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ABSTRACT

Let ¥4 be an oriented connected real two dimensional manifold of genus g with-
out boundary. For periodic homeomorphisms of ¥, that commute with a hy-
perelliptic involution, we give a method to obtain their presentations by Dehn
twists.
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Introduction

Let ¥, be an oriented connected real two dimensional manifold of genus g without
boundary and M, the mapping class group of genus g. We denote the conjugacy
class of an element ¢ in M, by [¢]. An element ¢ of M, is said to be periodic when
there exists a positive integer n such that ¢" = idy , where idy, is the identity of
M. The smallest such integer n is called the period of ¢. An involution I of ¥,
with 2¢g + 2 fixed points is called a hyperelliptic involution. An element ¢ is said to
be hyperelliptic if ¢ commutes with a hyperelliptic involution I. The conjugacy class
of a hyperelliptic element is also said to be hyperelliptic.

As is well-known ([11]), any element of M, can be written as a product of Dehn
twists. For some elements of M, we know the presentation of them by Dehn twists.
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For example, Birman and Hilden [2] obtained a presentation of the hyperelliptic invo-
lution by Dehn twists. Matsumoto [12] obtained a presentation of a certain involution
in M. Using the similar method of Matsumoto, Ito [8] obtained again the same pre-
sentation of the hyperelliptic involution obtained by Birman and Hilden.

However, for a given element ¢ € M, there is no method to obtain a presentation
of ¢ by Dehn twists, in general. Thus the problem to find such a method seems to be
interesting.

In this paper, in the case where ¢ is hyperelliptic and periodic, we solve this
problem modulo the conjugacy equivalence in the following way: If ¢ is hyperelliptic
and periodic, the conjugacy class [¢] of ¢ can be realized as the topological monodromy
of a degeneration whose general fibers are hyperelliptic curves (see [6, Remark 1.6]).
Such degenerations are classified into six types ([6, Theorem 1.5]). By combining
this results and the cyclic base change method, we reduce the problem into obtaining
presentations of the three elements ¢; (j = 1,2, 3) in section 1.

For each ¢;, we obtained its presentation using “the splitting deformation.”
Roughly speaking, for the degeneration f : S — A whose monodromy is [¢,], we
construct “a relative deformation” {fs : Ss — Ag}lsea of f such that fs (s # 0)
is a Lefschetz fibration. Since the monodromy around the Lefschetz fiber is a Dehn
twist along the vanishing cycle ([3] or [9]), we analyze the positions of the vanishing
cycles and also the composition rule of these local monodromies around the Lefschetz
fibers of f,. Finally, we express explicitly [¢;] as a product of Dehn twists whose
center curves belong to the Birman-Hilden base. (See more precise definitions and
the strategy in section 2.)

In section 1, first, we give the precise definitions of the degeneration of curves and
its monodromy. Next, we review hyperelliptic degenerations and their monodromies.

In section 2, we give the definition of splitting family of a degeneration and con-
struct the splitting families of degenerations with monodromies [¢;] (j = 1,2,3).
Then, for each [¢,], we give a presentation by Dehn twists.

In section 3, using the results in section 2, we introduce the method to obtain
presentations for hyperelliptic periodic elements. At the end of section 3, we add the
list of periodic monodromies in the case where g = 2, 3.

1. Review of hyperelliptic monodromy

Let f : S — A be a proper flat morphism from a two dimensional complex manifold S
to a small disk A = {t € C | |[t| < ¢}. If all but a finite number of fibers of f are
nonsingular algebraic curves of genus g > 2, we call a triple (f, S, A) a family of curves
of genus g. If f=1(P) is singular, we call P a critical point of f. Especially, we call
a family of curves with only one critical point a degeneration of curves. We call a
degeneration whose nonsingular fibers are hyperelliptic a hyperelliptic degeneration.
For a degeneration (f,S,A), we can determine the topological monodromy as the
conjugacy class in M, as follows (see [13]): Let I : [0,27] — A be a simple closed
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curve on A rounding the critical point with counter clockwise orientation. Fixing a
homeomorphism ¢} : ¥, — f~1(1(0)), we can naturally define ¢}, : £, — f~1(1(6))
continuously along [. Then we see that a monodromy homeomorphism (;Slf = (¢}) 7!
@, along 1 is an orientation preserving homeomorphism. The conjugacy class [¢lf}
of the isotopy class of (blf can be uniquely determined and we call it the topological
monodromy (the monodromy, for short) of (f,S,A). If we set ¢} == id-13(0)) qblf is
a homeomorphism of f~1(1(0)). In this case, we call f~1(1(0)) a reference fiber.

By a suitable coordinate change of A, we may assume that A == {t € C | |t| < 2}.
Let (X : X1) be a homogeneous coordinates of P!. Let pr; and pr, be the first and
the second projections of P! x A, respectively. Set T'; := pry *(t) (t € A). Let D be
a positive reduced divisor on P! x A whose defining equation is F/(Xq : Xi,t) = 0.
Assume that F(X : X1,t) is homogeneous polynomial of degree 2g + 2 (g > 2) with
respect to (Xo : X1) and the equation F(Xj : X1,t) = 0 has 2g + 2 distinct roots for
each t € A\ {0}. We denote the line bundle associated to D by [D]. Since I';D is
even, there exists a line bundle L satisfying that L®? ~ [D] and we can construct the
divisor S on the total space V(L) of the line bundle L so that the restriction of the
natural projection IT : § — P! x A induces a finite morphism of degree two branched
along D. We call IT : S — P! x A a double covering of P! x A branched along D. Let
IT: S — S be aresolution of singularities of S. Set f = pr, olloll and f = pryoll, for
short. From the conditions of D, we see that ( f , S ,A) is a hyperelliptic degeneration
of genus g.

Though S is not a manifold in general, we can also define the monodromy of
f 8 — A by the same way because its singular points are always on its singular fiber.
Moreover, we see that the monodromy of f : S — A is equal to that of f: 5 — A
from the definition of the monodromy. The monodromy of a hyperelliptic degeneration
constructed as above is induced from “the monodromy of 2g + 2 pointed P! bundle
P! x A — A” as follows; Let [ : [0,27] — A be a simple closed curve rounding the
critical point with counter clockwise orientation on A and af (i=1,...,2g9+2) the
roots of the equation of F(Xg : X1,1(0)) = 0. Set R == { (X : X1,1(0)) € P x A |
F(Xo:X1,1(0) =0, 0<0<2r}and R = pr,(R). We fix a subset U of P which
is homeomorphic to a closed disk and contains R in its inside.

Since we can consider R as closed braid, we can naturally define homeomorphisms
Q) : U x{l(0)} = U x {l(#)} continuously along ! satisfying the following:

(i) Qf is the identity and Q) (p,1(0)) = (p,1()) for all p € OU,
(ii) Q) sends the set {af,...,a9, o} to the set {af,... ,agg+2}.

We define Qg : T'y0) — T'i(9) as Qo(p) == Qy(p,1(0)) if p € U and Qq(p) = (p, 1(0)),
otherwise. Using the map €y and the defining equation of S on V(L), we can uniquely
define the homeomorphisms ®4 : f~(1(0)) — f~1(I()) continuously along [ satisfying
that Q9OH|f 1(1(0)) :H|f—1(l(9)) Oq)g.
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Let I be the analytic hyperelliptic involution of f~(1(0)). From Qg oII| -1 o)) =
H|f*1(l(2ﬂ—)) 0Py, and Z(O) = l(271'), we obtain that Qgﬂ. o H|f 1(1(0)) © 1= H|f 1(1(0)) ©
Py 01. On the other hand, I is induced from the covering transformation of II, we see
that H|f—1(l(0 ol = H‘f 1(1(0)) . Then we have QQﬂOH|f 1(1(0)) —H‘f 1(1(0)) 0@27;—0[.
Using Qo o H|f ta)) = lf-100)) © P2r again, we see that II|;-1((0)) © Por =
Hf 1(1(0)) © ®o, o I. Thus we see that I o g, = Py 0 I, i.e., the monodromy of
(f,S,A) is hyperelliptic.

Since any hyperelliptic degeneration is bimeromorphic to a degeneration obtained
by the above construction [4], we see that the monodromies of hyperelliptic degen-
erations are hyperelliptic. If a hyperelliptic degeneration f : S — A is obtained
from I : § — P! x A branched along D, we call D the associated branch locus of
f:85—=A.

Conversely, we see that the conjugacy classes of hyperelliptic periodic elements
can be realized as the monodromies of hyperelliptic degenerations as follows.

Let 7 : ¥, — ¥, be a periodic map with period n which commutes with a hyperel-
liptic involution I. Let (7, I) be the finite group generated by 7 and I. By Kerckhoff’s
theorem [10], we see that there exist an algebraic curve Z of genus g and analytic
automorphisms 7 : E — Eg, I: E — E such that 7 and I are isotopic to 7 and I,
respectively. Note that Eg is a hyperelhptlc curve because I is the hyperelliptic in-
volution in the analytic sense. Let Z x A be the direct product and (7) the cyclic
group generated by the automorphism 7 : E X A — E x A ((p,t) — (F(p), 2™/ "t)).

Let S be the nonsingular minimal model of the quotient space f]g x A/(T). Then
we can naturally construct the degeneration (f,S,A). From the construction of the
degeneration, we see that the general fibers are hyperelliptic curves and the mon-
odromy of the degeneration is the conjugacy class of the isotopy class of 7. Then, we
see that the conjugacy classes of hyperelliptic periodic elements in M, can be realized
as the monodromies of hyperelliptic degenerations.

Consequently, we see that classifying the conjugacy classes of hyperelliptic periodic
elements is equal to classifying the periodic monodromies of hyperelliptic degenera-
tions.

In [6], we described the branch loci of double coverings that give the periodic
monodromies. In the following lemma, A is a sufficiently small disk on C.

Lemma 1.1. Let PHy be the set of the conjugacy classes of periodic maps in the
mapping class group of genus g which are realized as the monodromies of hyperelliptic
degenerations. Let &, be the set of double coverings over P! x A whose branch loci
are defined by the following equations:

(i) (Xo — X))y (X§ — ajt?XT7) =0, (pd =29 + 1),
(i) Xo(Xo — X1)I)_ (X5 — a;t9X7) =0, (pd = 2g),

(iif) IT)_; (X§ — a;tIXT) =0, (pd =29 +2),
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Figure 1

(iv) tI0_; (X§ — at?XT) = 0, (pd =29 +2),
(v) (Xo— X2 (Xo — ot X1) =0,
(vi) H?iﬁQ(XO —a;jXp) =0,

where p and q are relatively prime positive integers with p # 1 and {o;} is a set of
mutually distinct complex numbers. Let © : £, — PH, be the map which sends a
double covering to its monodromy. Then © is surjective.

The presentation of the hyperelliptic involution by Dehn twists was obtained by
Birman and Hilden [2] as follows

D¢, De, "'Dcng02g+1DC'2g+1DC29 -+ Dey Dey

where {C;} are simple closed curves as shown in figure 1. Since we have to clarify the
relation of branch loci of double coverings and the hyperelliptic involution, we need
the following

Lemma 1.2. Let 11 : S1 — A and g : Sy — A be hyperelliptic degenerations
whose associated branch loci are D and D + Ty, respectively. Assume that D — Ty
is not positive divisor. Let [ : [0,27] — A (0 — €) be a simple closed curve on A.
We denote the hyperelliptic involution of 7 *(1(0)) by I,. Let wy be a monodromy
homeomorphism along | with the reference fiber ¢y *(1(0)). Then the monodromy of
g 1 So — A is the conjugacy class of the isotopy class of wy - I1.

Proof. Set Uy = {(Xo : X1) € P! | X1 # 0}. We may assume that D does not
intersect X; = 0 by a suitable coordinates change. Let z := Xy/X; be an affine
coordinate of Uy and F(x,t) = 0 the defining equation of D on Uy x A. Then, the
defining equation of D+ Ty on Uy x A is tF(x,t) = 0. Let L and y be the line bundle
satisfying L®2 ~ [D] and a fiber coordinate on Uy x A, respectively. Note that S;

Revista Matemdtica Complutense
487 2007: vol. 20, num. 2, pags. 483—495



Mizuho Ishizaka Presentation of hyperelliptic periodic monodromies and splitting families

and Sy are locally defined by the equations y* = F(x,t) and y* = tF(z,t) on V(L),
respectively. The morphism ; (i = 1,2) is the restriction of the natural projection
L — Ato S; (i =1,2). By the natural isomorphism, we identify two reference fibers
$711(0)) and v3 (10)).

Let Qg : T1 — Ty (z — Qg(z)) be the homeomorphism with respect to 1 con-
structed in this section. Let p = (x,,1,y,) be a point on ¥ '(1(0)). Note that it
satisfies that y2 = F(xp,1). Thus, we can construct ® : Y H(1(0) — o H(I(0)) as
D(p) = (Qo(xp), €, /F(Q(zp),e?)), where \/F(Qq,e?) is the branch so that @y
is continuous along [. Since the defining equation of Sy is y? = tF(z,t), we can define
@) 51 (1(0) — ¥y (L)) as y(p) = (Qu(zp), e, \/e?F(Qy(z,),e?)). Thus we
obtain

P, _(p) = (Qgﬂ (), €™, \/eQWiF(Qg,r(xp), e2mi) )

= (QQT‘- (xp)7 62”7 _ F(QQW (xp)7 eQm‘) )
= L1(®2x(p))-

Thus, we obtain the assertion. ]

We set F} = (Xo — X)X — X9, By = Xo(Xo — X1)(X39 — tX79),
Fy = X292 x9N = {teC||t| <1}, and A= {t e C||t| <2} Let
fi: 81— A fo:5 — Aand f3: 53 — A be hyperelliptic degenerations whose
associated branch loci are defined by Fy; = 0, F, = 0, and F3 = 0, respectively.
Let ¢; (1 =1,2,3) be the isotopy class of a monodromy homeomorphism of (f;,S;, A)
(i =1,2,3). Let I3 be the analytic hyperelliptic involution of the reference fiber f{l(l).

Lemma 1.3. Let [¢] be the conjugacy class of a hyperelliptic periodic element of M.
Then, there exists a positive integer k such that [¢] is equal to the one of the following:

(a) [84], (b) [0}, (©) [64), (@) [651s).
Proof. For each equation in Lemma 1.1, we may put a; = e2™7i/% without chang-
ing the monodromy. Thus, we obtain that IIJ_, (X§ — a;t?X7]) = XPO — o X7,
By Lemma 1.1, we see that, for each [¢], there exists a hyperelliptic degeneration
(f,S,A)g) with monodromy [¢] whose associated branch locus is defined by one of
the equations (i)—(vi) in Lemma 1.1.

Assume that the defining equation of the associated branch locus of (f,S,A)y
is (i), (Xo — X1) (X" — 90X 9%h) = 0. Since (f, S, A) is obtained from (f1,S1,A)
by the base change h : A — A (t — t9°) of degree ¢d, we see that [¢] = [¢9°].
This is the case of (a). Since the family whose associated branch locus coincides
with Lemma 1.1 (v) (resp. (vi)) is obtained by the base change of (fi,S1,A) of
degree 29+ 1 (resp. 49 + 2), we see that the monodromy coincides with [gzﬁ?gﬂ] (resp.
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[0197%)(= lids,])). By the same argument, we see that the cases (ii) and (iii) in
Lemma 1.1 correspond to the cases (b) and (c), respectively. By Lemma 1.2, we see
that the monodromy of the families defined by (d) is | 56]3}. O

2. Construction of splitting families

In this section, we give presentations of periodic monodromies [¢1], [¢2], and [@3].
Our method is to use the splitting deformation as follows (note that this strategy
itself originated from [12]):

We “divide” the monodromy of degeneration (f,S,A) into Dehn twists “geomet-
rically.” Let ¥ : § — A x A’ be a proper flat morphism from a three dimensional
complex manifold S to the direct product of small disks A x A’ := {(¢,s) € P? |
[t| < e, |s| <&} whose general fiber are nonsingular algebraic curves of genus g. We
set Ay = A x {s}, Sg == U1 (A,) and U, := VU|s.. If Sy = S5, Ag = A, ¥y = f,
and each family (U, Ss, As) (s € A\ {0}) has at least two critical points, we call
the triple (U, S, A x A’) a splitting family of (f,S,A). Fix a point s € A"\ {0}. Let
lo : [0,271] — A x A’ be a path on A x A’ connecting a point on Ay with a point
Ay satisfying that W=1(I5(6)) is nonsingular for all @ (€ [0, 27]). Let I1,l2,..., 1, be
simple closed curves on A; beginning at lo(27) such that each curves rounds only
one critical point and the curve l; oly o --- o[, is homotopic to a simple closed
curve rounding all critical points on Ay with counter clockwise orientation. Since
lpolyo---olpoly !'is homotopic to a simple closed curve [ on Ag rounding the critical
point, we see that [d)lf] = [zj)fl} 0...0 gbl\f]‘} If (U, Ss, A) is a Lefschetz fibration, we
obtain the presentation of monodromy of (f, S, A) by Dehn twist as [D; Dy - D],
where D; is the Dehn twist that is the isotopy class of (blq,

Then, in this section, for each hyperelliptic degeneration with monodromy [¢;],
we construct a splitting family and observe the vanishing cycles and a composition
rule of local monodromies.

Theorem 2.1. Let C,Cs,...,Chq41 be simple closed curves in ¥, as is shown in
figure 1. Then,

(1) [¢1] - [D01D02"'D029L
(11) [¢)2] = [DchC2 e DngDczg];
(iii) [¢3] = [Dchcz t DCZgDC2g+1}'

Proof. The case (iii) has already been proved in [7]. We prove (i).

Let (Xo : X;) be a homogeneous coordinates of P! and (¢,s) a coordinates of
Ax A = {(t,s) e CxC||t| <8¢y, |s| <1+ e}, where ¢ is a positive number.
Let (f1,51,A) be the hyperelliptic degeneration whose associated branch locus is

F1 o= (Xo — 49X ) (X9 +tX79T") = 0. Since we can obtain Fy from F; by a
suitable coordinates change, we see that the monodromy of (f1,51,A) is [¢1].
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ds d 29

Figure 2

We construct a splitting family of (f1, S1, A) as follows. Set ¢ = 1. Let D be the di-
visor on P! x A x A’ defined by the equation H (X : X1,t,s) == (Xo—4gX,) (X9 —
(290+1)sXo X194+t X29T1) = 0. Since the associated line bundle [D] is an even bundle
on P! x A x A’, we can construct a double covering © : S — P! x A x A’ branched
along D. Since D is nonsingular, S is nonsingular variety of dimension three. Let
po3 : PP X Ax A’ — Ax A’ be the natural projection and set ¥ := py300 : S — AxA/.
Since H(Xy : X1,t,0) = F1, ¥y = f; and S; = S;, we see that (¥,S, A x A') is a
splitting family of (f1, S1, A). Moreover, by easy calculations, we see that (¥, Sy, Ay)
(s € A"\ {0}) is of Lefschetz type with 2¢ singular fibers.

For simplicity, we observe the monodromy homeomorphisms of the family
\Ijl : Sl — Al. Set U = {(X() : Xl,t) € P1 X Al | X1 7é 0}, T = Xo/Xl,
h(z,t) == H(x: 1,t,1), and 7 := e>™/29_ Tt is sufficient to observe S; over U because
D does not intersect the divisor defined by X; = 0. Since ¥ *(p) is non-singular if
and only if h(z,t) = 0 has 2¢ + 2 distinct roots, the critical points of the family are
t=2gn (=0,1,...,29 — 1).

Let Lj (j = 0,1,...,2g — 1) be the segment on A; which connects the origin
and t = 2g7/ (j = 0,1,...,29 — 1) and I, a simple closed curve whose initial point
is the origin and rounding only one critical point ¢ = 2gn/ with counter clockwise
orientation. We take U7 '(0) as a reference fiber. Note that W7 '(0) is locally defined
by y? = (v —4g) (229! — (2g+ 1)z). We denote the positive real roots of the equation
22971 — (29 + 1)2 = 0 by a. When ¢ moves on Lg from the origin to t = 2g, the two
real roots of x29%! — (29 + 1)x +t = 0 become near and finally overlap each other.
Then, we see that the simple closed curve on ¥ *(0) which is the lift of the segment
connecting the two real roots = 0 and x = « of the equation 22971 — (2g+1)x = 0 is
the vanishing cycle. From this, we see that the monodromy homeomorphism around
t = 2g is the Dehn twist in this vanishing cycle [9].

In the case of when ¢t moves on L;, we see that the vanishing cycle is the lift of
the segment which connects two roots x = 0 and = = an’ to ¥"1(0). We describe the
vanishing cycles associated to L; as d;1 in figure 2. In figure 1, P; (j =1,2,...,2¢)
is the point on ¥ *(0) which is the lift of the point z = an’~' (j = 1,2,...,2g). The
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points Py and P>, are the points which are the lifts of the points z = 0 and = = 4g,
respectively. Then, calculating the monodromy along the curve lpoljo---0ly,_1, we
see that [¢1] = [Da, Dg, - - - Da,,]. Since

Dy; = DE‘J'ID(;J-IA "'D(j‘leClDCz"'DCJ—IDCJ’

we see that Dy, Dg, - -+ Dg,, = Dc, D¢, - - Dg,, by easy calculation (see [7]). Then
we obtain the assertion (i).

We prove (ii). Since we obtain Fy = Xo(Xo — 49X1)(X39 + tX}9) from Fp
by a suitable coordinates change, we see that the monodromy of the hyperelliptic
degeneration (fa, S2, A) with the associated branch locus Fy = 0 is [¢s].

Fix a positive number ¢ satisfying that 8¢ > 2g(1 + €)% + (1 + £)?9. We con-
struct the double covering o : M — P! x A x A’ branched along the divisor defined
by J(Xo : Xi,t,8) = (Xo + sX1)(Xo — 49X1)(X3? — 29sXo X797 +1X79) = 0.
Set B = pagoa: M — A x A’. The branch locus of « is singular along Sing(J) =
{(=s : 1,—2gs* — s%9,5) | s € A’}. Since, for each s, the singular point of
J(Xo @ X1,t,s) = 0 is an ordinary double point, we see that the singular point
on Mg is a rational double point of Type A;. Since M is the total space of the
equisingular deformation of the singular point of M, we obtain the splitting family
of (f2,S52,A) by the blowing-up along a~!(Sing(.J)).

We observe the family of curves 8; : My — A; which has a singular points over
Byt (—2g — 1). Tt is sufficient to observe M; over U because the divisor J(X :
X1,t,1) = 0 does not intersect the divisor X; = 0. Set J(x,t) == J(z : 1,¢,1) and
¢ == €2m/(29=1) Then, the equation J(z,t) = 0 has a multiple root when t = (2g—1)¢&’
(j=0,1,...,29g—2) and t = —2¢ — 1. By easy calculation, we see that each singular
fiber has only one node as singularity and the singular point of Type A; is on the
node of 3;1(—2g — 1).

As similar in the case of the proof of (i), we denote by L; (j =0,1,---,2g—2) the
segment on A; connecting the origin and the point t = (29—1)&7 (j = 0,1,--- ,29—2).
We denote by L the segment connecting the origin and t = —2g — 1. Let I; and [ be
simple closed curves with its initial point at the origin and rounding only one critical
point ¢ = (2g — 1)& and t = —2g — 1, respectively. We take 3, '(0) as the reference
fiber. The nonsingular fiber 3, *(0) is locally defined by y? = (z+1)(z—4g)(x%9—2gz).

Let o be the positive real root of the equation x29 — 2gx = 0. By the same
observation in the case (i), we see that the lift on 8;(0) of the segment connecting
the points z = 0 and z = ¢&’ is the vanishing cycle associated to L;.

Next, we determine the monodromy around 61_1(729 —1). Assume that ¢ is a
real number. Let 21(t) be the real root of the equation of 229 — 2gx +t = 0 which
is less than the other real root of the equation. When ¢t moves on L from the origin
tot = —2¢g — 1, z1(t) moves from 0 to —1. Then the vanishing cycle with respect
to L is the lift of the segment connecting the points z = 0 and 2 = —1. Then, we see
that the monodromy is the two times Dehn twists on this vanishing cycle because the
singular point on the node of 8y (—2¢g — 1) is of type A;.
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—2g9—1

(29 — 1)¢°

Figure 3

We explain the configurations of the vanishing cycles, branch points of
B H(0) — P!, and the critical points of 3;. In figure 1, the points Py, Pa,, and
Py441 are the lifts of the points x = 0, x = —1, and x = 4g, respectively. The points
Py,...,Py,_1 are the lifts of the points of z = ¢£9,...,06%972,0,0¢,...,0697}, re-
spectively. In figure 3, we describe the positions of the critical points, I; and I. As
the same observations in the proof of (i), we see that the vanishing cycles of the mon-
odromies along lg, ..., lag—2,l0,01,. .. lg_lj are dy,dg,...,dag—1,dag, respectively.

Calculating the monodromies along the curve lgolgiq0---0lyg_g90lgoliolyo
-+ olg_1 0l (see figure 3), we obtain that [¢o] = [Dyg, -+ Day, Dg,,]. By the same
calculation in the case of (i), we obtain [¢2] = [Dc, D¢, - - - De,, Dc,, |- O

3. Method for Making the List of Presentations

In this section, we first review the configurations of the singular fibers of degenera-
tions with periodic monodromies. Next, we introduce the method for classifying the
hyperelliptic monodromies with their periods and total valencies. We also introduce
the method for obtaining a presentation for each periodic monodromy. At the end of
this section, we add the list of periodic monodromies in the case where g = 2 and 3.
Using this list, we can easily obtain presentations by Dehn twists of them.

By Nielsen’s theorem, the conjugacy class of a periodic element ¢ is characterized
by two invariants, the period and the total valency (see [14] or [1]). The period of ¢ is
the smallest positive integer n satisfying ¢" = idy, and the total valency is expressed
as the formal sum of fractional numbers as ny/mq + - - - + ng /my.

Let (f,S,A) be a degeneration with the monodromy [¢] whose period and total
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valency are as above. Assume that (f,.S,A) is normally minimal, i.e., the reduced
scheme of the singular fiber has only nodes as singularities and any (—1) curve inter-
sects the other components at at least three points. The normally minimal model ex-
ists uniquely among the bimeromorphic equivalence class of any degeneration. Then,
we see that the configuration of the singular fiber is as follows ([13]):

Since ¢ is a periodic map, we can consider the quotient space X,/(¢) of X, by the
EO),n(l),. nESi))

i “ey

group generated by ¢. Let ¢’ be the genus of the quotient. Let (n
be the sequence of positive integers which satisfies the following:

(1) n'” = n and n{"

[ [

= nn;/m;,

(4)

(ii) (@, ,(G=2)

is the smallest positive integer such that n;”” +n; G=1)

%

is a multiple of n,

Then, the singular fiber of (f,5,A) can be written down as X4 = nO© +

ZleEjizlnz(-j )Eg which satisfies the following conditions:
(i) © is a smooth curve of genus ¢’ and Elj are nonsingular rational curves.

(i) ©-E! = E}E2 = ... = ES7'ES = 1, EJE] =0 (|j —j'| > 2), ELEL =0
(i1 # ia).

Conversely, the monodromy of a degeneration with above singular fiber is periodic
with the period n and the total valency ny/my + - -+ + ng/my. Thus, we can calcu-
late the period and the total valency of the monodromy of a degeneration from the
configuration of the singular fiber of it.

Remark 3.1. From the configuration of the singular fiber of (fi,S51,A), we see that
the monodromy [¢1] is a periodic with the period 4g+ 2 and the total valency 1/(4g+
2)4+9/(2g4 1) +1/2. We also see that the period and the total valency of [¢o] are 4¢g
and 1/4g + (29 — 1)/4g + 1/2, respectively. The period and the total valency of [¢3]
are 2g + 2 and 1/(2g +2) +1/(2g +2) + g/(g + 1).

Using the above facts and Lemma 1.3 and Theorem 2.1, we explain a method
of obtaining the list of the periods and the total valencies of hyperelliptic periodic
monodromies and their presentations by Dehn twists in any genus g.

Let k1, ko, k3, and k4 be integers satisfying that 1 < k1 <4g+2, 1 < ko < 4g and
1 < ks, ks <2g+2. Let S1 5y, 52,55, 53,45 and Sy i, be normally minimal hyperelliptic
degenerations whose associated branch locus are defined by Fj(Xp : Xl,tkl) =0,
FQ(XO : Xl,tk2) = O, Fg(XQ : Xl,tk3) =0and th(Xo : Xl,tk3) = O7 respectively. By
Lemma 1.3, we see that the monodromies of S; 5, (i = 1,2,3,4) are [¢] (i = 1,2,3)

and [¢p54] .= [(¢3)**1], respectively. Thus the method for making the list is as follows:

(i) For each [gbm (i =1,2,3,4), we calculate the period and the total valency of it
from the configuration of the singular fiber of S; i, (i = 1,2, 3,4).
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(i) For each [¢¥] (i = 1,2,3,4), using Theorem 2.1 and the presentation of the
hyperelliptic involution obtained by Birman and Hilden [2], attach the presen-
tation by Dehn twists.

Note that we can easily calculate the configuration of the singular fiber of S; j,
(1 =1,2,3,4) using the canonical resolution of double coverings [5].

For example, calculating the singular fiber of normally minimal model of f :
Ss2 — A in the case where g = 2, we see that the monodromy of the degeneration
is [¢31] with period 6 and the valency 2/3 +1/3 +1/2 + 1/2. We write it as ¢31 =
(6,2/3+1/34+1/2 4 1/2). Thus, by Theorem 2.1 and the presentation of I, we
obtain a presentation of the periodic monodromy with the period 6 and the valency
2/3+1/34+1/2+1/2as

[¢§I] = [(D01D02D03DC4D05)2D01DC2DC3DC4D05D05D04D03DC2D01]'

Since writing down of presentations of each monodromies is easy, we omit it and
we make the list of the periods and the total valencies for each [qbf] in the case where
g=2and 3.

In the following lists, we denote the valency 0 when the canonical projection
Yy — X/(¢) is unramified.

List in the case where g = 2

1 = (10,1/10 +2/5 + 1/2), ¢2 = (5,1/5+ 2/5+ 2/5), ¢3 = (10,7/10 + 4/5 + 1/2),
¢t = (5,1/5+1/5+3/5), ¢$ = (5,2/5+4/5 +4/5), ¢] = (10,3/10 + 1/5 + 1/2),
#F = (5,3/5+3/5+4/5), ¢7 = (10,9/10 + 3/5 + 1/2), ¢ = (8,1/8 + 3/8 + 1/2),
3 = (4,1/4+3/4+1/2+1/2), ¢5 = (8,5/8+T7/8+1/2), ¢3 = (6,1/6 +1/6 +2/3),
#3 = (3,1/3 +1/3+2/3+2/3), ¢35 = (2,1/2+ 1/2), ¢ = (6,5/6 +5/6 + 1/3),
H31 = (6,2/34+1/3+1/2+1/2), I =(2,1/2+1/2+1/2+1/2+1/2+1/2).

List in the case where g = 3

¢1 = (14,1/14 4 3/7+1/2), ¢3 = (7,1/7+3/7+ 3/7), ¢3 = (14,5/14 + 1/7+ 1/2),

1= (7,4/T+5/T+5/7), ¢} = (14,3/14 + 2/7 + 1/2), ¢$ = (7,5/7 + 1/7 + 1/7),
¢ = (7,2/T+6/7T+6/7), ¢ = (14,11/14 + 5/7 + 1/2), 10 = (7,3/7 + 2/7 + 2/7),
Pt = (14,9/14+6/7+1/2), ¢12 = (7,6/7+4/7+4/7), $1° = (14,13/14+4/7+1/2),
o = (12,1/12 + 5/12 + 1/2), ¢3 = (6,1/6 + 5/6 + 1/2 + 1/2), ¢3 = (4,1/4 +
1/4+1/241/241/2), ¢3 = (3,1/3 +2/3), ¢5 = (12,7/12 + 11/12 + 1/2), ¢} =
(4,3/4+3/4+1/24+1/241/2), ¢35 = (8,1/8+1/8+3/4), ¢3 = (4,1/4+1/4+3/4+3/4),
?3=(8,3/8+3/8+1/4), 3 =(2,1/2+1/241/2+1/2), ¢5 = (8,5/8 +5/8+ 3/4),
5 = (8,7/8+7/8+1/4), 31 = (4,1/2+1/2), ¢3I = (2,0), I = (2,1/2+1/2+1/2+
1/2+1/2+1/2+1/2+1/2).
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