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On the extension of measures

B. Rodriguez-Salinas

Abstract. We give neccesary and sufficient conditions for a totally ordered by extension family
(9, X4, pe)eex Of spaces of probability to have a measurevhich is an extension of all the mea-
suresu,. As an application we study when a probability measurédms an extension defined on all
the subsets df2.

Sobre la extensi 6n de medidas

Resumen. Se estudian y se dan varias condiciones necesarias y suficientes para que dada una familia
totalmente ordenadd?, 3., 1z )zex POr extensdn de espacios de probabilidades exista una medida

que sea una exteiisi de todas las medidas.. Como aplicadn de ello se estudia cuando una medida

de probabilidad sobr@ tiene una extenén definida sobre todos los subconjuntogde

A Banach measuren a sef is a finite measurg # 0 onP((2), the power set of?, such thaj(w) = 0
for everyw € Q.

An Ulam measuren () is a Banach measure éhwhich takes values in the séi, 1}.

A cardinal « is real-measurabléf there exists a sef2 whose cardinal isx and such that there is a
Banach measure dn.

A cardinala is 2-measurablé there exists a sé? whose cardinal is and there exists an Ulam measure
on{2.

Cardinals which are not 2-measurable are called measurabland cardinals natal-measurablare
called cardinals of zero measure.

Given a probability measure spa@®, 3, i), we call as usugl* and . the outer and inner measures
associated tq, i.e.,

p'(A) =inf{u(X): ACc X e X} and

pe(A) =sup{u(X): A> X e X}

We call (2, X, po) to a fixed probability space.
Given two probability space$?, ¥, 11,) and(2, 3, i, ), when we writeu, C i, we mean tha, is
an extension ofi, and, thereforel, C X, anduy > py > pys > s

Proposition 1 Let (Q, 3., u.)zex be a totally ordered by extension or inclusion family of spaces of
probability such thaf.y C p, for everyz € X. Let us consider

pix(A) = sup{piz«(A) : x € X}
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and
w*(A) = inf{X,7(A,) : U, A, D A},

where

T(A) =inf{us(A):z € X}

and A and all of theA,, are subset of2. Then, the following properties are all equivalent:
(i) There exists an extensionof the measureg,, x € X.
(il) g < p*.
(i) p«(A) < p*(A)foreveryA € S,, whereS = U, e x X,
(iv) ps(A) = u*(A) foreveryA € S,.

PrRooOF  First of all, let us note that, andu* are, respectively, an inner measure and an outer measure
(see [3)]).

(i) = (i7). Let us suppose (i). Then, singe. < A, < \* < p? for everyz € X, we get that
e < A < A < 71 and, hencer,7(A4,) > A" (A,) > A*(4) if U4, D A. It follows now that
w* >N andp® > p..

(i) = (i47). Obvious.

(i) = (iv). Indeed, ifA € S,, there exists a disjoint sequen(®,) in S such thatJ,,S,, = A and,
hence X, 1. (Sn) < pu«(A) < p*(A) < Zppu*(Sp). Sinceu.(S,) = 7(S,) = p*(S,) for everyn € N,
we get that (iv) holds.

(iv) = (i). Let us suppose (iv). Lex*(A) = inf{u*(H) : A C H € S, }. Then,\* is an outer measure
and, for every > 0 and for everyE C €, there existdf € S, such thap*(H) < \*(E)+eandE C H.
Therefore, ifA € S, we get

N(ENA) + XN (E\A) <N (HNA) + A (H\ A) = (HNA) + p*(H\ A) =

(0 A) + e (H\ A) < o (H) = p*(H) < X*(E) + e,

It follows from here that everyl € S is A*-measurable. Moreovek*(A) = u*(A) for everyA € S
andp* is an extension of the measures, so we get that the restrictionof A\* on thes-algebra of the
A*-measurable sets is an extension of the meaguredNow we can easily prove that* = p* and that
w* is a regular outer measure. (For evetyC Q, u.(A) + 7(2\ A) = L andA.(A) + A*(Q\ 4) =1,
hence\., = . ifandonly if u* = 7). B

It is clear thatS is an algebra. In what follows}, ¥,, pz, 7, t, #* andS will mean the same as in
Proposition 1.

Proposition 2 If the restriction ofr to S is a (countably additive) measure, then < u*.

PROOF LetA*(A) =inf{}  7(A,):U,A, D A, A, € S}. Thenit can be easily proved that is an
outer measure such that evetyc S is \*-measurable. On the other hand(4f,,) is a sequence i§ such
thatu, 4, D A € SandS,, = A, \ Ug<n A, We get

D T(An) =D 7(S. N A) =T(A),

n

because the restriction ofto S is a measure and, therefore,(4) = 7(A) for everyA € S and\* is an
extension of the measurgs. It follows that the restriction oh* to theo-algebra of the\*-measurable sets
is an extension of the measupesand it follows from Proposition 1 that, < p*. R

Now it can be easily proved, using Proposition 1, that

AN (A)=inf{p*(H): AC H € S,},

and, hence}* = p*.
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Proposition 3 Every setd € S is y*-measurable.

PrRoOOR If A€ X, andE C Q we have thap(ENA) + pi(E\ A) = uk(F), so taking limits inz we
getthatr(ENA)+7(E\ A) = 7(F) foreveryA € S andE C (). For everye > 0 there exists a sequence
(Ay) of subsets of2 such thad ., 7(A,) < p*(E) +eandU, A, D E, so we get

PHENA) +p(BE\NA) <D 7(A,NA) + ) 1(A\A) =D 7(An) < p*(E) +e,

n

SO,
pH(ENA)+p (BN A) = p(E),

and, therefore, everyt € S is p*-measurablell

Proposition 4 If u*(Q) = 1, thenu, < p*.

PrRoOR If A €3, we getu*(A) < p,(A), p*(Q\ A) < u(Q\ A) and
1< 0 (A) + 1 (0 A) < pa(A) + o (Q\ A) = 1,

so, u*(A) = p.(A) andp* is an extension of the measurgs. Now, Proposition 3 tells us that every
A € Sis p*-measurable, so we get that the restricthoof 1* to theo-algebra of the:,*-measurable sets is
an extension of the measures, so Proposition 1 implies that, < p*. B

Proposition 5 If ., is p*-continuous, that is, if for every > 0 there exist$ > 0 such thatu*(A) < &
impliesy. (A4) < ¢, thenu, < p*.

PROOF Let (A,) be a sequence i§ such that(A,) N\, @. Then, since every, is p*-measurable
according to Proposition 3, we get that(A,,) — 0 and, hencer(A,) = p.(A,) — 0, becauseu, is
w*-continuous. It follows that the restriction ofto S is a measure and it follows from Proposition 2 that
pe < pt. M

Proposition 6 If 7(U,A,) <>, 7(A,) for any setsd,, € S, theny* = 7.
PROOF Let
A(A) =inf{) 7(An) : UnAd, D A A, € S}

Then, we get from our hypothesis that
AN(A)=inf{r(H): ACH €S} >7(A)

for every setd C 2 and we also get that restriction ofto S is a measure. By Proposition2 = p*, so
we finally getthap,* = 7. R

Proposition 7 The following properties are equivalent:

(i) For any increasing sequencge!,,) C S and A = U, A,, we haver(A) = lim,, 7(A4,).

(i) For every sequencd,, \ 0 in S, we getr(A,) — 0.

(i) 7 is p*-continuous, that is, for every > 0 there existsy > 0 such thaty*(A) < § implies
T(4) < e.

(iv) u* = 7.

PROOFE (i) = (iv). Let us suppose (i). LgtA,,) be a sequence i§. Then we have

T(Undp) = im7(Upendy) <> 7(4y),

193



B. Rodriguez-Salinas

so, Proposition 6 implies that* = 7
(i) = (i). Let us suppose (ii). LetA,,) be an increasing sequenceSrand A = U, A4,,. Since

7(An) < 7(A) < 7(4n) +7(A\ An),

it follows thatlim,, 7(A4,,) = 7(A), becaused \ 4, \,fandA\ 4, € S,.

(iii) = (ii). Let us suppose (iii). LetA,,) be a decreasing sequenceSnsuch that,, A,, = 0. Then
uw*(A,) — 0 because, according to Proposition 3, evéyyis *-measurable and, heneg,4,,) — 0.

(iv) = (iii). It is obvious.H

Remark 1

(1). Property (i) can not be replaced by.' < p* andp*(A4) = 0 implies7(A) = 0”. To see this, let
Q =[0,1], X = N, A the Lebesgue measure @f Z = {Z : \*(Z) = 0}, X,, the o-algebra generated
by the interval[’;l, 2—’1) c Q and Z andy, the restriction of\ to ,,. Then,\ is an extension of the
measureg.,, p* = \* holds andr(Z) = 0 for everyZ € Z. Thereforeyu*(A) = 0 implies7(A) = 0
and, yet,u* # 7, because, ifA is an open dense set {d with Lebesgue measuye*(A) < 1 we have
7(A) = i (A) = 1.

(2). p+ < p* does not follow from {,*(A) = 0 implies7(A4) = 0”. To see this, lef2 = N, X = N, let
¥, be thes-algebra generated by the subsetdff = {1,2,...,n} and(c,) a positive sequence such that
Soncrw <L Letyu,(A) =37 4cx whenA C M, andu,(A) =137, , ek when the complementary
setA® C M,. Then,m(A) = 3, .4 ck WhenA C Nis afinite setand(A4) =1—3", ., cx whenA C N

is an infinite set ang*(A) = >, 4 cx for everyA C N. Then,u*(A) = 0 impliesA = () and7(A) = 0,
but*(N) < 1 = p.(N). In this case.* is regular, since it is even a measure.

(3). If, for every sequencér,,) in X there exists am € X such thatz,, < z for everyn € N, then it
follows from Proposition 7 that* = 7. Moreovers(S) = S, = S, wheno(S) is theos-algebra generated
by S.

Proposition 8 p* is a regular outer measure.

PrROOF  For every setd C Q and for everye > 0 there existst € X such thatu:(A) < 7(A4) + e.
Moreover, there exist® € X, such thatu:(B) = pi(A4) andA C B, so7r(B) < 7(A) + €. Then, for
every sequencgi,,) of subsets of2 there exists a sequen¢B,,) in S such that (B,,) < 7(A,) + 57 and
A,, C B,,. Therefore

pr(A) = inf{> 7(4,) 1 Upd, D A} >
> inf{ZT(Bn) :UpBp DA B, €S} —e>

> inf{z w (By) :UpB, DA B,eS}—¢>

> inf{u*(UpBy) : UpBy, D A, B, €S} —e=
>inf{p*(H): ACH€S,} —e>p*(A) —e

It follows immediately that
P (A) =inf{> 7(By):UnB, D A B, € S} =inf{u*(H): AC H € S,}

and now Proposition 3 implies that is regular. In this way we complete the result obtained in the proof
of Proposition 11

Remark 2 It follows from this last proposition that, ik is the restriction of:* to the o-algebra of the
w*-measurable sets, theri = \*, but it can happen that, # A..
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Proposition 9 Let us consider the following conditions:
(i) For every decreasing sequengé,,) \ () of subsets of2 we have

liTan ug(Ay,) = 0.

(i) For every disjoint sequencid,,) \, 0 of subsets of? we have
hran g (Ay) = 0.

(iii) For every disjoint sequencgA,,) \, () of subsets of2 we have

S wi(An) < .

Then, (iii) = (i) = (i).

PROOF  (iii) = (ii). It is obvious.
(i) = (i). Let (A4,) be a decreasing sequence such thaf, A,, = 0 andug(A,) > € > 0 for every
n € N. The outer regularity ofi§; implies thatlimy, u§ (A, \ Ar) = pi(Ay) > € and, therefore, for every
n € Nthere existg > n such thap§ (A, \ Ax) > € and itis obvious that using this result we can construct
a disjoint sequencéB,,) such tha(B,) > e andinf,, ui(B,) > € > 0.

Proposition 10 In the conditions of Proposition 9, we can state in Proposition 1 tifat + and, hence,
there exists a measufewhich is an extension of all the measures x € X

PROOF.  From condition (i) in Proposition 9, it follows thé&tl,,) N\, 0 in S, implies thatr(A4,,) — 0 and,
henceu* = 7, according to Proposition ®

Proposition 11 If (2,3, 1) is a maximal probability space, in the sense that every extensiofyu
coincides withy, thenX is thes-algebraP(2) of all the subsets db.

PRoOOF If u*(A) = 1, thenv*(E) = p*(ANE) (E C Q) is an outer measure such that its associated
measurev is an extension of; and A is av-measurable set. From the maximality iaf it follows that

A e X If p*(A) < 1 andB is au-measurable covering of, theny*(A U (2\ B)) = 1 and, therefore,
AU (Q\ B) € ¥andA € X. It follows thaty = P(Q2) and the proposition is prove@

Corollary 1 If (Q, 3, uo) verifies one of the conditions of Proposition 9, then there exists a probability
space(Q, X, 1) which extendsQ, o, o) and such thak is thes-algebraP(Q2).

PrRoOOF It follows from Zorn’s Lemma and Propositions 10 and 11: Note th&fifY,, p,).cx IS a
totally ordered family of extensions ¢f2, X, o), Proposition 10 states the existence of a measure which
is an extension of all the measuyes The corollary follows now from Proposition 11

Remark 3

(1) Corollary 1 can also be proved using the Theorem of Hahn-Banach: By this theorem, there exists a
finitely additive extensiom of ug to X = P(Q). Butlim, p(A,) = 0 for every sequencd,, \, 0, so

lim,, u(A4,) = 0 and, hencey is countably additive.

(2) If CardQ?) has zero measure ari), 3, uo) is a fuzzy probability space, then there exists a disjoint
sequencéA,,) such thainf uf(A4,) > 0.

Remark 4 Remark. The techniques used allow us to construct, using the good ordeff, a well
ordered family(Q2, 3., ta)ac4 (indexed by ordinal numbers) of finite and different measure spaces and
another family(1); ) nc.4 Of outer measures such that:

(i) 1 is the restriction of, to theo-algebraX,, of the u’, -measurable sets, and every is regular.
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(i) If a < B, thenX, C Xgandug, > pj.
(i) The first measure is an arbitrary complete finite measure and. ; is an extension ofi,.
(V) If 3, (2) = pj(2) anda < B, thenyy is an extension ofi, .
(V) If 1, () > 5 (92) for everya < 3, thenuj is built based on the measur@s, ) .« as in Proposition 1.
This technique can also be used in general whes a limit ordinal. For the other ordinal$ > 0 with
a predecessgs — 1, we can use the method of Proposition 11 so that #idt) = uj;_,(A N E) with
K51 (E_) = _ygfl(Q_) am;lE ¢ ¥3_1, whereE is the first set in the given well ordering &f(£2) with such
properties, in case it exists.
(vi) The family (1q)aca has a last measugedefined orP(€2).

If (©2, %0, o) is a fuzzy probability space and C&ft) has zero measure, thgn= 0.

A measure is calledultracompletsf it is defined onP(2).

It there is no extension of the Lebesgue meastuteall the subsets db), 1], then there is no non atomic
ultracomplete probability measure To see this, let us suppose that there is one such measureen,
there exists an increasing fami(y; ) x, X = [0,1], such thaiu(E,) = z. LetZ, = E; \ Uy< . Ey.
Then, it can be easily proved that

(A) = w(UpenZs)

is a measure o([0, 1]) which is an extension of the Lebesgue measufeecause

v((a,b)) = 1(Use(ap) Z2) = i(Ep \ Ea) = b —a.

It can be easily proved that there exists an ultracomplete extension of the Lebesgue réfandeonly
if ¢ = 2% is real-measurable. Let us recall that, according to a result of Ulam ([5]), it follows from the
Continuum Hypothesis thathas zero measure.

It follows that, if c has zero measure, then the last meaguwé&the previous process is a purely atomic
measure and, thereforg, is purely atomic ifu is an extension ofiy, as follows from:

Proposition 12 If 4 is purely atomic extension @f, theny, is also purely atomic.

PROOF Itis enough to prove that, jij is not atomic, them is not atomic. To see this, let us suppose that
Lo is not atomic and lefl be an atom of:. Then, there exists an increasing fam(i.,).<r, I = [0, 1], of
uo-measurable sets such that( A, ) = z. Then, the functiory (x) = u(A N A,) is a continuous function
taking only the value$ andu(A) # 0. The last part of the proof remains true whens the measure
associated tg* with the notation of Proposition 1 or whenis the last measure of the previous procdis.

Proposition 13  If there exists an purely atomic ultracomplete extengiaf the probability measurgg,
then there exists a process which finishes in a purely atomic measuleh is an ultracomplete extension
of ug and which has a disjoint and complete system of atoms formed by atgms of

PrROOF Let(A4,) be a disjoint sequence of atoms;osuch thatJ,, 4,, = 2. We proceed by transfinite
induction. Let us suppose that we have defified). <3 so thatu is an extension of.,, for everya < (.

If 5 is a limit ordinal, it is clear thaj is an extension ofis. Let us suppose that has a predecessor
B — 1. Then, if there existdy ¢ 51 such thau(E) = 1, thenuj_,(E) = 1 and we takeuj(A4) =
w1 (ANE) > u(AN E) = u(A) and, thereforey is an extension ofis. This first part of the process,
where we use the given good orderR(2), finishes in an ordina# such thajz(A) = 0 for every A such
thatu(A) = 0.

Sincep is an extension ofug, it follows from Proposition 12 thafg is purely atomic, but it can
happen that all the set4,, are not atoms ofiz. Let (B,,) be a disjoint and complete system of atoms of
ug. By the previous property, we can suppose all of heto be union of some of thd,,. To see this, let
My = {h : M(AhﬂBk) #* 0} and letZ, = Uh7ngAhﬂBk. Thenu(Zk) = 0. Therefore, ifB,, = Bk\Zk,
thenBjy, is an atom ofug and we have

p(Unear, An \ Bi) = Y u(An\ Ay UBy) = 0.
he M
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Hence,By, = Unecm, Ay, is also an atom ofis. It can be easily proved that the seque(iBg) is disjoint
and its union 2.

If A,, C By, thenB; is ug-measurable covering of,,,. Therefore, if we calll; = A,,, U (2 \ By),
we haveus(E7) = 1, and we can defing;, | (A) = uj(A N E1), so thatug,1 is an extension ofis and
to+1(Any) = pp(Br) andps,  (Ax) = ps(Ax) = pp(Bn) whenAy, C B, andn > 1. Now we can
repeat the process takioQ},, C Ba, Fy = Ay, U (Q\ B2) anduj,,(A) = pj, (AN Ez). Then we get
that/is2 is an extension ofig.+1 andus2(An, ) = ps(By) for everyk < 2 anduj, ,(Ax) = pjs(Ax) =
ws(Byn) whenAy, C B, andn > 2. With the same reasonings we can constyugt,, with the property
that it is an extension qig,_1 and it verifiesugy,(An, ) = us(By) for everyk < h and

M?a+h('4k) = M;;(Ak) = ug(B,)whenA; C B, andn > h. EveryA,, isanatom ofusz and every
subsetE of A4, is ust,-measurable. To see this, let us note that eith{g?) = 0 or u(A4,, \ E) = 0and,
therefore, eithepig1(E) = 0 of ugyr(An, \ E) = 0, which proves the previous statement, sidgg is
aug+r-measurable set.

This process can finish in a measwrg, ,,; also, the measurgs;;, can be equal, but both difficulties
can be overcome, and, in the worst case, we can suppose that the process does not finish like that. Then,
using the same notation as in Proposition Ejf C A, and7(E)) = 7(A,,) = 7(B), we have

T(Urem Er) < 7(UkemBi) = p(Urem Br) =

= us(Bi) =) T(Ep).

keM keM
It follows immediately that

T(UremBx) = ) 7(Ey)
keM

and

HUesn) = 0 7(An) = 3 (B = 1.

keN keN

Moreover, ifE, C A,, and7t(E)) = 0, thenu(E)) = 0 and, therefore,
T(Ukem Ex) = p(Uren Ex) = 0.
Moreover,m (2 \ Uy 4,,) = 0, because, for every,

1irn (2 \ UkAn,) < parn(Q\ Uk<nAn,) = pa(2\ Up<nBy).
Hence,r is an ultracomplete measure angl,, = 7, and we cantake = 7. W

Remark 5 It can be proved that the last measwre is independent of the well order @((2) that we
choose. Indeed, ifi, is the analogous measure corresponding to another well orde(@f, and we
suppose tha;t/7 is an extension ofi, for everya < ag (ag < ) we get thatu’7 is an extension Ofiq, .
This is clear ifoy is a limit ordinal, and ifog has a predecessap — 1, we haveu;, (A) = p), 1 (ANE),
wherep(E) = 1. Then,u, (A) > p* (AN E) = p(A) becausg/,(E) = 1 and, thereforey!, is an
extension ofi,,. It follows thaty”, is an extension ofis. Similarly 1.5 is an extension ofi’, and, hence,
pp = i The same proof shows thay, is theo-algebray generated by’ and the sets of nuji-measure.
Thereforez is the restriction of: to X. Now it is easy to prove that jis is different tou, then no process
starting inuo will finish in . So, if a process starting jm finishes inu, thenug = p. All of this remains
true even ifu is not purely atomic.

Proposition 14  If g is a probability measure and there exists a process starting,ithat finishes in an
extensioru of ug, then every atom qij, is an atom ofi.
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PROOF  Let us suppose th&l is an atom ofug. Let (Q, X, 1a)a<pg be the family of probability spaces

of the process and l&t/, be theo-algebra of the setsl € X, with measureu,(4) € {0,1}. Then,

¥ =X, foreverya < . ClearlyX;, = ¥y and, if X/, = 3, for everya < ag (a9 < ) then

¥, = Za,- Indeed, ifag has a predecessap — 1 thenp}, (A) = pl (AN E), with i, (E) =1

and, thereforeY), = X, because:, takes valuesif0,1}. If aq is a limit ordinal then we also have
Y, = Yo, becauss = Uy<a, o C X, C Eq, andX,, is thes-algebra generated & (this follows
from Proposition 1). Hencey = yj; takes values if0, 1} and it follows that? is an atom ofu. Itis clear

that the proposition follows now, becausediis auo-measurable set and there exists a process starting in
1o Which finishes inu, then there exists a process starting on the induced meagurehich finishes in

pa. N

Corollary 2 If pg is a purely atomic probability measure, then there exists a process starting amd
finishing in an extensiop of uq if and only if there exists an purely atomic ultracomplete extension of

Proposition 15 Let pug be a probability measurey an ultracomplete extension gf > the o-algebra
generated by, and the sets with null-measure and let be the restriction of: to X. Then there exists a
process starting in,g and finishing inu if and only ifv = p.

PrROOF Itis enough to use the Remark following Proposition l3.

Proposition 16 If ug is a non atomic probability measure and there exists a process finishing in a mea-
sure # 0, then the cardinak = 2% is real measurable and, therefore, if follows from the Continuum
Hypothesis that, = 0, according to [5].

PROOF As we have seen in Proposition J2js a non atomic measure and, therefore, there is an ultra-
complete extension of the Lebesgue measure on the inf@ryal(2)] andc is a real-measurable cardinal.
[ |

Proposition 17  If ug is a non atomic probability measure, built using only (ZF) and the axiom of choice,
like the Lebesgue measures, and there exists a process starfiggimd finishing inu, theny = 0.

ProoFE First of all, the Continuum Hypothesis is independent of (ZF) and the axiom of choice, according
to the well known result of P. J. Cohen. On the other hand, in the constructjpriod in Proposition 18

we have only used (ZF) and the axiom of choice. Thep, # 0, the negation of (CH) would follow from

(ZF) and the axiom of choice, in contradiction to the result Cohen. Thergfer®). B

Remark 6 If ¢ is a real-measurable cardinal we can not avoid in the previous proposition the condition
1o IS built using only (ZF) and the axiom of choice. Indeed, then there exists an ultracomplete non atomic
probability measurg and, obviously, every process startingigfinishes ing = pg # 0.

Proposition 18 If 1 is a purely atomic probability measure and there exists a process finishpnthien,
for every atomA of pg we haveu(A) = po(A) or u(A) = 0. In the first case, the induced measurg is
an extension ofip 4 and, thereforeA is also an atom of..

PROOFE We notice that there exists a process starting in the induced measusad finishing in: 4, as
in Proposition 14. So, it is enough to consider the case whenan atom ofuy. Let 2 be an atom of
and(uq)a<~ the family of the measures of the process, and let us supposg thatot an extension of
1o- Then there exists a first ordinal, such thatu,o is not an extension gfg. It is clear thaty is a limit
ordinal. It follows from the proof of Proposition 14 thaf, (E) € {0,1} for everyE C Q anda < ag. It
follows also thatr (E) = inf,<qa, 5 (E£) € {0,1} and, thereforep?, (£) € {0,1}. Sincepu,, is not an
extension ofu it follows thaty,,(©2) = 0andp(2) =0. N
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Corollary 3 If 1 is a purely atomic probability measure arid,,) is a complete and disjoint system of
atoms ofug and {4,, : n € M} is the set of the4,, which have the property that the induced measure
toa, has an ultracomplete extensign, then there exists a process startinguig and that finishes in the

measurgu(A) =3 i tn(AN Ay).

ProoF It follows from Propositions 13, 14 and 18, taking into account th&ifand B, are two disjoint
to-measurable sets and there exists a process startingjrand finishing irv;, then there exists a process
starting inuo(,uB,) and finishing in the measurg A) = v1 (AN By) + v2(A N By), whereA C By U
By, 1
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