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Weighted Herz type spaces estimates of multilinear singular
integral operators for the extreme cases

Liu Lanzhe

Abstract. We prove some weighted endpoint estimates for some multilinear operators related to certain
singular integral operators on Herz and Herz type Hardy spaces.

Estimaciones ponderadas de operadores integrales singulares multilineales
en casos extremos en espacios de tipo Herz

Resumen. Demostramos algunas estimaciones ponderadas de puntos finales para algunos operadores
multilineales relacionados con ciertos operadores integrales singulares en espacios de Herz y Herz tipo
Hardy.

1 Introduction

Let T be the Calderén-Zygmund singular integral operator. A classical result of Coifman, Rochberg and
Weiss (see [5]) states that the commutator [b, T](f) = T(bf) — bT'(f) (where b € BMO(R™)) is bounded
on LP(R™) for 1 < p < oo. In [10], the boundedness properties of the commutators for the extreme values
of p are obtained. In recent years, the theory of Herz space and Herz type Hardy space, as a local version of
Lebesgue space and Hardy space, has been developed (see [7, 8, 11, 12]). The main purpose of this paper
is to establish the weighted endpoint continuity properties of some multilinear operators related to certain
non-convolution type singular integral operators on Herz and Herz type Hardy spaces.

2 Notation and Statement of theorems

Throughout this paper, we denote the Muckenhoupt weights by A, for 1 < p < oo (see [9]). Q(z,7)
will denote a cube of R™ with r side centered at = and with sides parallel to the axes. For a cube () and a
locally integrable function f, let fo = |Q|™! fQ f(x)de and f#(x) = sup,cq|Q|™* fQ lf(y) — foldy.
Moreover, f is said to belong to BMO(R") if f# € L°°(R") and define that || f||symo = || 7| zo--

For a non-negative weight functions w, we define the weighted central BMO space by CMO(w), which
is the space of those functions f € L,.(R™) such that

1 loatom) = supw(Q(O, r) " / (@) — folu() dz < oo,
r>1 Q
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where, and in what follows, f(Q) = |, 0 f(x) dx for a cube @ and a locally integrable function f. It is
well-known that (see [8, 9])

Iflleworw) = sup inf w(@0,1) ™ [ 17(e) — chu(e)

where, and in what follows, A ~ B means there exist two positives C; and Cs such that A < C1 B < C5 A
and C is the collections of all number.

Let S(R™) be the Schwartz class and S’(R™) be the spaces of tempered distributions which are the
collections of all continuous linear functionals on S(R™) (see [13, p. 262]). For k € Z, define By, = {z €
R™ : |z| < 2} and C}, = By, \ Bi_1. Denote by xy, the characteristic function of Cj, and by ¥ the
characteristic function of Cy, for £ > 1 and yg the characteristic function of By.

Definition 1 Ler 1 < p < 0o and w1, wy be two non-negative weight functions on R™.

1. The homogeneous weighted Herz space is defined by

Kp(wi, wy R™) = {f € Li, (R"\ {0}) : ||fHKp(w1,w2) < oo},

where
o0

11l &, or 0m) = Z [w1(Bi) P X0l 1o (1)

k=—oc0

2. The nonhomogeneous weighted Herz space is defined by

Kp(wr, wa; R") = {f € Lige(R") : [ f ||, (w1.00) < 003

where
o0

11k, vy = D[ (Be) PRkl Lo ()
k=0

3. The homogeneous weighted Herz type Hardy space is defined by
HE, (w1, ws;R™) = {f € S'(R") : G(f) € Ky(wn, wa; R")},
where
Il ek, wywe) = IGU K, (01 02)
4. The nonhomogeneous weighted Herz type Hardy space is defined by
HEKp(wy,wy; R") = {f € S"(R") : G(f) € Kp(wy,wa;R™)},

where
[ s, (ww2) = G (01 w023
where G(f) is the grand maximal function of f.

The Herz type Hardy spaces have the atomic decomposition characterization.

Definition 2 Ler 1 < p < o0 and wy,wy € Aj. A function a(x) on R™ is called a central (n(1 —
1/p), p; w1, we)-atom (or a central (n(1 — 1/p), p; w1, ws)-atom of restrict type), if

1. Suppa C B(0,r) for some r > 0 (or for some r > 1);
2. |l zr(wsy) < [wl(B(O,r))]l/pfl,
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3. [gn a(z)dz = 0.

Lemma 1 (see [8, 12]) Let wi, w2 € Ay and 1 < p < oo. A temperate distribution f belongs to
HEK (w1, w; R™) (or HEK, (w1, we; R™)) if and only if there exist central (n(1 — 1/p), p; w1, wa)-atoms
(or central (n(1 — 1/p), p; w1, ws)-atoms of restrict type) a; supported on B; = B(0,27) and constants
Njs 221N < oo such that f =372 Njaj (or f =372 Njag) in the S'(R™) sense, and

j=—00

1 2226 o) 07 I N b i a1 ) 2 DA -
J

Definition 3 Let 1 < p < oo and w be a non-negative weight functions on R™. We shall call B,(w) the
space of those functions f on R™ such that

||fHBp(w) = bglf [w(Q(07r))}_l/prXQ(O,r)||Lp(w) < 00.

In this paper, we will consider a class of multilinear operators related to some non-convolution type
singular integral operators, whose definition are the following.
Let m be a positive integer and A be a function on R™. Set

R (Ar,) = Alw) = 3 LDOAQy)(x —y)°

lo|<m

and
Qmi1(A;2,y) = Rm(As2,y) — > iDaA(x)(w —y)”

lee|=m

Definition 4 Ler T : S — S’ be a linear operator. T is called a singular integral operator if there exists
a locally integrable function K (x,y) on R™ x R™ such that

T(f)(=)= | K(z,y)f(y)dy

Rn

for every bounded and compactly supported function f, where K satisfies: for a fixed € > 0,
K (z,y)| < Cle—y[™"

and
|K(y, ) — K(z,2)| + [K(z,y) — K(z,2)| < Cly — 27|z — 2|7"¢

if2ly — z| < |x — z|. The multilinear operator related to the singular integral operator T is defined by

(1)) = [ EEED k) ) ay

|z —y[™
We also consider the variant of 74, which is defined by

Qerl(A; z, y)
R |z =yl

T4 () = K(x,)f(y) dy.

Note that when m = 0, T4 is just the commutators of 7 and A (see [5, 10]). It is well known that this
multilinear operator, as a non-trivial extension of the commutator, is of great interest in harmonic analysis
and has been widely studied by many authors (see [2, 3, 4]). In [6], the weighted LP-boundedness (p > 1)
of the multilinear operator related to some singular integral operator is obtained. In [1], the weak (H?,
L")-boundedness of the multilinear operator related to some singular integral operator are obtained. In this
paper, we will study the weighted endpoint continuity properties of the multilinear operators 7# and TA
on Herz and Herz type Hardy spaces.

We shall prove the following theorems in Section 3.
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Theorem 1 Let 1 < p < 0o, w € Ay and D*A € BMO(R™) for all o with || = m. Suppose that T4 is
the same as in Definition 4 and that T is bounded on LP(w) for any 1 < p < oo and w € Ay. Then T is
bounded from By,(w) to CMO(w).

Theorem 2 Let 1 < p < oo, wy,wy € Ay and D*A € BMO(R") for all a with || = m. Suppose that
TA is the same as in Definition 4 and that T4 is bounded on Lp(w)_for anyl <p < ooandw € Ay. Then
T4 is bounded from H K (w1, wa; R™) (or HK (w1, w2; R™)) to K, (wy, wa; R™) (or HK (w1, wa; R™)).

Theorem 3 Let 1 < p < oo, w € Ay and D*A € BMO(R") for all o with || = m. Suppose that T4 is
the same as in Definition 4 and that T* is bounded on LP(w) forany 1 < p < oo and w € A;. Then the
following two statements are equivalent:

(i) T is bounded from B,(w) to CMO(w);
(ii) for any cube Q and z € 3Q \ 2Q), we have

1 1
w(Q) —ID*A(z) — (D*A Ko (z, dy|w(z)dz < C )
@ Jo| 3 o - @l || Kot 1 wte)de <Ol

where Ko (z,y) = UK (z,y) for |a| = m.

T

3 Proofs of Theorems

To prove the theorem, we need the following lemma.

Lemma 2 (see [4]) Ler A be a function on R™ and D*A € LI(R™) for || = m and some q > n. Then

1/q
1
etz cle-a (oo, oraors)
’ T,y

|a]=m
where Q(x,y) is the cube centered at x and having side length 5v/n|z — y|.
Lemma 3 (see [4, p. 454 (28)] and [11, p. 222]) Let Q be a cube and
A 1 a «
A(z) = A(z) — Y — (D A)gu®.
|a]=m

Then Ryi1(4;2,y) = Rm+1(A; x,Y).

PROOF OF THEOREM 1.  Itis only to prove that there exists a constant C'g such that

@ /Q|TA(f)(x) — Cqlw(z)dz < C||fl B, (w)

holds for any cube Q = Q(0,d) with d > 1. Fix a cube Q = Q(0,d) with d > 1. Let @ = 5/nQ
and A(z) = A(z) = 32 1= a1(D*A) 7%, then Ry i1 (A;2,y) = Ry (A;2,y) and D*A = D*A —
(DO‘A)é2 for all « with |a| = m by Lemma 3 and induction. We write, for f; = Ixpand fo = fon\Q,
Ryi1(A;z,y
T4(f)(0) = [ A ko) ) dy

B / Ry (4;2,y)

|z —y|™

K(z,y)(x —y)®
lz —y|™

K(z,y) fily)dy— > % . D*A(y) f1(y) dy

la]=m

+/ MK(I,y)f2(9)d%

|z —y|™
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then

1 /Q‘TA(f)(x)—TA(fg)(O)‘w(x)de

w(Q)
L Rm(fi;x,-) z)|w(x)dx
w(Q)/Q T( |x—-|m f1>( ) ( )d )
5 |  al |Q|/‘ (|$_ |mD“Af1)( )| w(z) da (I
+L/\Tﬁ(fz)(w)—TA(fg)(O)\w(x) dx (1)
w(Q) Q

For (I), note that for x € @ and y € Q, using Lemma 1, we get

R (A;z,y) < Clz —y|™ Z 1D” Allpmo,
|Bl=m

thus, by the L? (w)-boundedness of T and w(Q) ~ w(Q) (see [9]), we get

@< w(CQ)/Q T( > |DaA||BMof1)(SU)

la|=m

1/p
< Y 1D Almo (w(lQ) /Q (1) (@) Puo(a) da:)

lee|=m

w(zx) dz

<C > 1D Allyow(@Q) Pl Fxall e w)

lee|=m

<C Y ID*Alsmoll /1B, w)-

la]=m

For (IT), noting that w € A;, w satisfies the reverse of Holder’s inequality:

for all cube Q and some 1 < < oo (see [9]), taking ¢, s > 1 such that gs < pandr = (ps—gqs)/(p—qs),

then by the L?(w)-boundedness of T and Holder’s inequality, denoting 1/s + 1/s’ = 1, we gain
T( Z (D¥A — (DO‘A)Q)ﬁ) (z)|w(x) dx

C
W< 5 /Q Py}
<C Z} (w(lQ)/Q‘T((DGA_(DQA)Q)fl)@)’qw(x) d:c)l/q

<c ( / |(D°A(@) — (D*A) ) fa(a )\qwu)dx)l/q

) (e

1/gs
wmsdx)

<C Z ~1/g (/ ‘DQA — (D" A)g
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, 1/p (p—q)/Tpq
<0 3 1D Al QP (@) ( / hPu@ ) ( / wlo)'ds)

lee|=m

Vas A1 w(Q) (r—a)/pq o)/
<C Y 1D AllemolQY* w(@) VU F X Loy <Q|) QPP

lee|=m

<0 Y IDAlemow(@) 7| fxoll o)

la]=m

< C|fllB,w)

To estimate (III), we write

TA(fo) () — TA(f2)(0)

_ K(:L'vy) o K(an) ~'£L’
*/ Lx_mm ™ ]Rm(A, y)fa(y) dy (I11,)
W[ (/1 z,y) — Rin(4;0,y)] dy (11,)
B —9)* KO Ha g
Z /77 ( |.23 _ y|m |y|m ) D*A(y) fa(y) dy  (1113)

lee|=

By Lemma 2 and the following inequality (see [13])

bQ, — b, | < Clog(|Q2|/|Q1])[[bllBMmo  for @1 C Qo

we know that, for z € Q and y € 2¥1Q \ 2FQ,

|[Bo(A;2,9)] < Cle —y|™ Y (ID*Allsato + [(D*A) g, — (D A)g)

lee|=m

< Cklz —y™ Y [ID*Allsumo-

lal=m

Note that |z — y| ~ |y| forz € Q andy € R” \ Q and w € A; C A,, we obtain, by the condition on K
and Holder’s inequality,

| < / ( ) _ Kl
Iz~ [yl
x| x|¢ -
=) (IyI’”n+1 + |y|r|n+|n+e) [ R (As 2, )] | f2(y)| dy

<C > HD“AHBMOZ/

|a]=m

K(z,y) K(z,y) K(z,y) 3 K(0,y) i
‘ ‘y|m |y|m D ‘Rm(A7 ay)|‘f2(y)|dy

|z] ||

y[n 1 + y|n+5> [f(y)l dy

k+1Q\2kQ (

1/p
<C 3 D% Alwo ket 2 Hai Qe ([ slrutian)

|a]=m k=1

1 1/p 1 . (r=1)/p
X = w(y dy) (~ w(y)” P-T dy)
(|2’“Q| 2+Q W 25Q] Jarg g

<C Y D%Allsmo Y k27 + 27w (25 Q) fxorgll o)
|a]=m k=1
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<C Y ID*Allsmo Y k@7 4+ 27| fllg, )

|a]=m k=1

<C Y IDAlsyollf1l B, w)

|a]=m

For (III,), by the formula (see [4]):

Rn(As,) = R(Aito.9) = Y iRy (D" s, o) =)

and Lemma 2, we have

| R (As2,y) = R (As o, p)| <C Y Y —wo|™ Mo — y|1?1| DAl zyo-

|Bl<m |a|=m

Then in a similar way to the estimates of (III;), we get

() <C ||D“A||BMoZ/

lee|=

dy < C||D*A o,
241 G2 \y|n+1'f< vl dy < CID* Aol 115, )

For (III3), taking 1 < s < p and > 1 such that 1/r + 1/s = 1, by Holder’s inequality and noting that
w € Ay C Ay, in a similar way to the estimates of (III;), we obtain

Iy)| < C Z Z/

—m k=0 ’“+1©\2k@<

P> > (s + e ) ([ kQIf(y)lsdy>1/s

=m k=1

d || ) <
+ DYA)| | f(y)| dy
L T e | W)

1/r
x (@ d)ir (|2k@—1 1ot = (0 a1 ay)

« d: k nn(l—1/s
<C Z \|D AHBMOZ ( Sk )] (2kd)n+e) (2%d) (1-1/s)

X (/Qkélf(y)pw(y) dy>1/7’ </2ké ()~ dy> (p—s)/ps

<C Y ID*Allsmo Y k27 4+ 27w Q) TV fxarglle(w)

|a|=m k=1
1 1/p 1 - (p—s)/ps
X = w(y) dy) ( w(y) > dy)
(|2’“Q| 2¢Q 12FQ| J2r¢
oo
<C > ID*Allsyo > k@77 + 27w (25 Q) TP Xl o )
|a]=m k=1
<C Y ID*Allsmoll £ 5, (w)
|a]=m

Thus
am < ¢ > [ID*Allsmoll £ 1|, w)-

la]=m
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This finishes the proof of Theorem 1. W

PROOF OF THEOREM 2. Let f € HKp(wl,wg;]R”), by Lemma 1, f = Z;’i Ajaj;, where a s
are central (n(1 — 1/p), p; w1, ws)-atoms with suppa; C B; = B(0,27) and ||f||HKp(w1’w2) > |)\ |.
We write, by Minkowski’ inequality,

T2 oy = 2 [0 BOI P TA ()| o )
k=—oc0
9] k—1 ~
< D BT Y IIRT A (@) o) )
k=—o00 j=—o0
+ > B2 IR T A (@) o (ws) an
k=—o0 j=k

For (JI), by the LP(w)-boundedness of TAfor1 < p < ooand w € Ay, we get, note that j > k,

AN <C Y B N lagl Lo g

k=—o0 j*k
<C Y wi(B) ”pZIA [P[wy (B;)] "1/
k=—o0 j=k

1-1/
BTDS ] ,,

j=—00 k=—o0
<C Z ]
Jj=—00

< C”f”HKp(wl,wz)'

To obtain the estimate of (J), we denote that

Aw) = A@) - ¥ %(DO‘A)szxa

lee|=m

Then Quny1(4;2,y) = Qi1 (A;2,y) and Qi1 (A; 2,y) = Ry (4; Y) =2 jal=m L(z—y)*D>A(x).
We write, by the vanishing moment of a; and for x € By, with k > j + 1,

A () = | E@YBRn(Aizy) 3 K(x,y)D*A(z)(z —y*
R e e y) dy Z L T () dy
-/ [K‘”’y) - K(x’(’)} R"L(A;z,y)aj(y) dy
PR
Iﬂ;ff) (Rt ,3) — Ry (Ai,0)Jay 1) dy

S L [ - ] e

|a]=m
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Similar to the proof of Theorem 1, we obtain

~ y y € ~
@< [ [t ] IR llal o

0 [ |t + ) 1P A s 0]y

|a]=m
p—1
. 9i 9i ’
=< C||Z D% Allzmo |:2k(n+1) Qk(n—i—s)} a1l Lo (o) (/B_wz(y) e dy)
p—1
9 9i o o\
0 S | g + g 1P Ao < [ty dy>
ja=m :

p—1

p

o 2] 2]6 7(171)
<C > 1D Allso Sern) T grerey | (BT 5

|a]=m

J

2 27¢ . .
o INEeE
O S | gren + e | DAl (B5)] < /

|a]=m

wa(y) 7T dy>

p—1

P

wz(y)fﬁ dy)

J

Notice that if w € Ay, then 431 JBL < C for all balls By, B, with By C B, and satisfies the

reverse Holder’s inequality (see [13]):

1 1/r
— | w(z) " dx SQ w(z) dx
|B| B
B B

for all balls B and some 1 < r < oco. Thus

0= S B Y Wl gy + gy (B0

(n+e)
k=—o0 j=—o00
X (/ wz(@/)?lldy> [wa(By)]7 + > (/ | D™ A(x) [Pws () dx)
B
J lau|= B
%) k—1 . . p;1
_1 27 27 1
< CkZ fon (B Y | {21« D) 2k(n+6)] (/ wa(y) 7T dy)
=—00 j=—o00 J
x [wn (By)] ™% | [wa(By)] 7
(1 I
+ / DO‘A Tpdx) < / wo (x de) Bl
pyy (15 )L 1Dt 1 ), vty ae) 1
S k—1 ; : 1-1 p;1
27 29 7 [wy(By)] ¥ . 1
=C Z Z A |:2k(n+1) + 2k(n+£):| {wl(Bj) /]3‘w2(33) =T dx [wa(Bg)]?
k=—o00 j=—00 J
<C 35S s 2 2° w1 (Bk) " wo(By,) g
- Z Z | J| 2k(n+1) + 2k(n+e) wl(Bj) w2(Bj)
k=—o00 j=—00
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p—1

P

w(y)p%dy) B
2i° | [wi(By) [By| 1'% [wa(By) [By]]7

< B

<C Z A Z [2k(n+1) Qk(n-i-s)] [wl(Bj) | B ws(B;) | By| B

<C Z I\ Z [29=F 4 2U=k)e]

j=—o0  k=j+l1

<C >

j=—oc0

< Clfl g, (wrws)-

This completes the proof of Theorem2. W

PROOF OF THEOREM 3.  For any cube Q@ = Q(0,d) with d > 1, let f € B,(w) and A(z) =
Alz)— > é(DO‘A)QxO‘. We write, for f = fxaq + fX0)- = f1+ f2and z € 3Q \ 2Q,

la]=m
R (A;z,y)
Rn |$ —y™

- Z (D A(2) = (D*A))(Ta(f2)(2) = Ta(f2)(2))

laj=m

- Z — (D%4)Q)Ta(f2)(2)

|ee|=

=nL(z)+ Ig(:):) + I3(x, 2) + Iu(z, 2),

TA(f) (@) = TA(f1)(x) + K(z,y) f2(y) dy

(@ —y)*

where T}, is the singular integral operator with the kernel B
r—y

(x,y) for |a] = m. Note that
(14(+, 2))g = 0, so that we have

TA(f)(x) = (T4(f))e =
L(z) = (L())e + L2(2) — I2(2) - [I2()) — La(2)l@ — Is(, 2) + (Is(2, 2)) @ — La(, 2).

By the LP(w)-boundedness of T4, we get

P

iy J @l w<o(o L) iz )

< Cw(Q)" 7l f1llLe(w)
< C|flB,w)-

In a similar way to the proof of Theorem 1, we obtain

[Ia(z) — I2(2)] < C||flB,(w)
and

@ /ng@, 2w (@) dr < C|fll 5,0
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Then integrating in « on @ and using the above estimates, we obtain the equivalence of the estimate
1 / = A = A
— T4 (x) — (T w(z)dr < C|f w
) QI () = (T7)qlw(z) 1f11 5, (w)

and the estimate 1
w(Q)

This completes the proof of Theorem 3. W

Aﬁd%@w@Mwéﬂvmmw

Finally, we apply Theorems 1, 2 and 3 to the Calder6n-Zygmund singular integral operator.
Let T be the Calderén-Zygmund operator defined by (see [9, 13])

T(f)(x) = / K(x.9)f(y) dy,

the multilinear operator related to 7' is defined by

T4(f)) = [ WK(w)f(y) dy.

We know that T’ sgtisﬁes the conditions in Theorem 1, 2 and 3, thus, the conclusions of Theorem 1, 2 and 3
hold for T4 and T4.

Acknowledgement. The author would like to express his deep gratitude to the referee for his com-
ments and suggestions.

References

[1] Chen, W. and Hu, G., (2001). Weak type (H', L') estimate for multilinear singular integral operator, Adv. in
Math. (China), 30, 63-69.

[2] Cohen, J., (1981). A sharp estimate for a multilinear singular integral on R", Indiana Univ. Math. J., 30, 693-702.

[3] Cohen,J. and Gosselin, J., (1982). On multilinear singular integral operators on R", Studia Math., 72, 199-223.

[4] Cohen, J. and Gosselin, J., (1986). A BMO estimate for multilinear singular integral operators, Illinois J.
Math., 30, 445-465.
[5] Coifman, R., Rochberg, R. and Weiss, G., (1976). Factorization theorems for Hardy spaces in several variables,

Ann. of Math., 103, 611-635.

[6] Ding, Y. and Lu, S. Z., (2001). Weighted boundedness for a class rough multilinear operators, Acta Math.
Sinica, 17, 517-526.

[7

—

Garcia-Cuerva, J., (1989). Hardy spaces and Beurling algebras, J. London Math. Soc., 39, 499-513.

[8

—

Garcia-Cuerva, J. and Herrero, M. L., (1994). A theory of Hardy spaces associated to the Herz spaces, Proc.
London Math. Soc., 69, 605-628.

[9] Garcia-Cuerva, J. and Rubio de Francia, J. L., (1985). Weighted norm inequalities and related topics, North-
Holland Math. 16, Amsterdam.

[10] Harboure, E., Segovia, C. and Torrea, J. L., (1997). Boundedness of commutators of fractional and singular
integrals for the extreme values of p, lllinois J. Math., 41, 676-700.

[11] Lu, S. Z. and Yang, D. C., (1995). The decomposition of the weighted Herz spaces and its applications, Sci. in
China (ser. A), 38, 147-158.

97



Liu Lanzhe

[12] Lu, S. Z. and Yang, D. C., (1995). The weighted Herz type Hardy spaces and its applications, Sci. in China
(ser. A), 38, 662—-673.

[13] Wu, Q. and Yang, D. C., (2002). On fractional multilinear singular integrals, Math. Nachr., 239/240, 215-235.

[14] Stein, E. M., (1993). Harmonic Analysis: real variable methods, orthogonality and oscillatory integrals, Prince-
ton Univ. Press, Princeton NJ.

Liu Lanzhe

Department of Mathematics

Changsha University of Science and Technology
Changsha 410077

P. R. of China

lanzheliu@l63.com

98



