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ABSTRACT

Sharp estimates are obtained for the rates of blow up of the norms of embeddings
of Besov spaces bj, , in Lorentz spaces as the parameters approach critical values.
In [8] the case 1 < p < oo was investigated. The case 0 < p < 1 of the
present paper requires different methods as the pointwise estimates established
are different and the interpolation argument used in [8] is no longer available.
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Introduction

In [8] we obtained sharp estimates for the rates of blow up of the norms of embeddings
of Besov spaces in Lorentz spaces as the various parameters approached critical values.
We describe this work briefly so as to provide some background and motivation for
the present paper.
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Let p € (0,00), ¢ € (0,00], denote by |-||, the standard (quasi-)norm on
L, = L,(R") and let L, , be the usual Lorentz space, defined by the quasinorm

(e /e p(1)y4) 9, 0 < g < oo,
||f||p,q =
SuP0<t<oo{t1/pf* (t)}, q = o0.

Here f* is the non-increasing rearrangement of f, given by
@) =inf{A\>0: pus\) <t}, t>0,
where i is the distribution function of f, defined by
prN) =Nz e R™ : |f(z)| = A,

||, denoting Lebesgue n-measure. We remark that all the spaces considered in this
paper will consist of real- or complex-valued functions. Given any s € (0,00), the
(homogeneous) Besov space b, , is defined to be the set of all f € L,(R") with finite

quasinorm
> . at\ '
= ([ estene )

(suitably interpreted when ¢ = o0), where w’; (t, f) = SUP < ||A2f||p is the kt"-order
L,-modulus of continuity of f, A¥ being the k'I-order difference operator with step
length h defined recursively by

Anf(@) = ALf(x) = fl+h) — f(z), Ak=ALAKY (k> 2).

Here k is any natural number greater than s; different choices of k give equivalent
quasinorms. We shall also write b5 , (k) rather than b5 , if it is desirable to stress the
dependence on k. Moreover, we shall write w,(t, f) instead of wj(t, f).

It is well known (see [19]) that, if p € [1, 00),

by = Lrg, where 1/r=1/p—s/n and 0 < s <n/p, (1)

where by X <— Y we mean that X is continuously embedded in Y. In [8] sharp esti-
mates were obtained of the rates of blow up of the embedding constant as
s — (n/p)— in terms of

by = sup|| fllrg/If | 5 4l b2 == sup| fll/I1f | b5 4lI- (2)
f#0 f#0

Since s — n/p and 0 < s < k, we must have n/p < k. It was shown that as
s—n/p<k, withl <p<ooand0 < q< oo,

by ~1° by~ r17VD+ where ay = max(a,0) and ¢ = max(1,1/q). (3)
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Here we use the notation ¢ < d or d 2 ¢ to mean that ¢ is bounded above by a multiple
of d, the multiple being independent of variables in ¢ and d; also, ¢ &~ d means that
¢c<dand d < e If k=n/p the results were different since ||f | b§7q’| may tend to
infinity as s — n/p = k. With s = ok, 0 < 0 < 1, we showed that if 1 < p < oo,
k=mn/p,and 0 < ¢ < 0o, then

0 s (1= o)L

where
1/r=(1-0)/p, a=min(1/p,1/q), c¢=max(1,1/q).

In this, by X — AY, where X and Y are quasi-Banach spaces and A > 0, we mean that
there is a constant C' > 0, independent of A, such that for all f € X, A\||f | Y| < C||f |
X||. Special cases of these results were proved by Bourgain, Brezis, and Mironescu
([5,6]), Maz’ya and Shaposhnikova ([15, 16]), Kolyada and Lerner ([11]). For the
embedding constants b; and be of (2) we proved that if 1 < p < oo, k = n/p,
g€ [1l,00], and 1/r = (1 — o)k/n, then as r — oo,

b1 ~ T'lil/p, bQ ~ 7“172/1). (4)

In this paper we extend the embedding (1) to cover the case in which 0 < p <1
and make corresponding extensions of (3) concerning the rates of blow up of the
embedding constants. We show that

bg/qpf(lfo')n AN rich,(p
where
1/fr=1-0, 0<o<l1l, c=max(l,1/q), 0<p<lI,

and that as 0 — 1, with 0 <p < 1, n/p < k, and 0 < ¢ < o0,
by ~7r°, by~ r(7YD+  where a4 = max(a,0). (5)

The estimates (5) are also proved when n/p = k, but only in the case n = 1; compar-
ison with (4) shows that the cases p < 1 and p > 1 give entirely different results. The
proofs make substantial use of the (nonlinear) spaces L") (r, q) defined to be the set
of all functions f € L, 4+ Lo (0 <y < 1) such that f*(co) =0 and

LI ()= - (A @) 2}, 0< g < oo,
suppo /7 ((1FP) () = (£ )", q=o0,

is finite (see [2,12,17]). Here g**(t) =t~} f(f g*(s) ds.

The paper concludes with a brief discussion of the supercritical case of embeddings
of Besov spaces, by which we mean that the target space is L, and the proof of
sharp embeddings of Besov spaces in the critical case s = n/p (see also [13,14] and
for Sobolev spaces see [1,9,12,17]).

If 1L (r,q)l| =
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p,q’

1. Preliminaries

1.1. The spaces L) (r,q)

These spaces will play an important technical réle in our arguments. For 0 < g <
oo and —oo < 1/r < 1/, 0 < v < 1, the (nonlinear) space L)(r,q) is defined
(following [2,12] and [1,17]) to be the family of all f € L, + Lo such that f*(co) =0
and

1512000l ={ [~ 5o dt} .

t

(with the natural interpretation when g = c0). Here

O, P (8) = ((F1) (&) = (£ (1)

and f**(t) =t~ f s)ds. We recall that (see [3, Proposition 2.1.7]) (|f|P)* = (f*)?.
Since a(lfl”) (1) = t_l{(|f|”) () = (LF) (@)}, it follows that

1Py = [ @ = U @) S it =0 (©

Note that an application of I'Hépital’s rule to f**(t) = ¢! f f*(s)ds shows that the
condition f*(oco) = 0 is equivalent to f**(c0) = 0. Moreover

L(’Y)(OO7 ’Y) =Ly

The case v = 1 corresponds to the spaces L(r,q) used in [8]. Routine inequalities
show that
L(r,q) — LD (r,q) if —oco<l/r<~y<1, ~>0,

and
LOY(rq) > LD (rq) if —oco<l/r<y<m, 7>0,

with an obvious extension of the use of the symbol —.
Many properties of the spaces LY (r,¢q) follow from those known for L(r,¢q) to-
gether with the facts that f € L) (r,q) if and only if |f|Y € L(r/v, q/7), and

LF LD (o)l = ILF | L /s /I

In particular, we have the following embedding result immediately from [8, Lemma 1.1].

Lemma 1.1. Let 0 <y <r < 00,7 < 1,0 < ¢ < oo and put ¢ = max(1/y,1/q).
Then
L(“’)(r, q) = 1 Ly
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We note in passing that we can easily extend some of the results of [7] to the case
when the functions involved are not necessarily integrable. First, we generalise the
spaces L") (r, q), replacing the weight t9/"~1 by a general weight w. Thus we define
the (nonlinear) space L") (w, q) to be the set of all f € L., + Lo, such that f*(c0) =0

and
1/q

5129wl ={ [ o el <o

(with the usual understanding when ¢ = o0). The case v = 1 corresponds to the
spaces considered in [7] and there denoted by S,(w). We remark that f € L (w, q)
if and only if |f|7 € L(w, q/v), and

1F 12D (w, @) = I1/17 | L(w, a/7)IIY7.

Now consider the corresponding generalised Lorentz spaces A7) (w, q) with quasi-norm

1/q

718wl = { [ af

(interpreted appropriately when ¢ = co). As a consequence of the above remark and
[7, Theorem 3.3] concerning the spaces L(w, q) we see that

Lo (w,q) = A (w,q) for ¢ >~ if and only if w € RB,/,.

Here the class of weights RB,, is defined in [7]: for 0 < p < oo, w € RB,, if there is a
constant ¢ > 0 such that, for all » > 0,

/ w(s)ds < crp/ w(s)s P ds.
0 r

Analogously, L) (w, q) is a quasi-normed space for ¢ >« if and only if w € RB, /.

1.2. Pointwise estimates for the rearrangement

Lemma 1.2. Let k € N and suppose that 0 < p < 1. Then for all f € L,(R"),
{(f1P) (@) = (LFP)= @)} /P StV Pw, (7, f), 0 <t < oo, (7)

_ 1
where wp, = w,, and

Y n opapdst  dsi
Uy =y s [ e [l S

Sk—1
O<t<oo, k>2. (8)
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p,q’

Proof. First, note that

(AP (@) = (1177 @) < 20 17)7 () = (LF1P) ™ (20) ) 9)

This follows from a more general inequality: see [20, Lemma 3.2]. Here we present
another simple proof. From (6) it follows that

2t
(FP)=(@) = (1177 (2t) = t {(r17) () = (\flp)*(S)}%,

and we now simply use the fact that ¢ — t{(] f|P)**(t) — (| f|P)*(t)} is non-decreasing
since its derivative is —t-4 (| f|P)*(t).

Let t > 0 and let B; be the ball in R™ with centre 0 and volume 2t. Let u € B;.
Since

|f(@)] < |Auf ()] + [f (@ +u)l,
and hence
[f@)P <[Auf (@) +|f(z+ ),
we have, integrating with respect to u over B,
2t
2t f(2)[P < [ |Auf(2)[Pdu +/ (LF17)*(s) ds
B, 0

Now integrate with respect to x over a subset E of R™ with Lebesgue n-measure ¢t and
take the supremum over all such sets E. This gives (see [3, p. 53, Proposition 2.3.3])

2t{(\f|p)**(t)—(Ifl”)**(%)}</ (12w fI7)(t) du

/ / (ALY (s) dsdu < - / 1A du
B; JO

sup (| AufIl7

N \u|<(2t/wn)1/n
= {2w) ((2t/n) /", F)}7, (10)

where w,, is the measure of the unit ball in R™. In view of [4, (5.4.5), p. 332], and the
fact that wll, is an increasing function, we see that (7) follows. Further, applying (6)
to A, f and using (9) and (10), we obtain

(17177 (6) = (1717)= (21
—1 o0 Pk s) — P\ ** s @ u
S [ 020 @) — (8w @) T (1)

Now (7) gives

Ay @ = en st [T el At a
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p,q’

From [3, Lemma 5.4.11] and this we see that

10 = (7P @0 5 [ s sl "

S1

which is the required estimate (8) for k = 2. We proceed by induction. If (8) is valid
for some k > 2, then from (11) we have

(F7)= () = (1£17)7 (28)

n ds
e [ [t syt e,
By S1 Sk—1 S

The induction is established from [3, Lemma 5.4.11]. O

We also need the following variant of the estimate (8).

Lemma 1.3. Let k € N, k > 2 and suppose that 0 < p < 1. Then forall f € L,(R"),

()™ (&) = (F1P)™(20) S // /sll{w s/ pyr o B

k—1
(1+|10gt|k 2)||f|Lp+Loo||7 0<t<l1. (12

Proof. From (6) we have
1
U0 = [ oty dufu+ (7)),
Since the K-functional for the pair L, Lo satisfies

Rl £ Ly Loc) = ( / tp(f*(s))pds> v

(see [4, Theorem 5.2.1]), we have

1
1 1 Lp + Loo|l” = K(1, f; Ly, Lo ) = /0 (f*(s))Pds = (|f17)™* (1)

Thus
(LFIP)™ () R“a/t (0pf")P(u) duju+ || f | Lp + Lool|”. (13)

Applying this to A, f and using (9), (10), and (7) we obtain

n d
(6p57)" t‘l/B / st (1" MY T+ (7] Ly + L]
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From [3, Lemma 5.4.11] and this we see that

dSl

S1

1
(Gp )P () §/t st w27 Y =+ 11 | Ly + Loo”- (14)
Repeating this procedure, we have from (13) and (14),

1 1 " d
(A fP)™ () < / ( JER ,Auf>}ij+||f|Lp+Lm||P)

FF T Ly + Lol

d82
52

Hence

1 1
G ros [ ] e .

(1+ [log tf | Lp + Loo”-
In this way by induction we prove (12) for all k > 2. O

1.3. Embedding of Besov spaces in L(r,q)
The main idea now is to reduce everything to the case p = 1.
Theorem 1.4. Let 0<p<1,0<g< o0 and 0 <s<keN. Then
05 (k) = 3°(m — B)°V} (), (15)
where f=s—n/p+n,0<f <m<k, and ¢ =max(1,1/q).

Proof. First we prove that

BT k) — Ly, n/p—n < k. (16)
If £ = 1 this follows from (7), (9), and Lemma 1.1. If k¥ > 2, then on substituting
$1/82, S2/83, « -y Sk—2/Sk—1, Sk—1/t for s1, S2, ..., Sp_2, Sk—1 in (8) we get
k()P <L = = P dsi dsk—1 _ . —1/p k¢ 1/n
(Gpf ()" < gP(s182 - Sp_1t)— - ;o gu)=u Wp(u )
1 1 S1 Sk—1

Applying Minkowski’s inequality, we find that

/ 5pf**(t)dt§(/---/ </ g<8182"'8k1t)dt> dSl...dSk—1> ,
0 1 1 0 S1 Sk—1

and after a change of variables we have
0o 0o o] d dsi._ 1/p o
/ S, f 7 (t) dt < (/ / Sl—P...slzplsl...Skl> / VPR f) dt,
0 1 1 51 Sk—1 0
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p,q’

which is exactly (16) in view of Lemma 1.1.
Application of the embedding (16) to the function A f for |h| <t gives

t
1AL fL < / nn /oK (s, £) ds/s + / NI AL ds/s.
0

Hence .
) < / IR (s, f) ds/s + 1P f)(n - n/p) !

Using also the estimate

/ts" "/pwp( f)ds/s > tnn/Pyk (L5 f),
0

which follows easily from the monotonicity of w? (¢, f) and the equivalence wf (t/2, f) ~
wk(t, f), we obtain

t
D) < / SnIPH (s, f) ds/s.

This estimate shows that

I —/ {t7Pw tf)}th/t</ooot5q</0tg(u)du/u>th/t,

where g(u) = u"~"/Pwk o (U f).
If ¢ > 1, then by a change of variables and Minkowski’s inequality,

I< (/01 (/Ooot5qg(ut)qcit/t>l/qdu/u>q

< ([)1 uﬁdu/u)q /00 t—a(B+n/p—n) (Wzlf(ty f))idt/t.

0

In other words,
£ 167, S B7Nf 105 (R)l, s =B+n/p—n, c=max(1,1/q).  (17)

If 0 < ¢ <1, we put h(t) = fot u”*"/pw’;(u, f)du/u and use integration by parts
to obtain, assuming that the integrated terms play no part in the inequality,

Ig/ t’ﬁqhq(t)dt/tgb”l/ R (t)dt =P
0 0
55*1/ t=PIRI=L(t)B/ (t)dt.
0
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Since
_ n—m/p—1 k n—mn k
W(t)=t"""/P Rt f) and  h(t) 2 t"PWE(E f),

we have (17) for this case also. It remains to justify the neglect of the integrated
terms. As w]’,f(u, f) is monotonic in w,

2t 2t
| et g (20 5uk e ) [ duu
t t
and so
k 2 k
(t Swp(t, e g/t (u Swp(u, NMidu/u —0 ast—0
since f € b, .. Hence by I'Hopital’s rule,

L n—n k n—n/p—1, .k
i Jou /pwp (u, f)du/u . tn—n/p wy(t, f) o
t—0 ts—n/p+n t—0 (s — n/p + n)ts—n/l)""n_l

Further, we show that (17) implies (15). We have to prove that
by 4 (k) = (m — B)°b, (m), & >m. (18)

To this end we use the Marchaud inequality (see [3, p. 332])

S ) S 1 / o, ="y, m < k.

Arguing as above (applying Minkowski’s inequality if ¢ > 1 and integrating by parts
if 0 < ¢ < 1) we obtain (18). O

Using also the estimate (see [8, (13)])
P = £ SR ), m<nt2,
we obtain the following Corollary.
Corollary 1.5. Let 0 < p < 1, 0 < g < o0, let m,k € N and s € R be such
that m < k, 0 < s <k, n/p—n < s <n/p—n+m, and let 1/r = 1/p — s/n,

B=s—n/p+n,B<m<n+2, ¢c=max(l,1/q). Then

b;,q(k) - ﬂc(m - ﬂ)CL(T.a q)
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2. Sharp embedding constants for Besov spaces
2.1. Subcritical case
Here we establish the embedding (see [19])
bp.q = Lrg; 1/r=1/p—s/n, 0<s<n/p, 0<p<l,

and aim to find sharp rates of blow up for the embedding constants as s — n/p. As
explained in the introduction, this means that n/p < k. We remind the reader that
the embedding constants are given by

b= supl /IS 103l and by = supl /17
40 f#0

From Theorem 1.4 with 8 = on and [10, Theorem 6] we obtain

Theorem 2.1. Let 0<p<1,0<q¢<o0,n/p<k, 0<oc<1,1/r=1-0 and put
¢=max(1,1/q). Then as o0 — 1,

bg’/qp—(l—a)n o (1 - U)CLr,q- (19)
The estimates
by = r¢ and by ~ r171/D+ (20)

hold if, in addition, either n/p < k or n = 1 and p = 1/k. The upper estimates
for by and by implicit in (20) hold without these additional restrictions.

Proof. We only need to prove the relations (20). The embedding (19) gives the
required estimate from above, and when n/p < k the estimates from below can be
proved in the same way as in [8]. The case k = n/p is more difficult to settle, and at
the moment we can deal only with the situation when n = 1.

First suppose that 0 < ¢ < 1,n = 1 and p = 1/k, k € N. Define a function f
on R by

x, 0<z<1/2,
fley=<1-2z, 1/2<x<1,
0, otherwise.

We estimate A f(z) for small positive h and observe that it is zero everywhere except
in the intervals (—kh,0), (1/2—kh,1/2), and (1—kh, 1), in which we have the pointwise
estimate

AL f(2)] S he
It follows that

/ AL f(@)Pde < B,
R
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so that
k k+1
wy(t, f) St

Hence

I o2~ S 1.

On the other hand,
£ 1 L(r, q)| = r*/9,

and thus
bl Z Tl/q.

Since ||f|l, = (r +1)~Y/7/2 ~ 1, the desired lower estimate for by also follows.

Next suppose that 1 < ¢ <oo,n=1and p=1/k, k € N. Again we obtain lower
bounds for by and by by constructing a test function, but this time the argument is
more delicate. Let f: R — R be even, zero outside the interval (—1,1) and given by

flx)y=j+2-2% g 2ec (27971279, j€Ny:=NU{0}.

We aim to estimate A?f(z), and first take h = —27™ for a fixed large m € N.
Since f is even, we need only consider intervals in the positive half-line. For each
a > 0 let 6, be the interval (27%71,27%). Let = € §; for some j € No. We estimate
féj |A2 f(x)|'/2dx for j > m — myg, where mq will be specified below. For any fixed

x € ¢; we can find sg, s1 such that sg > s1 > j and |z + 2h| € d,, while |z + h| € ds, .
In this way the interval J; may be covered by a union of corresponding intervals,
where
|f(x+2h) = flz+h)| <sp—s1+2 if z€d;Nds, NIy,
and
[flz4+h)— flx)| <s1—j+2 if z€d;NJ,.

Then we have

/ |A'2Lf(z)|1/2 dr < Z Z (so—s1+ 2)1/22*5071
d;

8j>Jj s0>S1

I SO

Sj>j
<Y 27 Y (so — s +2)1 /727 (oot
5;>7 S0>S1
+ Z (s1—j+ 2)1/22—(51—j)—12—j
Sj>j
<27,
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Hence

To handle the case j < m —my, let x € §; and suppose that x4 2h € J;41. Then
j <m —4, and so we define mg = 4. For j <m — 4, if z € (277971 + 2|h|,277), then
all points x,z 4+ h, x 4 2h lie in the same interval §;, so that the second difference is
zero. Thus we need to consider only the interval (2771 277=1 4 2|a|). Then (if, say,
xr + h S (Sj)

f(x+2h) = 2f(x +h) + f(x) = j+3 - 27" (x + 2h)
—2{j+2-2" x+h)}+j+2-21"g
=1—2Fy —20+2p,

and since 1 < 2771z < 1 + 2972 |h|, we obtain
AR f()] S 277

Hence
—j—1+2[h|

? 2 1/2
> [ @ s

j<m—472777"

Now we suppose that h = 27"™ for a fixed large positive integer m. Let 2711 <
x <279, j € Ny. First we estimate f;,;,1|A%f(x)|1/2dm for j > m—2. We can reduce
the problem to that of estimating the first-order differences f(x + 2h) — f(x + h) and
f(x+ h) — f(x). Since f is even, given any fixed x € (277~1,277), there exist so, s1,
with j > sg > s1 > —1, such that 275071 < |z + h| < 27%° and 275171 < |z + 2h| <
27%1; that is, x + h € 65, and  + 2h € d5,. Then

|f(z+2h) = f(x+h)| <sp—s1+4 if €d;Nds, NIs,,51 > —1
and

[flx+h)—flx)| <j—so+4 if x€d;NJ,.

We claim that sg, s1 > m—4. To justify this, first let j > s14+2. Then the inequalities
27517l x4+ 2h <27 and 2777 <2+ h < 277 imply that 275172 < h =277 50
that s1 >m — 2. If j < s1 +2, then s;1 +2 > m — 2, and so s; > m — 4. The proof
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that sg > m — 4 is analogous. Hence

Y [ @ s Y 2 Y (s s e
6.

j>m—2"° s1>m—4 s0>S1
x 37 9l
J>so
+ Y 270 ) (- s +4)/22m 00
so>m—4 §>s0
<9 m,

Now consider the case j < m — 2. If 27771 <z < 277 — 2h, then A? f(z) = 0,
and so we have only to consider the interval 277 — 2h < x < 277, of length 2h. Let,
for example, x + h € §;. Then

Af(x)=j+1-2(x+2h) —2{j+2—-2T (x+h)}+j+2—2"g

and so 4 ' 4 |
A2 f(2)] < |—14 2024+ 27H1h| <20 =277,

Hence

> [1abs@ e sh 3 2
6A

j<m—27% j<m—2

In this way we obtain the estimate

wht; f) St i 0<t<l, k=1/p,

which gives || f | b’;;ll/TH < r1/4, Tt remains to check that || f||, ~ r. In fact,
I£1l7 = Z/ (G +2-2""a)de = 22‘1‘1/ (j+2=s)ds S D 277" Sl
2079 §20 ! §20

On the other hand, for j ~ r,

2
192 [ Gr2-2Mayde =27t [Gaz-sydsz o
1

J

so that by 2 r. The estimates for by follow as before. O

2.2. Supercritical case

When s > n/p we know (see [21]) that

S
B,y = Lo,
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p,q’

where B)  is the inhomogeneous Besov space, defined by means of Fourier decomposi-
tions. The problem of finding sharp rates of blow up for the corresponding embedding
constants as s — (n/p)+ was considered recently by Triebel [22], who dealt not only
with Besov but also with Lizorkin-Triebel spaces, both types of spaces being con-
sidered on bounded Lipschitz domains. Here we consider the same problem for the
slightly larger Besov spaces bp g 0<p<l1 (the case 1 < p < oo was considered
in [8]), defined by means of the quasi-norm

1s > —s dt M
1715l = ([ e ) I 1+ Ll il <5<

Using monotonicity, we can replace the above integral by a sum and conclude that
the scale by, , is increasing with respect to g. It turns out that the results concerning
the embedding constants are the same as in [22]. Let

by _supuf||oo/||f| by gll-

Theorem 2.2. Let 0<p<1,0<qg< o0, and 0 > 0. Then as 0 — 0,

gn/p+0 — o-Va+p
Proof. First we prove that in the definition of the space bs »,q We can replace the weaker
quasi-norm of L, + Lo by the stronger norm of L; + L. To this end we establish

the embedding )
S S (21)

In fact,

1120+ Lol = [ fr(s)ds < / 1 (] t(f*(u»pdu)l/pdt

- / (1))t

0
1/p

< / /1(5pf*(s))”d8/s+||fILp+Loo|”> dt
1/p
(5pf*(s))”ds/s> 04 1 | Ly + Loo]

1/p
(5pf*(st))”d8/8> dt 411 | Ly + Locl
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Thus
1
1F | Ly + Lo s/ 500" (0t + 11 | Ly + Lol
0

Now we use the estimates (9) and (12). Applying also Minkowski’s inequality as
above, we obtain the estimate

1 1 41 1 1/p
_ n ds dsp,—

Hf|L1+LooH5/ (/ // e N 1) dt
0 t Jsp_1 Js2 1 Sk—1

1
0

0o 00 d dsi_ 1/p p1
S (/ / s;p...s;fli...48k 1) / u—l/pwlg(ul/n7f)du
1 1 51 Sk—1 0
+1f I Lp + Loo |-

Hence (21) is established for ¢ = oo, and so also for any ¢ by monotonicity. The same
proof gives

n/p+o
bIPTe s Ly + Lo,
uniformly for ¢ > 0. In other words, we have
DT =bpld 7 0 (L1 + Loo), (22)

uniformly for o > 0.
Moreover, from Theorem 1.4 with s =n/p+ 0,8 = o +n,m =n+ 1 and small
o > 0, together with (22), we have

brPtT S b+ 1), 0<p<1,
uniformly with respect to o. Finally, [8, Theorem 4.1] gives
E’f:;" s g+ ]
As a consequence we have
Corollary 2.3. Under the conditions of the last theorem,

by ~ o~ (-1 D+

Part of this follows from [22], since B, , — 5;7q, uniformly with respect to s —
(n/p)+ (see [21, p. 110]).
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2.3. Critical case

Here we derive sharp embeddings in the critical case s = n/p, 0 < p < oco. First,
from Corollary 1.5, with s = n/p,f =nand m =n+1if 0 < p < 1, and from
[8, Lemma 2.2] if p > 1, it follows that

bz7/(1p<—>L(OO,q), 0<p<oo, 0<q<oo. (23)

If 0 < ¢ <1, then L(co,q) < Lo, and so (23) is a sharpening of the well-known
embeddings [21]. When ¢ > 1 we can replace L(oco,q) by a linear and larger space.
Let L>4(log L)_1 be the space with norm

S 1/q
|UL“ﬂng»4n=(1;{u+wbgtrﬁﬁwowwﬁ) |

Then
L(00,q) N (L1 + Loo) < L*(log L)1, ¢ > 1. (24)

To prove this, we start with (6) for v = 1:
1
() = /t (f(s) = f(s)) ds/s + [ (1).

Then by the Muckenhoupt inequality [18] for ¢ > 1,

</01{(1 * |1°gt)1f**(t)}th/t>l/q S </01(f**(s) - f*(s))st/s)l/q + (D),
and obviously )
(/100{(1 + |10gt|)1f**(t)}th/t> ! < (1),

Thus (24) is proved.
As a consequence, we obtain the embedding

bpiP — L*9(log L)_1, 0<p<oo, 1<gq< oo
In fact, we have proved a little more, namely
B;/qp - meWAq(w)a 0<p<oo, 1<qg<oo,

where the norm in A?(w) is given by

7w = ([ @)

and W is the family of all positive Muckenhoupt weights, that is, weights w satisfying

t 1/q
(/ wq(s)ds/s) <+ fogth/7l, 0<t<1, ¢>1.
0
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