt 8 N\t ) 1 gkl ¢
= (o o) 5= (o o)

Proposition 4.2. Let fz € Cki, fi € CF*i. For two given Jordan blocks
Ai € My, 1;(C), Aj € My, ,(C) corresponding to eigenvalues a;, aj,
respectively,

O3l (G0 f) = (9,98) Fanw) . (4.4)
yj=a;
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Fi(u)E (v .
where F(y;,y;) = M and the functions F;, F; are chosen ap-

i T Yj
propriately such that the following relations hold:

é\Z‘FAvl(yl) = Jis i e
Yi=a;
ki—r 2 ~
whaie ) = fY Jors=1 ok (45)
9;F;(y;) =i i.e
Yj=aj
1 o5t o _ £(8) - .
(,i_l)!ay;_lF](y])yj:aj J for s =1,...k;j. (4.6)

Proof. Let Y; € My, 1, (C), Y; € My, x,(C) be Jordan blocks corre-
sponding to eigenvalues which coincide with the variables y;, y,;. We
easily calculate

~ 1 aki—l 1 8ki_2 a ‘
Y;- = ‘ s Yi ]-a i
_ ( 1 oki—1 ‘ i - ‘>t
(ki — Dl gyh 177 gy Y

~

= 81 Yi,
and analogously

( 0 1 oki=2 1 oki—1 >t

J J ]8yj (k]‘ — 2)! 8y;?J_2 J (kj — 1)! Byfrl

( B, 1 ki1 )t
= Yjis 3 —Yjs -+ - Y;
7oy (kg = D gyt

= 9y;-
Now it is straightforward to verify that the operator X defined by the
right hand side of (4.4) satisfies A; X + XA; = f; ® fi:

4 ((0;90) Flyiyy)

. + ((8]- ® 0;) F(yz‘,yj)> e

vj=aj vj=aj

- (n((@-@&-) Flyi,y)) + (052 8) F(yuyj))l’j)

Aj

yi=a;
vj=aj
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_ <(8j®(Yi 8) Flyiy)) + () 9)© 0, F(yi’yﬂ'))>

~

_ (@ ® ) ((yi +yi) F (yi. yj)))

yi=a;
yj=a;
= (aij(yj)> ® (é;Fz(yz))
yj=a, Yi=ai

fj®fz‘-

|
Recall the notion of Toeplitz matrices for matrices T" of the form

T = (tij)ij-
Corollary 4.3. Ifﬁ € My, k,(C), Tj € My, x,(C) are upper triangular
Toeplitz matrices, uniquely determined by T; 0,...,0,1)t = fi and
Tjt (1,0,...,0)" = f;, the following factorization holds:

>Tj.

J

Ol () ® f) :ﬁ((aj ®5¢)

Yi +Yj

yj=a
yj=a
Proof. Choosing Fi, F; =1, Proposition 77 yields
~ 1 ~ 1
A; <8j ® 82') + <8j ® 8i>
Yi + Y| vizai Yi tyj
iT%

=(1,0,...,0)!®(0,...,0,1)%.

Since upper triangular Toeplitz matrices obviously commute,

-~ o 1 =~ a 1
T; 0; ® 81) T+ |T; (8 & 31) Ti| Aj
(( ! Yi +Yj yl:al.) ! { ( ! Yi + Y|y, =, S
yj=aj vj=a;

=T Ai(<8j®8i) )+((aj®ai> )Aj T
Yi +Y; i Yi + Y vizai

J J J

~ T ((1,0,...,0)t®(0,...,0,1)t) T;
t

Ja,-

Yi=ag
vj=a;

A;

y;=a
yj=a
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and the assumption follows by the uniqueness of @Zl_l 4; (f;® fi). ]
Now we are prepared for the announced reduction.

Proposition 4.4. With the notations of this section, decomposing the

vectors f, f € C? accordingly f = (fi,- s fi)t, where f; = (f](l), .. .,f](kj))t
for j =1,... k, we observe the following reformulation of the determi-
nants p4(z,t) in Theorem A:

pi(xat):
k
~ 1
= det(1£i|L 8; ® 0; 4.7
e ( 1( yizai<(J ) Yi +; y) >( )
vi=aj "/ =1
det(li'(((@ ®0;) ! )LD)k ) (4.8)
= 1 ; ; D .
' vityi) ) g lymagv
0 0 1
with D; = 0 Lo EMki,k.(C)
1 -~ 00
40 4 i)
and L; = o EMki,ki(C)
o
(3
0 i

an upper triangular Toeplitz matrix with entries
W (e p) = =9
4 (yisa,t) = wl dyF
function is €i(yi;2,t) = exp (yiz + y; 't + fi(yi)) with exp (fi(yi)) =

Fi(y;)F;(y;) and the coefficients F(y;), Fi(y;) are defined by (4.5), (4.6).

Ci(yi;z,t), k=0,...,k; — 1, where the underlying

Proof. Since D;0; = (/9;-, it is sufficient to prove (4.7).
Concerning the specified decomposition, the determinant reads

pela,t) = det (1+iexp (A + A )87 (f ® /)

<\ k
= det <1 + i(exp (Aiz + Az‘_lt)q)zil,Aj(fj © fi))z‘j:l) '
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yi=a;
vi=a’

J J
where T}, T; are upper triangular Toeplitz matrices determined by
T;(0,...,0,1)! = f; Vi and TH(1,0,...,0)" = f; Vj. If we define functions

F;(y;), Fi(y;) by (4.5), (4.6), this is equivalent to

1
Yi +Y;

By Corollary 4.2, @;3’14], (fj ® fi) = ﬁ((aj ® (/9\2)

J

From the properties of a determinant, we infer py(x,t) =
1
Yi +Yj

— det <1ii((Ti exp (Ai$+Aflt)ﬁ) <<aj®5i>

))Zl)

A straightforward calculation shows that exp (A;x + A;lt) is an upper
triangular Toeplitz matrix as well. It is determined by

exp (A;z + A;1)(0,...,0,1)! =

y;=a;
uj=a;

1 oki—1 —1 EETAN 2PN 1
_ ( a;zta; 't etitta; t) — 8ieyi$+yi t .
( yi=a;

e e
ki —1)! aafi_l

Therefore, we finally observe

<Ti exp (A,m + A;lt) f) 0,...,0,1)"
1 oki—x ’
_ ) ) -1 i
= (TZ exp (Azas + A; t)) ((kl ) 8y(ci_"°Fl(yl) ) 1
v yi=a;/ k=

k P ki —r'
1 d =1 1 oki .
=T yizty; 't Ei(y;
( Z_~ (H' _ H)! 8y£€/,,€€ (kz — H’)! 8yf"7”’ (y )

)k
yi=a;/ k=1

Yi=a;

Yi
k K —K k:—r k
1 0 1 o N ) -1,
— . F; Yi 7,}7'1 i eyﬂﬂli
(ngn (K/ N H,)I a f " ( ) Yi=a; (k B H,)! ayf’iﬁ ( ) yi=a;/ r=1
k
1 oti" n yizty; 't

= (g (BB e
i yi=a;/ k=1

=1;(0,...,0,1)".
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5 Regularity of clusters

The main purpose of this section is to show that the solutions we deal
with are well-defined, that is py(z,t) # 0 V(z,t). Although this aspect
is often neglected in the literature, it is sometimes far away from being
obvious.

Recall that two operators T € L(E), T € L(E) are called related if
there exist A € L(E, E), B € L(E, E) such that T = AB and T = BA.
It is clear from the definition that det(1 + 7T') = det(1 + T') for related
operators (if the determinant exists).

Proposition 5.1. Assume R(a;) > 0 Vj. Then the operator L(z,t) =
exp (Az + A~ (f ® f) on @?:1 ng is related to the integral oper-
ator H on Lo(—o00,0] given by

0
(HF)(s) = / F(0)h(s,0)do  with kernel
L T

h(s,o) =
j=

b}
yj=a;

<f§0) (yj; 2, t) exp (y;(s + 0)))

1 (kj — 1)! ay;fj_l

where we used the notation 40) (yj;2,t) = exp (yjac-{—y;lt-{—fj(yj)) (con-
fer Proposition 4.4).
If, in addition, the a; form a symmetric set A (that is a; € A =

a; € A), and, moreover,

ex (. — ex (. ’
3y}-€ P(f](y]))yj:a_j 3y; p(f](y]))yj:aj

then H is hermitian and thus has only real eigenvalues.
In particular, in this situation, det (1 —1i L(z,t)) # 0.

Proof. By {egw\j’ = 1,...,k;} we denote the canonical basis in Egj
(1=1,...,k).
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0

Abbreviating /;(y;) = Eg )(yj; x,t), we define

k
T: @t — La[-00,0) by
j=1

; 1 ot
(T = Gy s (P 057)
J

)
yj=a;

k
S Ly[—00,0) — @Kéj by
7j=1

4 ds ) e
AN kj—j3' ) ) J
j=1j'=1 7! ang ’ Yj=ay

ko kj 0 ki j'
s1=3% ([ 162 (B o (39

First observe

(") @)y
(STej ', e; ') =
P et 1 ki
= [ o (o () e (G e () )| s
o= ’ vj=aj v vi=a;
kii:i’ 1 Bki—i’—i” o) /0 1 5]"71 1 61-// (( . : )d
= N N > > i (Yi e e ey y Rl o Yi Yjls S
ifg (ki =it =L gy ki i =i G = Dlayd Tt i ayl” ’ viza;
vj=aj
- ki 1 Bki_il_i” iy o1 i’ -1 1 i+
> i =@ =iyt g R i) (2D ( i ) vi +uj
ilt=p ‘i 9y, i J vi=a;
vj=aj
R ST S S 017D
G -1 Byj:,_l (ki —i')! Byf’._i, yi +u; viza;
vj=a;
v ion proved in Proposition 4.4,
N 1 k
Lz t) = (Li(0, ©8) ——
J Sy
Yi T Y5/ j=11vi=e
vj=aj
o\
= (8]‘ &® 81> —t ,
Yi+yi ). yi=a;
0,j=1 y;=a;
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and it is easy to see that this expression coincides with

k
(((STe;jl),eEi')» P k) . Thus we obtained a factorization of
i

jl=1,...,k ij=1
L(z,t) = ST through the Hilbert space La(—o0,0].
Vice versa,
(TSf)(o) =
koR0 1 ok 1 ai 1

= ];1 leI_ZC f(s) (7“” 0 —ay;cj_j, (lj(yj)exp (y]‘3>) ) ds- T —By;:,_l (exp (yj0'>> N

=%
9 k 1 Miok—ay aki—d gi' —1

=7ZO f(s) (121 &, DI = (; _ 1) ay—:j_j, (fj(yj)exp (yj5>) —ay;."_l (eXD (?/]0))) N ds

=%

ds

- 7 ko1 oM e (s b
= L@ (B gt e (e o (it +o)

vj=aj

Under the additional assumptions, h(s, o) is real-valued, and, since
h(s,o) = h(o,s) anyway, it represents a hermitian operator. ]

Remark. By the way, Proposition 5.1 establishes a nice relation to the
methods of Péppe [19]. In fact he uses the Fredholm integral operator
given by the kernel h(s, o) to construct multipole solutions.

6 Asymptotics of clusters

This section contains the asymptotic analysis.

First of all, let us slightly reformulate the solution formula of Section
4.

According to Assumption 4.1 and the assumption on f and f in Theorem
alﬁ

C, which guarantees that 57 XP (fi(y;))
Yi

is real-valued for real

yj=a;

K

eigenvalues a; and a—KeXp (fi(y;))
dy;

8:{
= Wexp (fi(y;)) for
. . o ymm oMy
pairs of complex conjugated eigenvalues a;, @j, it is not difficult to check
that the determinants py(z,t) in Theorem A are complex conjugate to
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each other. Thus, with p(z,t) := p_(xz,t), our solution formula reads

D . . k
u =21 log % with p = det (5jj’1kjkj/ - 1Wjj/(Lj/Dj/)>jj/:1, (61)
- 1 Ktk —1 )k —1
where Wj; = <(—1)”+” ! <—aj+a].,) (S ) 6
Kk!'=1, k.,

As we will see, the term det(V;;/);; is responsible for the phase-
shifts. Therefore, the value of det(Wj;);; is a crucial point in the
asymptotic analysis. It is given by the following theorem.

o ~ k
Theorem 6.1. For the determinant of the matric W = (Wjj/)

R Ktk —1
consisting of the blocks W = <(ﬁ) ((Fz 1(2:(1'3 _1))>

j
k=1, k.
where aj +aj # 0, '
k .2 k 2k k.
~ —Q /) ]
det() = [7] [ ] (6.3)
jl_[l (aj + aj) 1,1 (aj + aj)
i<i'

The proof of this theorem, which indeed is very involved, is beyond the
scope ot the present article. We thus omit it and point the interested
reader to the author’s thesis [22] instead.

Remark. Theorem 6.1 is a generalization of the well-known formula for
Jacobi’s determinant det (a ey )j;» (see Pélya and Szegé [20]), which is

included in Theorem 6.1 as the special case kj =1 Vj.

There is another lemma which will be needed throughout the asymp-
totic analysis. Since its proof is straightforward, we omit it, too.

Lemma 6.2. Let A = (az‘j)f?;:p B = (bz‘j)f?;zl be matrices the entries
of which grow according the estimates |a;j| < po(7)exp(ar) and |b;;| <
py(7) exp(—pBT) V7 > 19, where pq, py are polynomials and o, > 0. If

v:=f— Na >0, then there is a polynomial P such that

\det(A + B) —det(A)| < P(7)exp(—vy7) VY71 > 10.
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Let us next briefly provide some reformulations which are necessary
because the asymptotic description is done in the variables &, 7. Recall
that

Ci(yjs &, 7)

Yj=a;

K 1 K
6 (ys6,7) = P (ysi€.7)

yj=a;

Yj=a;

withp§ (yj:&,7) = (aan (yj: 6,7 )/f (yj;:€,7) (6.4)

Obviously, p ( (yj:&,7) are polynomials in (£, 7) (for all k). Moreover,
the recursmn

K 0 (k- e
P (ysi6.7) = (fpg- 1)(yj;€,7)) + o0 (g6, (g 6.7)
Yj
for k > 1 holds. Thus

pg”)(yj;ﬁﬁ) = (pﬁ-l)(yj;&T))K+Pj,n(yj55’7)a (6.5)

where Pj , are polynomials in &, 7 of order less than x — 1.
In the sequel we suppress the dependence on the variables y; as well

. In
yj=a;

as the evaluation at y; = a;, for example £;(¢,7) = £;(y;;&,7)

terms of the variables &, 7 we have

2 &= NT

ber) - exp( .
\/7 \/7
(1) _ f )\T

+fiay),  (66)

‘(a;) (6.7)

. 1—|a;|?
with the notation a; = |a;|(1/1 — wJQ- +iwj), Aj = —ﬁ:?}?.

With this preparation in mind, we carry out the asymptotic analysis
in two steps: At first, we convince ourselves that all clusters are sepa-
rated, and, secondly, we examine the participating waves within a single
cluster.

We concentrate on 7 — +o0o. The arguments for 7 — —oo are
completely parallel.
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Step 1. With the abbreviation A;." ={7 A <Xjoh: Ay, ={i: Xjo <
Aj}, the following holds: {1.... ,k} = AJr s YA, Ui, 0}, where Jo = Jo
for S(aj,) = 0 and Jy # jo for I(aj,) # 0 that is aj, = @j,. We show

u(gr) e Y ul (67),

jols(ajo )>0

+
Dq;,
+ + + (Jo)+
ul = 2ilo — ¢ and _ =det (V ) ,
%o & Pa, 70 Pajg 33" ) 4,7 ehT Uldo.do}
y 855 Ly, — Wy (D L), 4" € Lo, o}
where V.‘],(J)‘F: 33" Lkjk; 33"\ gty
—in]‘I, g’ EA]O’
> k;
and c;;:2ilog(—1) seady ™

We have to care about the ambiguities of the logarithm. Firstly there

is a unique continuous choice of the logarithm such that for any 7 we

have §lim u(§,7) = 0. Furthermore a standard inductive argument
——00

shows that there are unique choices of logarithms, such that the sum
PIPS 3(aj)>0 (f, 7) is close to u(&, 7) for sufficiently large 7. To fix
convenient branches of the logarithm, we have to start with the slowest
cluster and choose the branch of the next faster cluster such that the
graphs paste together.

The sign + in the notation u+] for Uq,, indicates that the jo-th
cluster has suffered a phase-shift, which is due to its collision with all
those clusters moving faster (i.e. by which the jo-th cluster has been
overtaken).

Proof. Consider the following intervals:

L) = (o = 030)7: (o +830)7).

0 < dj, <dj :==min|\; — Ajgl, Vo, (6.8)
J#Jo
Ij1j2 (T) = <(>‘j1 + 5]'1]'2)7—7 (>‘j2 - 5]'1]'2)7-)7 0< 5j1j2 < >‘j2 - >‘j1a
if X\j, < Aj, and there is no A\j € (Aj;, A;,) Vi1, 42, (6.9)
and
I_oo(7) = ( — 0, (min Aj — 5_)7), Lioo(7) := ((max X+ 0, +oo)
j J
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for 6_,6, > 0. (6.10)

Geometrically, we cover R? by sectors Sj, = {(¢,7) : £ € Ljj(1)} (a
small angle containing the line & = \j;7), S5, = {(&,7) : € € Ij,,(7)}
(angles between the lines & = A\j;7 and £ = Aj,7), and S_o = {({,7) :
EE€T (1)}, Stoo ={(&,7) : £ € I150(7)} at the outside. Our aim is to
find estimates in each of the sectors showing that the only contributions
to the solution come from the jg-th cluster in the sector S, Vjo. More
precisely, u "'],0 dominates in the sector Sj;, and all other terms under
consideration decay to zero.

a) Now fix jo and take & € I (7).

For the entries Egn) of L; and 4:{) of L;l (remember L;l is of the

same structure as derived for L; in (6.4), (6.5), just start with Ej_l instead
of ;) we achieve

e = grEnexp( o€ — A7) <

< Qjw(r) exp (= &jo(djy — 8j,)7),  j €A, (6.11)
e = Gulenem (—ae—nn) <

< Qjn(7) exp (= o (djy — 8j)7), j € AL, (6.12)

where ¢j ., G are polynomials in (£, 7), Q; k. Qj,,i are polynomials in

T, 0 = 1_% > 0, and @, = min;,j; oj. Moreover,
J
9D 16,7 < Qjom(r) exp (s djor),  (6.13)

where ), « again are polynomials.

k
Next, we verify that we can replace p by ¢* = det (VJ i )
34'=1

with V+ _ {5jj/1k]‘kj/ - IWJ]’(L "D") j’ € A]_O U {jﬂaj(]}a ‘
6jj’1kjkj/ (Lj/Dj/) IW]] , J'€e A;(—)
This is due to the fact that p = ¢ HjeA;B det (L;D;), and the additional

factor

kj(kj+3) .
H det(D det ) H (—1)%(40))]% H |€§‘0)|2kj

+ +. _ oAt
]EAJO ]EAjO.g(aj)—U ]eA].O.%(aj)>U
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obviously does not change the solution.

e Ut vt +
Decomposing V}j, = V}j, + Ajj,,

05 Lk, j' €A
Vi =14 0Ly, — Wy (LyDy), i € {do,Jo}t
Wi, j' €A,

k _ + —
)j.gr=1 = det (V}j')j,j'eAjOU{joJo} -

we observe that det (V]J]r,

(]0)+ o+ . . . . . E
det (ij, )j’jleA%U{jO’jo} = Paj, by eliminating the entries without im
pact. From the above estimates (6.11) - (6.13) for the entries and by
Lemma 6.2, we infer (to unify notations, q;;O = pj{jo)

bk j0)+\k

" = qf, | = |det (VE)h_y — det (VI )E | < Qo (7) exp (= 57)
(6.14)
with a polynomial @);,. Here, the constant 7;, (see Lemma 6.2) is given
by v, = &jo(dj — 5]' ) — Kaj05j0, K = Zj k; the dimension of the

whole matrix, and, to provide v;, > 0, we have to choose

o
8j, < —L2—dj,. 6.15
J OZjO + Kajo J0 ( )
We shall denote the contracted sector again by I, (7).

Repeating the arguments outlined above, we get analogous esti-

mates(f)or pj{j, j € A;-'; U Aj . Namely, if we replace pj{], by qj{j =
)+
det(Viijn')jrjnensugigy Where

VO =v9ritj e A and

-1 . . .
i [ SO W i3
73 =Wy, 37 € A]- Jo

again by Lemma 6.2 we observe

g, = det (= W)y rear| < Qyexp (= &y (djy = djo)7)

)
for j € A, (6.16)
|qa-: — det ( - in’j”)j’,j”EA;_U{j,j}‘ < Q] eXp ( - a]o (d] - 5]0)7-)
for j € A} (6.17)
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with constants ;.

Therefore, (6.14), (6.16), and (6.17) yield

Ve >0 37, : |q+—q2;.0\ < ¢ and \q;; —C’]ﬂ <eVj#jo

V1 > 7. j, uniformly in Sj;, (6.18)
where
o | et = Wiy JEeN,
= R . ¥
’ det (=iWiijn)yr jrenroay I € Mo
C+ c—.l_ ] €A
— 2i lOg :'] = { ‘ZF’ ~t . ‘ZE
]{r ¢j +¢i, JE A]-0
L~ . U . . ~
with c;-" =2i log(—l)zﬂ €tinr %' (for all 7). Since ZjeAj*U:%(aj)zo c;-" = c;;,
+ +
q . qq;
lu — Z uj{]| = 2110g:+— <2llog_J cj')‘
3:3(a;)>0 J:5(a;)>0 da,
+ + +
. q . G, . qa;
< 2110gq:+—2110g% + Z 21log_+J —c;“‘
aso ~ jeA; :3(aj)20 da;

_I_
. qq,; ~
+ E 21log:+J—(c;'+c;')‘.
GEAS 13(a;)>0 qa,

Applying (6.18), we derive

Ve >0 3rj,: |u-— Z u2;| <e V72>7.j uniformly in Sj,.
7:3(a;)>0

b) Secondly, fix ji, j» with A\j, < Aj, such that there isno A; € (A, A},)
and take & € I, (7).

In this situation, for the entries Egk") of L; and ggn) of Lj_1 (remark
AU A;-"l ={1,...,k}) we use the estimates

67T < Pie(r)exp(—ad;r), jEAL,  (6.19)
87(ET) < Pialr)exp(—ad ), jEAS,  (6.20)
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where P; ., Pj, are polynomials in 7 and o = min; «;.

Nk
By the same argumentation as in a), replace p by ¢= det (Vj;,) )
JJ'=
L O Lk =Wy (L Dy), 5 € Ay,
13 (Sjjl].kjkj, (Lj/Dj/) — in]‘/’ j' e Aj'l )

and p+ by g~ = det (V.(,j.3,+ )
1 Pa; Y ey T3 ) jranatolizy

SO _ Ot e s o A 1 O
‘/;‘Ijll = ijj” lf] € IX]2 and Vj,j,, =

-1 . . ;o
{ 6j'j”1k]"kj” (Lj//_Dj//) — Ilej//’ ]Il € {]’]} e A;‘l

—inle, j” S A;—

Using the estimates (6.19), (6.20), and Lemma 6.2 once more, we con-
clude

Ve>0 37 j,: |¢" —BT| <eand |q2; - B;r| <eVj VT 2> T

uniformly in Sj ., (6.21)
Bt =det ( —iW;;) Bt — det (- in"f”)j',j”eAf’ J e,
ii')jjr et P det ( — in,j,,)j,’j,,eA;rU{jJ}, je Ajt

Following still the line of argumentation of a) and using the same

notation for the constants c;r, ’5;-“ as in a), we get
q" a4
U — ul | < |2ilog = — ¢ | + 2ilog =% — ¢
a; g + J1 g + J
7:3(a;)>0 q JEAT,:S(a;)20 Qa;
aa,
+ Z 2i10g_+’ —(cj'+c3")‘.
JEAT, S(a;)>0 qa;

Thus, by (6.21), we proved

. + : :
Ve >0 31 jjp: |u— Z Ug,| <& VT >7ejj uniformly in Sj .
7:3(a;)>0

c¢) Next, consider £ € I_(7) or € € I1(7).
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Repeating the arguments of b), we obtain that for all ¢ > 0 there

exists a 7. _ such that [p* — 1| < e and |ij'] —det (—iWjrjn); i

(Vj) for all 7 > 7. _ uniformly in S_.,. This yields immediately

eAj+|<5

Ve >0 3r._: |u|<eand |uj]| < eVj V1 > 7. _ uniformly in S_.

Moreover, replacing p by ¢, pf{j by qj{j (i.e. exchanging L; for Lj_l),
we observe that for all £ > 0 there exists a 7. 4 such that |¢* — det ( —
1Wjj’)j,j’:1‘ < ¢ and ‘qt—; — det ( — Ile]‘”)j’,j”EATU{j,jﬂ <e€ (V_]) for all

T > 7.4 uniformly in S} . Hence

Ve>0 3r.p: |u—2ilog(—1)>=%| < ¢ and
|u2'] —2i log(—l)zj’ew,i} kj" <eVj Vr>7y

uniformly in S .

d) At last, we check that the constants d;,, d;,5,, and d_, d; can be
chosen such that the intervals I, (1) (Vjo), Ij, 4, (7) (Y71, 2) and I_oo(7),
Iio(T) cover R (V7).

For € > 0 let 7. be sufficiently large such that the estimates in a) -

¢) hold simultaneously for 7 > 7.. Thus

lu — Z uj{J\ <e Vr>7. uniformlyin ¢ € R.
J:S(a;j)>0
Step 2.
For later use we have to calculate a certain determinant.

Lemma 6.3. With the usual convention that empty products equal one,

k' —1 m a(mt8) m—1
@t([lua—m—ln—m> =(-1" =z J[=
k=1

K,k'=1

k=1

Proof. If we multiply the ' — 1-th column by [(a — (m — 1)) — (' — 1)]
and subtract it from the x’-th column for ¥’ = m,...,2, we get

m

det if[m—wn—n)—z] -
(1 )

K,k =1
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/71)7
11

k=1

m

(k 1
— det <5w+ (1—51,4)(771—/@) [(a— (k—1)) —z]>

Kyk'=1

Expanding the latter determinant with respect to the m-th row and
extracting the factor (m — k) from all other rows k < m, we attain

m—1 K'—1 m—1
= (c)™ T (mer)-det ( I lta— (s-1) —z]) ,

k=1 =1 K,k'=1
and the assertion now follows by induction. [ |
Corollary 6.4. Let n € N and define F = (fak,m/);'fﬁ,zl by fak,,. :=0
for Kk + K" >n+1 and fak,, = m for k + k' <n+1. Then

det (F) = (—1)™ %™ (nﬁln ) (ﬁ(n —r))
k=1

k=1

Proof. For k + k' <n+1,

oV fak s — (n —k)! _
(n =) ke = o )
K'—2 K'—1
“ [ ln-r) 7 =[] l(n(s—1) —F].
r=0 k=1

Since the product on the right-hand side vanishes for k + £’ > n+1 (the
factor 0 appears whenever K = (n+1) —x < k'), we infer (n—x)!fak,, =
! [(n—(k—1)) = K| Vk,k'. Therefore,

r=1

k' =1
det(F)zdet<% H[(n—(ﬁ—l))—ﬁ]> -
k=1

(1) <"ﬁ m) (ﬁ(n—ﬁ)!>_l,

k=1

the latter by extracting the factor ﬁ from the k-th row (Vk) and
applying Lemma 6.3. [ |
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Assertion. Now we fix the jo-th cluster
_|_
. a; . 2jeat ki
ujjo = 2ilog _l_—]o - c;-"o, where ¢;+ = 2ilog(—1) "%o .
@jg

To simplify arguments, we will first treat the case that the jy-th cluster
corresponds to a real eigenvalue a;, € R separately and indicate there-
after the purely notational changes necessary for clusters corresponding
to a pair of complex conjugate eigenvalues a;, = @j,.

We show
ub (1) ™Y ud 0 (67),
Ko
where kg = —(kj, — 1) + 2k{, for kj = 0,...,kj, — 1 (vice versa, K =

M) The participating solitons/antisolitons uj{jo o (&, 7) are de-

fined along the curves

§—NjoT

\/ﬁ — Ko lOg |T‘ + ((10]0 + (P;;) + (P.;i;),ng)’
o

2k;
0o — exp (fo(ajo)) ecp;.:) _ H (aj —aj0> ]’

(2ajo )kjo ’

Aajg v (67) =

Pasq

. j 0

by uj{jo’m:mlog% and
Paj, ko

(kjo —1)—rg

&) = =i (=) exp (g, (67)).
To care about the ambiguities of the logarithm, we proceed as indicated

in Step 1.
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Proof.

(1) At first, we derive estimates for the entries of L;, on logarithmic
curves { = I'y(7) defined by

To(r) = Xigr +/1 = 2 - (plog|7])  for p€R. (6.22)

Obviously,

§—NjoT
/ 2
1- A]'o

On this curve, the following estimate holds,

fg-? (Fp(T), T) =

= plog |T]. (6.23)

_ (_d]o)n K| P 10g‘7’|
= B exp (fola)) I [1+0(FER)] vk, (624)
2
ithd;, = ——.
e + a?o
1+ >\j0
For the proof, remember a;, = T Thus, from (6.6), (6.7),
— o
we infer 2, <Fp(7'),7'> =
1
= |7|” exp(fj,(aj,)) and p§-0> (FP(T),T) = —djOT—l—(’)(logM).

By the recursion formula (6.5) and the definition of Eg';), the desired
estimates follow easily. [ |

(2) Next we investigate the behaviour of the determinant pjjo =

det (V}j')j,j’EA};U{joJo} (
the curve (6.23). Since its structure

for brevity, we shall omit the upper indices) on

) v ih T —iW;(DyLy), 5 = jo
Vijr = 5jj’1kjkj, + Vi with Vi = { ji'(Djr Ljr)

. . +
—iWjj, J' €A,
= 1 if 4,5 = jo
and  §;v = ’
37’ { 0 else
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is similar to that of 1 + 7 with T' = (¢,
with the well-known expansion

)]]/ 1> we expand it by analogy

det (1+T) — 14 i Sodet| ... L
t

m=101<...<0m

To this end, we need some additional notations:

1+ & . For an index set
conik
Lk

J C{1,...,kj,}, we denote by T'[.J] the matrix built from 7T restricting
the index sets in the following way:

_ - _ ()
Let T = (Tjj,)jjl with Ty = (107

keJ ifj=j and Ked ifj =jo .

With this notations,

det (V) = det (Vi) jienr + Z 3 det (f/[{al,...,am}]),
m=1 01<...<om
(6.25)

for v = (Vi) and ¥ = (V)

To take a closer look at each summand, we write down the matrices

e At UL e At UL
J:3" €A U{do} 7.3 €AG Udo}

17]- jo explicetly:
kjq ]0+1

= . —Jo+1-k)
Vijo = —=iWjjo(Djo Ljo) = <_1 Z W,]JJOH 0]0 ’ >j/1 k

----- i

.
S
Il
-
kS

Expanding once more, we obtain

ij —o1+1 kio —om—+1

dot (V[{onooad]) = 30 30 dbortomoe bt
ol =1

[ —
o1=1

-det(—iW[{ai,...,a;n}]), (6.26)

where again —iW = (— W, -/) .
& M) jjrent Uljo}
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According to estimate (6.24),

m
) (kj0+1—a,€—a;)

& (kjn+1—0x—0al,) (—d r=1 m
H gjOJO L K — (exp (f.]O (G’JO))> .
k=1

Jo

m

[T kjg+1—0u—0l)!
k=1

m

> (kjg+1-0x—0}) 1
el (r)eE [1+0(20 ‘T|)] (6.27)
T
The values of oy, o), (k = 1,...,m) which maximize the power of 7 in

this expression can be determined precisely:

For fixed tuples (01,...,04), the corresponding sum > | (kj, +1—
o, — ol.), which is responsible for the power of 7, is maximal if and only
if >/ | o). is minimal. In addition, all o, have to be different, otherwise
the determinant in (6.26) contains linearly dependent columns and hence
vanishes. Thus, the right condition is

o.=n(k) (k=1,...,m) withxw €S, (permutations on m figures).
In the sum over all possible (ordered) tuples (oy,...,0.), the term of
maximal order in 7 corresponds to the choice o = k (k = 1,...,m),

hence the maximal contribution to the power of 7 is

m

Y (kjg + 1= (k +7(r))) = (kjo — m)m.

k=1
In addition, we have to examine the range of the summation index,
k+ (k) = 0, + o). < kj, + 1. For this we replace the faculties 1/(k;, +
1 — o0, — o))l in (6.27) by zero according to the rule

1
fak,, = f "<kio+1
a o 1= (n )] ork+rK <kj;+1 and

fak,.,, =0 for k + &' > kj, + 1.

Combining those conditions with (6.26), (6.27), we get

3 det (V[{al,...,am}]) —H,, - ((—djo)““jo*m) exp (fjo(ajo))>m'

01<..<0m

e e[ o(RET)] o

T
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with Hy = > [ fakeeqe) - det (= iW[{x(1),....m(m)}])

€Sy, k=1
= Y sgu(m) [ fakenge) - det(—iW[{l,...,m}])
TESm k=1
C e L et (falw);:1 det (W[ ,...,m) ]).

By Theorem 6.1, we observe

det (W[{l,...,m}]) = Q- dot (W), jrepr

1 m? . 2mk;
for Qf = 4 — %o , (6.29)
L LA + aj,

Jjo
and by Corollary 6.4 we get

det (fakype )" = (-1)"5 (nﬁlm) (ﬁ(n—n)!)l. (6.30)
k=1 k=1

K,k'=1

2 ient ki
Hence H,, = (—i) TN det (Wjj’)j JleAT
3 jU
mmts) [P k]

IR § (O Y

Finally, we insert (6.28), (6.31) in (6.25). This yields

A jent ki
ph, (Do(r)m) = (=) 7% "X+
& log |7
: <1+ > (=) X el () o 14 o )]) (6.32)
m=1 T
with
m—1 m
mm+3) [, k! o
X = (—1) mﬁﬁf@wam%m%wm)
(6.33)
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and X := det (W) (6.34)

sl + .
33" €A

Remark. To carry out the asymptotic analysis for 7 — —o0, it is more
convenient to consider —7 — +o0 and use X, = (—1)ko—"mx~
instead of X,,.

(3) In what follows, k is always an element of the index set specified in
the assertion, and ' is associated to x as described there.

Consider the intervals
I, (7):= ()\jo'r—f-,/l -2 ((no—éﬁo) log \T\) Ao TH4/1 =A% <(n0+6ﬁ0) log T>>

1
0 < 0y < Vo, (6.35)

By
2
I"l"z(‘r) = (on'r+ 41— XJQ.O ((nl +6K1,i2)log\'r\) ,)\jo‘r+ 1= )\?0 ((ng 6K1,i2)10g7'>),

0 < Opyx, < Ka—K1, if K1 < Ko and there is no k € (K1, K2), VK1, ko,
(6.36)
and

I_(r) = (—oo,)\j07+,/1—)\?0<(minn—6_)logT|>>,
Lio(r) = (AJOT+,/1—Ago((max,f+5+)1og|7),+oo>

for 6_,0, > 0 (6.37)

(remark mink = —(kj, — 1), max s = +(kj, — 1)).

Geometrically, we have defined logarithmically increasing sectors,
namely S., = {(¢,7) : &€ € I,(7)} containing the curve £ = T'y, (1) =
Nio™ + /1= 22 (0108171}, Ssins = {(6:7) + € € Ly, (1)} etween
two such curves, and S_oo = {(§,7) : £ € I_oo(7)}, Stoo = {(&,7) :
€ € Iioo(7)} at the outside. Again our aim is to find estimates in
each of the sectors showing that the only contributions to the cluster
come from the participating soliton “jz—jo,no in the sector Sy, Vkg. More
precisely, uj{jo o dominates in the sector Sy,, and all other terms under
consideration decay to zero.
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a) Now fix k¢ and take ¢ € I, (1), i.e.

f = FNO‘FP(T) Wlth P € ( - 6lﬂoa 5&0)-

Note that we now have to replace p in (1), (2) by p + ko.
In (6.32), the order of 7 is determined by the exponents

F,(m) = —m? + (kj, + ko + p)m, m € {0,...,kj}.
Since F), has a global maximum in mg = W =(khj+3)+5€ER
and |p| < 3, the dominating exponents in (6.32) are attained for the

two summands m = kg, Ky + 1. Moreover, the distance to the other
exponents in the sum (6.32) is at least

min{Fp(nf]),Fp(ng + 1))} — max {Fp('k‘::) — 1), F, (ko + 2))}

P
_ | Fusg+1) = Fplrg—1) = 2(1+p), p<0
U B - R+ = 21—

Therefore we obtain in (6.32)
pijo (Flio-I-P(T)a T) =

E- kj I I
= (—i) JeAjFO ]X+( i)"o <Q+ X* _iot X+ HTp)Tno(noﬂer)_

I+1
(6.38)
and hence,
syt
pg—j ( no+ﬂ( ) ) 1H0+Z eAJr kj 1= IX T (10g‘7‘|) (6 39)
— + ) *
Py Caorp(1),7) Lidgr? ’
Qr X7 (kjy —1) =g
. o+l +1 e
with 2 = —gEE I = ()T exp (0 £ 0, + )

Ko Ko
Since the latter express1on in (6.39) equals

kA v ki DE e (Droap(T),7T)
(—1) O aeni j_’o o " we have proved that the cluster
pajo,lio( Ko+p(7-)aT)
. Kot eat ki . .
(uj{jo + c;;) converges to ( +] + 2ilog(—1) 7€ ) uniformly in
Ko
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In an analogous way to the modifications in (6.39), one shows

+ YT Ko K«t
Do . (Lrggp(7),7) 1 —iX], 7o P
% i = - ':_ pr—— (X7 defined as above)
Pajq o (Crotp(7), 7) L+id, o
. 1+ O(%), Ko < Ky
_1+O(%), RQ > Ky
f . .
Thus, ug, . converges to { o 102’(—1) fgi :g i z: uniformly in Sy, .
K6+Z].€A.}_ k

jo " = —2ilog(—1)%0 =
—2ilog(—1)#{rK<ro} we infer the desired convergence of uj{jo (uniformly

. + .
Remarking ¢, — 2ilog(—1)

in Sy,) from

Kot ot ki
ujl—jo N u:jo,ﬁ = ((Uj[m +c ) (uj] ko T 2ilog(—1) 7€%50 ))
K
=D Uk~ (Zu . —2ilog(—1)“0).
Ko<k K<KQ

b) Next, fix k1 < ko such that there is no k € (k1,K2) and take £ €
I o (7)), 1€

§ = Fp(’T) with p e (ffl + 651527 KR — 6&1&2)'

Again we determine the maximal order of 7 in (6.32). Since ﬁp(m) =

—m? + (kj, + p)m attains a global maximum in my = —Jo;p € (H’l +
1+5;1n2 K 4+ L mm) for p € (K1 + Okykys K2 — Okyky), the dominating

summand in (6.32) is m = k) + 1. Once more we calculate the distance
to the other exponents, at least we get

Ey(kh +1) — F(ml) R T,
F(FJI—I-I) F(ﬁ1+2) = Kg—p 1K2
This shows
>, , ,
pe, (To(r).7) = (=) 7% Xt (— nmﬂ(a;;ﬂx;“) Falui+1) .

[1 n O(log7-|7'> + (’)(7_631&2 )],
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where F,(r} +1) > K} + 6,4, > 0, and, consequently,

pj{jo (Tp(7), 7) ) “’1+1+2je/% kj +(9< 1 )
pt—i—jo (FQ(T)a T)

76“1K2

Thus, we have proved that (uj[]0 + c;;) converges to the constant

_ <k} o+ ki _
2ilog(—1) jo  uniformly in the sector S x,.

Just as in a), one shows easily

1
Pl o)) | 140(52). m <k
thzrjo,m(Fp(T)aT) —1+0( 61 ), K < K1
TOoR1K2 -

. 0 for ko <k
that is, ug . converges to { 2i10g’(—1) for r, < K’;

Skiko-
The convergence of uj{jo (uniformly in S, x,) now follows from

uniformly in

. Flrm<m 4T o
u‘i—fo N ujjo:ff = ((ujm +C;;) — 2ilog(—1) JEAT )
K
uj{jo,n - ( Z u;rjo’,i - 2ilog(_1)#{n:n§m})
r2SK k<KL

in the usual manner.
c) Next consider £ € I_(7) or & € I1oo(T), i€
§=T,(r) with p € (— o0, —(kjo — 1) — (L) or

¢ =T,(r) with p € ((kj0 1)+ 4y, +oo).
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Repeating the arguments of b), we obtain

[ Tty O(Ti_) on S
pj{jo (Cp(7), 7) ) (the dominating summand is 0)
Py (Co(rm) | (i ()5, 4 O(=-) on S
{ (the dominating summand is kj,)
and
pdy . (Dp(r),7) 1+O(T%) Vi on S_o
M(FP(T)’T) R -1+ O(T%) Vie on Sis.

; ; + +
Th‘e same reasoning as in b) shows that Ug;, converges to Yo Ug;. ks
uniformly in S_ o, and S .

d) Finally, we remark that all constants d.,, 0x,x, and o4, 0_ can be
chosen such that the intervals I, (7) (Vkg), Ix,k,(7) (VK1, K2 possible)
and I oo(7), I_oo(7) cover R (VT).

This immediately proves that the desired convergence assertion holds
even uniformly in R.

(4) At last, we indicate the notational changes in the treatment of clus-
ters corresponding to a pair of complex conjugate eigenvalues aj, = @j,.

For a pair of complex conjugated eigenvalues, a;, = @;, with $(a;,) >
0, we used the notation aj, = |a;,|(/1 — w]?0+iwj0), aj, = |aj,|(y/1 — w?-o—
iwjo)'

Here, the logarithmic curves ¢ = TI')(7) are defined in a slightly
different manner,

E=T,( (/1 ]Of/l_plogh'

On this curve, one proves the estimate

(—dy)* . log |
6(rpn),7) = Lexp(@(r) il - [1+0(=E |)} Vi
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for j € {jOajO}a

Where d]o — 2%((’1]0) T A]OFQ(T)

—— v %o (7) = —wjo ===+ (ajo), dz, =
aj0(1+‘aj0|2) Jo Jo m Jo\*J0 J)
djo, and s, (1) = (7).

For the investigation of the determinant pj{jo = det (V}j')j,j’eAjou{jo 7o)
on the logarithmic curve, we have to generalize the notations introduced
in (2) in the following manner:

Let T = (Tjj,)jjl with Tj; = (T].(;W) iy For index sets
J,J C{1,...,kj}, we denote by T[.J,J ] the matrix built from T re-
stricting the index sets by

TR ) ol
REZ 1] ZU and H,EZ lj, ZO.
kedJ ifj=7 ked ifj' =7

With this notations, the expansion of the determinant results in
det (V) =

ki ki
det( jj')j,j’e/\'ﬁ' +Z Z det (V[{Ula aam}a{ala yOm ])
0 m=1m=1 o1<<om
71<...<opy
forV = (V- -:) V= (17 -:) and, analogously
777 j.i'eht utjoqot ) jitedt utjosot’

to (2),

det (17[{01,...,am},{ﬁl,...,ﬁm}]) -

kj0—0'1-|—1 ij—O'm-I—l

_ e(kjo-l—l—al—a'l) g(kjo—l—l—am—a;n) )
E - E jo b
gi=1 ol,=1
ij —o1+1 ij —Om+1
g(kj0+173173’1) E(k]‘0+17?ﬁ7?lﬁ) .
E L E jo b
o =1 o=1

det (= iW[{o},...,00} (B, T} ),
where —iW = ( - in]-,)

7.4 €A} U{Go.Jo}
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Now one may follow precisely the line of reasoning in (2) with the
only difference that there are always two expressions to bear in mind
instead of one. Those expressions, one in m, one in m, are of the same
kind and can be treated separately. We end up with

> k; _ _
b, (Co7).7) = (25 (14 30 Y (e 0 X0

m,m**m<*m

|T‘p(m+m)(T)(kjo—m>m+(kj0 —m)m [1 n O(log |7')]>

T
3 + .
with X = det (Wjj), yent

m(m+3)

X;rl =(=1)""> % <(_djo)kj0m exp (¢jo (1) + fjo(ajo))> ;

k=1Wjg —

—+ m (m+3) T:l ! = Nk —7 — E—
X = ()5 e (T exp (33,(1) + Folan)))
and o
2 2 — s .
Ot _ — [ 1 }m [L]m [ajofﬁjormmn . [ar%]m [arﬁjo]m !
m,m 2aj0 ZEJO aj0+6j0 jeAjo aj+aj0 a]‘+ﬁj0 I

and we remark

— 2mm —

Qi — Qs mm Wi

[ Jo _Jo] _ (_ a20> for @, = Jo
ajo + aj,

At this point, it is quite clear that one can take over the argumenta-
tion in (3) with minor changes due to the fact that the power of 7 has to
be maximized for m, m separately. Thus, here we omit the lengthy anal-
ysis to show uniform convergence on the logarithmic sectors introduced
in (3) just stating the result instead.

Result.
ub (1) =) ud o (67)
Ko
with kg = —(kj, — 1) + 2k for k5 = 0,...,kj, — 1 (vice versa, kj =

(kjo _21>+'i0)

. The participating pulsating solitons ujl'jo (&, 7) are defined

along the curves

/ =T .
Aajo,no(f,’T) = 1—&)]2-07]04‘11,0]'0(6,7')—K010g|7"+

2
1_>\j0

;KO
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+(Bio + @ + @) + (Ko + 10 log iy

Pa o«

+ Y jo KO
by Ugj o = 2ilog —
Paj, ko

1 2§R<GXP (Aajo,no(f’T))>
Yo 1 4 ‘GXP (Aajg,no (5’7)> ‘2.

The constants are defined quite similar as before, namely

with  pp (7)) =1 — i(—1)kio=D)

2k;
Pio = exp (fjo(@jo))’ eap;; _ H (aj —Clj0> ]’

ki —1)+k
L (e °)’<4§R<ajo>>—”°

T >‘j0§

NEYR

Step 3. To conclude Theorem C, we combine the results of Step 1 and
1-12
1+1z
adapt the notation of Theorem C for the two characteristic features of

eigenvalues.

The reader should observe that at this point the ambiguities related
to the choice of log disappear, and we can always work with the main
branch of arctan. [ |

and there is an oscillating term due to v, (£, 7) = —wj,

Step 2, modify the formulas according to 2ilog = 4arctan(z), and

7 Computer graphics for the lowest dimensional
cases

In the final section, we assemble some computer graphics which we found
instructive during the preparation. The main point is of course the
difference between straight lines of solitary waves and logarithmic rayes
of the members of clusters. Further the diagrams underline that the
convergence we established by asymptotic formulas is in fact very rapid

314 REVISTA MATEMATICA COMPLUTENSE
(2002) vol. XV, num. 1, 265-325



C. SCHIEBOLD SOLITONS OF THE SINE-GORDON EQUATION ...

and that during the elastic collisions the shape is as well conserved as
in the familiar case of solitons.

First we present pictures of the building blocks, solitons and
breathers, and their derivatives, which will most often be more con-
venient for the visualization. Note that the derivative of the breather
confirms nicely the interpretation of Novikov [18] explaining the breather
as a bound state of a soliton and an antisoliton.

In the pictures, the variables £ and 7 are depicted in canonical fash-
ion. If not remarked differently, we always draw the derivatives.

10720 10-20

kink (b =1, i.e. stationary) antikink (b =1, i.e. stationary)

derivative of the kink derivative of the antikink
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RN
SRR
RN
AN

R
N

RN
R
R N

R R

10-20

breather (¢ = /1 — 0.22 + 0.2i, i.e. stationary) and its derivative

kink (b; = 1.1) meets antikink (b2 = 0.9)
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8

S
WY R

v’\\:\\\" N

SO
TR

cluster (b = 1.0) of a kink and an antikink

N\ N
N \\‘\\\\\\\\\ K\ ‘“
QAR Y \
AT

\\\ )’

two kinks (b1 = 0.9, b2 = 1.1) meet an antikink (bs = 1.0)
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\\\\'V

\\\\(\‘\\“?‘ \\\ &\\\\~
\\\ \\ \\\\ R
X ~\\\\\ \\\\\‘

) N
R

cluster (b = 1.0) of two kinks and an antikink

\\\“"““M“' ’,
SO 'st ’y V\\\\\\\\\‘\\\\\‘vﬂ oy

\

VNN

four kinks meet (b1 = 0.9, b = 1.0, b3 = 1.1, and by = 1.25)
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- \ o \\‘\
\\\\\\\\\\ \Q\\\Q\\lk\\\\\s\\'\\\‘\‘“\\\\ \\\‘\\g“ X

\\\"'

cluster (b = 1.0) of two kinks and two antikinks

two breathers meet (¢; = 0.9(v/1 — 0.22 + 0.2i), ¢2 = 1.1(v/1 — 0.22 4+ 0.21))

(here we did not plot the derivative!)
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cluster (¢ =+/1 —0.4% 4 0.4i) of two breathers
(here we did not plot the derivative!)

kink (b; = 1.0) meets cluster (b, = 0.8) of a kink and an antikink
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\\\
\\ N

\\\\ \\ 2, \
\\\\\\\\. §\\ \\\\ v\\\\\\\\\~

= v\ (\\‘\o‘«m\ \\é\\\\\‘\\\\\\ \\\ s
gl \\‘“

\\\\
RN \\\\\\‘ \
\\\\\\‘ A

kink (b1 = 0.9) meets cluster (b, = 1.0) of two kinks and an antikink

. ,:\\\\
\‘\‘\\\\t\\\\‘\\\\\\\ e
' \\\\\\\\ 'o“"’ \]
4'\\\\\\\3\@

two kinks (b1 = 0.9, by = 1.2) meet a cluster (b3 = 1.0) of a kink and an antikink
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N
N
W

N
N
\

v

two clusters (b1 = 0.8, b2 = 1.0) of a kink and an antikink meet

two breathers meet (c; = 0.8(v/1 — 0.4 + 0.4i), c2 = 1.0(v/1 — 0.22 4+ 0.2i))
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SRR W \§\\:\~\\
K O A
%

breather (¢ = /1 — 0.12 + 0.1i) meets cluster (b = 0.9) of a kink and an antikink
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