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A new characterization of generators of differentiable
semigroups

I. I. Vrabie

Abstract. Let A: D(A) C X — X be the infinitesimal generator of a C-semigroup of contractions
{S(t); t > 0}. We prove that {S(¢); ¢ > 0} is differentiable if and only if, for each a € (0, 1), there
exists limp 00 A (I — £ A)™" in the norm topology of C([ e, 1/a ]; £(X)). A consequence concerning
analytic Co-semigroups of contractions is also included.

Una nueva caracterizacion de generadores infinitesimales de semigrupos
diferenciables

Resumen. Sea A: D(A) C X — X el generador infinitesimal de un Co-semigrupo de contracciones
{S(t); t > 0}. Se muestra que {S(t); t > 0} es diferenciable si y s6lo si, para cada a € (0, 1), existe
lim, 00 A (I — £A)™" en C([a,1/a];£(X)) equipado con la norma supremo. Una consecuencia
sobre C-semigrupos de contracciones analiticos es también considerada.

1. Introduction

Let X be a Banach space and let us denote by L (X)) be the space of all linear continuous operators from X
into itself. We endow L(X) with the operator norm || - || (x), i.e. with the norm defined by || B||¢(x) =
sup{||Bz||; ||z|| = 1} for each B in L(X). Let A : D(A) C X — X be the infinitesimal generator of a
Co-semigroup of contractions {S(¢); ¢ > 0}. We recall that {S(t); ¢t > 0} is called:

(i) differentiable at T > 0 if, for each € X, the mapping t — S(¢)x is differentiable at 7 ;
(ii) differentiable if it is differentiable at each 7 € (0, +00) ;

(iii) uniformly differentiable at T > 0 if the mapping t — S(t), from (0, +00) into L(X), is differentiable
at 7 ;

(iv) uniformly differentiable if it is uniformly differentiable at each 7 € (0, +00) ;

It is known that a Cyp-semigroup is differentiable if and only if it is uniformly differentiable. See Hille,
Phillips [4] the first corollary on p. 311, or Pazy [7], Corollary 4.4, p. 53.
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Our goal here is to prove two new characterizations of infinitesimal generators of differentiable (and
thus uniformly differentiable) Cp-semigroups of contractions. As a consequence we obtain a new char-
acterization of infintesimal generators of analytic Cy-semigroups of contractions. We note however that,
with slight modifications, our arguments can be adapted to handle arbitrary Cy-semigroups. The complete
characterization of infinitesimal generators of differentiable Co-semigroups is due to Pazy [6]. See also
Pazy [7], Theorem 4.7, p. 54. While Pazy’s characterization relies on the spectral properties of the infinites-
imal generator described by means of the complex values in the resolvent set, our results are expressed
only in terms of the type of convergence in some exponential-like formulae, by using only real values in
the resolvent set, and are of interest in approximation theory. We emphasize that while the interesting part
of Pazy’s Theorem 4.7 just mentioned is the suffciency, the interesting part of each of our results is the
necessity. More precisely we will prove :

Theorem 1 Let A : D(A) C X — X be the infinitesimal generator of a Cy-semigroup of contractions
{S(t); t > 0}. Then {S(t); t > 0} is differentiable (and thus uniformly differentiable) if and only if for
each x € X and each o € (0, 1) there exists

lim A (I— EA) .
n

n—oo
uniformly fort € [a,1/a].

Theorem 2 Ler A : D(A) C X — X be the infinitesimal generator of a Co-semigroup of contractions
{S(t); t > 0}. Then {S(t); t > 0} is differentiable (and thus uniformly differentiable) if and only if, for
each o € (0,1), there exists

t —-n
lim A (I — —A)
n—o00 n
in the norm topology of C([a,1/a]; L(X)).
Concerning analytic semigroups we have :

Theorem 3 Ler A : D(A) C X — X be a C-linear operator which generates a Cq-semigroup of
contractions {S(t) ; t > 0}. Then, {S(t); t > 0} is analytic if and only if, for each o € (0, 1), there exists

lim A (I - %A) T

n—oo

in the norm topology of C([a,1/a]; L(X)), and there exists C > O such that

C
ITOllecx) < T

foreacht > 0.

We notice that there exists a very definite relationship between our Theorem 3 and the main result of
Crandall-Pazy-Tartar [1], i.e. Theorem 5.5, p. 65 in Pazy [7]. We notice that the necessity part of our
Theorem 3 is strictly stronger than the corresponding one in Theorem 5.5 loc.cit. Moreover, from the latter
result and Theorem 3, we easily deduce :

Theorem 4 Ler A : D(A) C X — X be a C-linear operator which generates a Cq-semigroup of
contractions {S(t) ; t > 0}. If there exists C' > 0 such that

—-n—1
A(r-1a)
n

<
£(X)

¢
t )
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foreacht > 0 and eachn € N, then there exists

lim A (I _ EA)
n—oo n

in the norm topology of C([a,1/a]; L(X)).

2. Proof of Theorem 1

We assume familiarity with the basic concepts and results concerning Cy-semigroups and we refer the
reader to Davies [2], Hille, Phillips [4] and Pazy [6].

The proof of the next lemma which is essentially based on the well-known Stirling’s Formula is incor-
porated in that of Theorem 8.3 in Pazy [7], p. 33. See also Lemma 1 in Vrabie [8].

Lemma 1 Foreacha € (0,1) and each b € (1,+00) we have

. nn+1
lim
n—soo n!

n—soo n!

a nntl +oo
/ (ve *)"dv =0 and lim / (ve”?)"dv = 0.
0 b

Lemma 2 For eachn € N we have

n+1 +oo
nn! /0 (ve_”)ndv =1.

PROOF. Let us observe that by a simple integration by parts we get
nn—i—l

* —v\" —n = (nb)k
! /b (ve)" dv=e > 2

k=0

foreachn € N and b > 0, and so the conclusion follows by taking b = 0 in the equality above. W
The lemma below is a consequence of Lemma 2 in Dunford, Schwartz [3], p. 566 combined with
Hille-Yosida’s Theorem (see Pazy [7], Theorem 3.1, p. 8) and with Lemma 2 above.

Lemma3 Let A : D(A) C X — X be the infintesimal generator of a Cy-semigroup of contractions
{S(t); t > 0}, let A\ > 0 and let Jy = (I — MA)~. Then, the mapping X\ — Jy is of class C* from
(0, +00) into L(X). In addition, for each n € N*, eacht > 0 and each x € X, we have

nn+1

(I - fA) T e Sty = / " ve ) [S(t0) — S(t)e] do. ()
n 0

n!

We may now proceed to the proof of Theorem 1.
PROOF. Sufficiency. Letx € X and a € (0,1). From Hille’s Exponential Formula (see [7], Theorem 8.3,
p. 33) we have lim,_, ( - %A)_naz = S(t)z uniformly for t € [a,1/a]. As A is closed, from
this remark and from hypothesis, it follows that lim,, ., A (I — %A)fn x = AS(t)x uniformly for ¢ €
[a,1/a]. But this means that, for each ¢ > 0 and each z € X, S(t)z € D(A), and this completes the
proof of the sufficiency.

Necessity. Using once again the closedness of A, Hille’s Theorem 3.7.12 in Hille, Phillips [4], p. 83,
and Lemma 3, we get

nn+1

—n—1 +o0
A (1 _ %A) v AS(z =" /0 (ve=")"[AS(to)x — AS(8)a] do, @

299



L I. Vrabie

foreacht > Oandeachz € X. Leta € (0,1),and letus fix 8 € (0, ). As {S(t); t > 0} is differentiable,
it follows that, for each € X, the mapping ¢t — AS(t)x is continuous on (0, +00). Then, for each e > 0
there exists 6(¢) > 0 such that ||AS(t)z — AS(s)z|| < eforeacht,s € [5,1/8], with |t — s| < §(¢).
Moreover, for the same € > 0, there exist a = a(e) € (0,1) and b = b(e) € (1,+00), such that, for each
t € [a,1/a]and v € [a,b], we have tv € [3,1/8] and |t — tv| < §(¢). As a consequence, for each
t€[a,1/a]andv € [a,b], we conclude that

|AS (tv)x — AS(t)z|| < e. 3)
From (2) we deduce that
¢ —n—1 5
_Z — < n
a(1=54)  e-aswe < T @
foreachn € Nand eacht € [, 1/a], where
n nn-l—l ¢ —v n]‘ d
70 = " [ e g St)ado:
nn—i—l a
J3(t) = — / (ve™")"AS(t)x dv;
n!' Jo
nn—i—l b
B =" / (ve=")"(AS(tv)a — AS(t)z) do
nn—i—l +oo
Tit) = — / (ve™ )" AS(tv)z dv;
n! J,
n"+1 +oo
) = / (ve")" AS () dv,
n! J,

foreachn € Nand each ¢t € [a, 1/a]. Next, we shall evaluate each of the five terms on the right hand side
of (4). To this aim let us observe that, for each p > 0, and for each 7 € [ p, 00), we have

1AS(T)z|| < ||AS(p)=l]- (5)

Indeed, since the semigroup is differentiable, the mapping 7 — AS(7)z is a C''-solution of the equation
u' = Awu on the interval (0, +00) and then, by the dissipativity of A, we deduce (5).

We begin to evaluate J7(t). Integrating by parts, observing that [e~? — ve™?| < 1 for each v € (0, 1),
and taking into account that the mapping v — ve™? is nondecreasing on (0, 1), we deduce

n ol d B
01 = | [ e (St o) =
ntl n+l ra
_ % nn' (ae_a)ns(ta)x _ nn' / n(ve—v)n—l(e—v _ Ue—”)S(tv)a: dv S
! ' Jo
|.’E|| nH —a\n n"t —a\n—1
< =20
- n! (a’e ) + (n — 1)‘((16 ) y

foreachn € Nand eacht € [, 1/a]. Clearly we have

n

nn+1

" (ae™)" = %6_" -n (ael_a)n and
n+1 n—1 n—1
(:’ +1)'(ae—a)n—1 — (Tzn_ 1)1)' e—(n=1) 2 (n n 1) (ael—a)"—l )
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In view of Stirling’s Formula (see Nikolsky [5], p. 393), we have lim,,_, o, %e‘" = 0. In addition, since
a € (0,1), we have ae! ~® < 1. Therefore, we deduce both

nn+1 nn+1

. —a\n __ . —a\yn—1 —
A, Ty (0eT)" =0 and i Ty lee™)T =0

So, we conclude that
lim [[J7(¢)]| =0
n—oo

uniformly with respect ot t € [, 1/a]. Next, from (5), we have

nn+1 a 3
173 @)1 < |AS ()|l /0 (ve™)" dv,

n!
foreachn € Nand eacht € [, 1/a]. From this inequality and Lemma 1, we get
. T
Tim [[93(2)] = 0

uniformly for ¢ € [, 1/a]. In order to evaluate J%(¢), let us observe that, from (3) and Lemma 2, we have

+1 b prtl b
' /||(Ue_”)"||AS(tv)x—AS(t):cHdvSs o /(Ue_”)"dvg

n

nn—i—l oo

<e (ve )" dv =¢
n! Jo

n nn
195 (B <

foreachn € Nand eacht € [, 1/a]. Consequently

lim sup |75 (8)] < e.

n—oe

As concerns J7(t), let us remark that, in view of (5), we have
IAS (tv)z|| < [|AS(ab)z||
foreach t € [a, =] and each v € (b, +00). Therefore

nn—i—l

192 @I =

/boo (ve " )" AS (tv)z dv

nn—i—l oo
< [|AS (ab)z]| / (ve")" dv,
b

n! n!

foreachn € N and eacht € [, 1/a]. From this relation, and Lemma 1, we get
: T
lim_ [[77(0)] = 0.

Furthermore, from (5), we have

nn+1 [e9)
195 @l < [[AS (@)l — /b (ve™")" dv,

foreachn € Nand eacht € [a, 1/a]. Accordingly lim, o ||I2(t)|| = 0. Summing up, we deduce

lim sup
n—roo

—n—1
A (I - %A) x— AS(t)z|| <e.
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Since £ > 0 is arbitrary, we conclude that, for each a € (0, 1), we have

t —n—1
lim A (I - —A) x=AS(t)z (6)
n—oo n
uniformly for ¢t € [, 1/a]. To complete the proof, we have merely to show that
t —n—1
nh_{r(goA (I o 1A) x = AS(t)z ™

uniformly for ¢ € [a,1/a]. To this aim, let us observe that, from (6) and the infinite dimensional
version of Arzela-Ascoli’s Theorem (see Vrabie [9], Theorem 1.3.1, p. 7), it follows that, for each se-

A

quence (an)nen of functions from R} in RY satisfying lim, . a,(t) = t uniformly on every com-

b
pact subset in R% , we have lim,_, o, A (I - a"—f’)A) z = AS(t)x uniformly on every compact sub-
set in R% . Indeed, this follows from the remark that, for each z € X and a € (0,1), the family of
functions {t —~ A (I - %A) -t x; n € N* } is equicontinuous on [ &, 1/« ] being relatively compact in
C([a,1/a]; X). See (6) and Arzela-Ascoli’s Theorem 1.3.1, loc.cit. We complete the proof by observing
that the choice a, (t) = n"—_fl, forn € N, leads to (7). W
Since the proof of Theorem 2 follows exactly the same lines as that of Theorem 1, we do not give
details. Moreover, Theorem 3 is a direct consequence of Theorem 2 and the equivalence between (a) and
(d) in Hille’s Theorem 5.2 in Pazy [7], p. 61.
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