
RAC
���

Rev. R. Acad. Cien. Serie A. Mat.
VOL. 95 (1), 2001, pp. 29–37
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On the uniform limit of quasi-continuous functions

B. Rodrı́guez–Salinas

Abstract. We study when the uniform limit of a net of quasi-continuous functions with values in a
locally convex space � is a quasi-continuous function, emphasizing that this fact depends on the least
cardinal of a fundamental system of neighbourhoods of � in � , and giving necessary and sufficient
conditions. The main result of the paper is Theorem 15, where the results of [7] and [10] are improved,
in relation with a Theorem of L. Schwartz.

Sobre el lı́mite uniforme de funciones cuasi-continuas

Resumen. Estudiamos cuando el lı́mite uniforme de una red de funciones cuasi-continuas con va-
lores en un espacio localmente convexo � es también una función cuasi-continua, resaltando que esta
propiedad depende del menor cardinal de un sistema fundamental de entornos de � en � , y estableciendo
condiciones necesarias y suficientes. El principal resultado de este trabajo es el Teorema 15, en el que los
resultados de [7] y [10] son mejorados, en relación al Teorema de L. Schwartz.

In general, we shall work with a measure space ���	��
���
�� where � is a topological space, the � -algebra
 contains the Borel sets of � and 
���������� . Suppose that � is a locally convex Hausdorff space.
We say that a function ��������� is quasi-continuous if the set of points  where � is not continuous

has outer measure 
"!#�� $���&% .
A function �'�(�)��� is said to be Lusin measurable if for any *,+)% , there is a closed set -/.0� such

that 
����213-4�657* and the restriction ��8 9 is continuous.
We shall use the following axiom:

Axiom L The interval : %;�<�>= cannot be covered by a family ��-�?@�A?CB(D of closed subsets of Lebesgue measure
zero where the cardinal of E is less than the continuous F .

Then, according to [11,1-6-4], we have:

Proposition 1 Let � be a compact metrizable space, and let 
 be a Radon measure on � . Then Axiom L
implies that the union of a family ��-G?@�A?CB(D consisting of closed sets of measure zero such that F>H�IKJL��EM�	5NF
does not cover any set of positive measure.

Theorem 1 Assume Axiom L in the conditions of Proposition 1. Let � be a locally convex space with a
base of neighbourhoods ��OQPR�@P B(S of zero such that F>H�ITJQ�VUW�X5&F . Let ��� ? � ?CB(D be a net of quasi-continuous
functions � ? �;�Y�Z� , converging uniformly to � . Then, if [ is the set of points where f is continuous, we
have 
�!\��[]����� .
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PROOF. It is obvious that if � is a metrizable space, then � is quasi-continuous. In the general case, we
can suppose, using [8,5.4], that � is the product _WP B(S �`P of a family of Banach spaces. Let abP be the
projection �c�d�eP and fGP the oscillation function of aQPhgi� ; then aLPhgi� is quasi-continuous. Letj P;k l`�nm<oqpq�&�KfGPr�Vob�i5s�TtKuGv(w
Then, since f P is upper semicontinuous,

j Pxk l is an open set of measure 
�� j P;k l �3�y� . By Proposition 1,
the union z P B(S k l BK{ �C�|1 j P;k l � does not cover any set of positive measure. Hence, its inner measure is
zero and 
 ! �~}P B(S k l BK{ j Pxk l ���n�(w
To finish, it suffices to note that [N��� P B(S k l BK{ j P;k lbw\�

It is also useful to consider the following axiom:
Axiom M If �VU ? � ?VB(D is a family of subsets of : %;�<�>= with Lebesgue measure zero and such that F>H�IKJL��EM�X5�F ,
then the union of the U ? ’s has measure zero.

According to [11,1.6.2], we have:

Proposition 2 Assume Axiom M and suppose that ���	��
���
�� is a probability space, where 
 is countably
generated. Then, if �VU�?@�@?VB(D is a family of subsets with measure zero and such that F>H�IKJQ�VE���5nF , we have
that the union also has measure zero.

Theorem 2 Assume Axiom M in the conditions of Proposition 2. Let � be a locally convex space with a
base of neighbourhoods ��OQPR�@P B(S of zero such that F>H�ITJQ�VUW�X5&F . Let ��� ? � ?CB(D be a net of quasi-continuous
functions � ? �(�0�d� , converging uniformly to � . Then � is quasi-continuous.

PROOF. We just have to proceed as in Theorem 1 , using Proposition 2 instead of Proposition 1. �
Remark 1 In Theorems 1 and 2, if � is a �C���<� -space and the measure 
 is diffuse, we have that F>H�IKJQ�����i�)F+�F>H�IKJQ�VU	� . As we shall soon see, these theorems do not hold if �0�n: %;�<�>= , 
 is the Lebesgue measure andF>H�IKJL��U	���YF .
Theorem 3 Let �N��: %;����= , 
 the Lebesgue measure on � and �Z��� S with F>H�IKJL��U	����F . Then, there
exists a function ��������� which is the uniform limit of a net of quasi-continuous functions, which is not
continuous at any point and having the property that any restriction ��8��/�V��./��� is continuous only on
the countable set consisting of the isolated points of � . Hence, � is not Lusin measurable. Moreover, for
any set ��.�� , there exists an open set

j .�� such that �G� � � j ���/� and � is not Borel measurable,
but it is weakly measurable and its Pettis integral ���bJ(
 is zero.

PROOF. We can assume that UN�Y� . Let ���/���iPR�@P B(S , where �iP��Vob����� for o��&� and �3P��CoR���Y% foro2��Y� . The function �'���Y�Q��� is nowhere continuous but it is the uniform limit of a net ��� ? � ?VB(D , where
every ��p�E is a finite subset of � , E is ordered by inclusion and aRP�g"� ? �s�3P for any ��p$� and aQP�g�� ? ��%
for any �ntpq� , which implies that every function � ? is quasi-continuous. Moreover, let � be a subset of � ,
then the restriction ��8 � is continuous only on the countable set that contains the isolated points of � .

Finally, if  ��n�V%x�¢¡�� and  �P£�&aG� �P �¤ ]� , we have

� � � �¤  P ���&� � �P �¤ ]���&�6�
and hence

j � z P B �  �P is an open subset of � such that

� � � � j ���Y¥ P B � � � � �� �PQ���&�qw
In addition, for any oR!�p$�¦! , since by [3,Proposition 3.14.1] or!�gi� vanishes outside a finite set, it follows
that o !�§ � is zero almost everywhere in � and hence, the Pettis integral ���bJ\
 is zero. �
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Remark 2 We can choose E to be the lattice consisting of the countable subsets of � . In this case, for any
sequence �V�@lx� in E , there exists �G�sz,¨ BK{ � ¨ �)�¤l for all u�p�© .

We can prove in a similar fashion the following theorem:

Theorem 4 Let �&�NU be a �C�r�<� -topological space, 
 a diffuse probability measure on � and �ª�N� S .
Then there exists a function �2�L����� which is the uniform limit of a net of quasi-continuous functions,
and having the property that any restriction ��8 � is continuous only on the set of isolated points of � , and
that for every subset �«.¬� , there exists an open subset

j .�� such that ��� � � j �e�­� . Therefore,
if the set of isolated points of � has measure less that 1, � is not quasi-continuous and if there exists a
non-measurable set � , � is neither Borel measurable nor Lusin measurable.

Remark 3 If F>H�IKJL����� is of measure zero, the measure of the set consisting of the isolated points of � has
 -measure zero and there is a non-measurable set in � . According to [5,2.5], the same happens if F>H�IKJQ�����
is not measurable and 
 is a perfect measure. We also have that if 
 is a ® -additive measure, the set of
isolated points of � has measure zero. Since the same holds for every subset � of � and the induced
measure 
 � , f is not Lusin measurable.

A set is said to be a �V �� -set if it is the set  ¯���°� of the discontinuity points of a function �������±� . It
is clear that any �V $� -set is an -�² -set.

It is obvious that the set which contains all the discontinuity points of a function �'�y����PQ�AP B(S �x�N��c�Y� S is z P B(S  '���KPb� . Then we have:

Theorem 5 If �|�&� S , then for any quasi-continuous function � P �(�0��� , the function ������� P � P B(S������� is quasi-continuous if and only if the union of any family �V P � P B(S of �V $� -sets of measure zero,
has outer measure zero.

Theorem 6 Suppose that the support of 
 is � and that � is an arbitrary locally convex space having a
base ��OLPR�@P B(S of neighbourhoods of zero. Let �¯�(�0�d� be the uniform limit of a net of quasi-continuous
functions. Then � is quasi-continuous if and only if any union z P B(S -"P of closed sets of � having measure
zero, has outer measure zero.

PROOF. Sufficiency follows as in Theorem 1. Necessity follows from Theorem 5 taking into consideration
that if - is a closed set with measure zero, then �¤u°³��V-4�3�n´ , and hence,  ¯����9��i�N- . In this last step we
have used the fact that µ�¶�·\·"�C
����Y�	w#�
Remark 4 Theorem 6 can be extended to any ® -additive measure 
 .

If �V-"Pb�AP B(S is a family of closed sets having 
 -measure zero, such that


 ! �r¥P B(S -"PR�6+)%x�
and F>H�IKJQ�VU	� is of measure zero, then if we suppose that U is well ordered and we set U P �&- P 1�z�¸;¹ P - ¸ ,
we can easily see that �7�¬��� SRº �AP B(S �°���»���¼� S is a non-measurable Borel function which is the
uniform limit of quasi-continuous functions. This result holds as well, according to [5,2.5], if 
 is a perfect
measure and F>H�IKJL��U	� is not measurable. On the other hand, if � is endowed with the discrete topology,
every function ���Q�n�½� is continuous. But if 
 is a diffuse measure, the latter is equivalent to the fact
that F>H�ITJQ����� does not have measure zero.

It is easily checked that if ¾¿�À¾r�V
�� is the least cardinal of the sets A having the property that
�!#� z P B(S -�PR�'+ª% for a family �V-"PR�@P B(S of closed sets of measure zero, then ¾ is not the supremum
of a sequence of cardinals less than ¾ , which is obviously less than or equal to F>H�IKJL����� if � is a �V� � � - space
and 
 is a diffuse measure. Axiom M implies that ¾r�V
����&F for the Lebesgue measure 
 on �0��: %;�<�>= , and
this in turn implies Axiom L.

We say that a cardinal is primary if it is not the supremun of a sequence of cardinals less than itself.
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Corollary 1 There exists a Radon measure 
 and a function �Á�W�d�~�Â�Ã��Ä(Å that is not quasi-
continuous nor Borel measurable and yet it is the uniform limit of a net of quasi-continuous functions.

PROOF. It turns out from Theorem 6 by taking into consideration that, according to Haydon [2,15.1], there
exists a Radon measure 
 for which the union of Æ � closed sets of measure zero may be not measurable. �

In the same way as in Theorem 6 but in the same direction as Theorem 1, we can give a necessary
and sufficient condition in order that 
G!\��[]���y� for the set [ consisting of the continuity points of every
function �¯���&�Q��� which is the uniform limit of a net of quasi-continuous functions.

Theorem 7 If ���	��
���
�� verifies 
 ! � z P B(S -"Pb���Y% for every family �V-"PR�@P B(S of closed subsets of measure
zero with F>H�IKJL��U	�3Ç�¾ , then there exists a probability space ���	��
�ÈV��Éx� such that É is an extension of 
 and¾r��Éx�6+�¾ .

PROOF. We can assume that ¾��&ÆbÊ . Let Ë be the set consisting of the unions z P B(S -"P and

É ! �VÌ,���ÎÍÐÏ�Ñ� B#Ò 
 ! �VÌY13���'�VÌÓ.0����w
First of all, we are going to prove that ÉQ! is an outer measure. Indeed, for every *£+N% and Ì l .�� there
exists an � l p£Ë¿�Cu¦p�©�� such that

É ! �VÌ�lx�°ÔÕ*\¡ � l +�
 ! �VÌ�l413��lx���
and therefore Ö

l É ! �VÌ l �°Ô2*h+
Ö
l 
 ! �VÌ l 13� l �6�)
 ! � ¥ l Ì l 1 ¥ l � l �3�0É ! � ¥ l Ì l ���

from which it follows that É ! � ¥ l Ì�lx�iÇ
Ö
l É ! �VÌ�lL��w

Let ��Ì l � be a disjoint sequence in 
 and take ×Ø.�� . Then, for every *e+s% , there exists an �Zp'Ë
such that

É ! ��×�Ù ¥ l Ì�lL�RÔ2*h+)
 ! ��×ÃÙ ¥ l Ì�l]13����
Ö
l 
 ! ��×�Ù�Ì�l]13���

�
Ö
l É ! ��×ÃÙ�Ì�lL���

and therefore É ! ��×�Ùq¥ l Ì l ���s
 l É ! ��×�Ù�Ì l ��w
From the latter, it turns out that the restriction of ÉQ! to the � -algebra 
iÈRÚ&
 consisting of the ÉL! -measurable
sets, is a measure É , which is an extension of 
 since ÉR�VÛ��h�Á
���Û,� for every set ÛZpN
 . Then, sinceÉx!\�V�����Y% for every �­p�Ë , it follows that ¾���Éx�3+�¾rwK�

A slight change in the previous proof allows us to prove the following theorem:

Theorem 8 If ���	��
���
�� has the property that 
 ! � z P B(S - P ���&% for every family �V- P � P B(S of closed sets
having measure zero with F>H�IKJL��U	�$5�¾ and ¾ being a primary cardinal, then there exists a probability
space ���	��
3È���Éx� such that É is an extension of 
 and ¾���ÉL�6�0¾ .
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Corollary 2 From axiom L it follows that for every cardinal ¾�5ÜF there exists a probability measure 

on �Y�¼: %x����= which is the extension of the Lebesgue measure and such that ¾��C
���+s¾ . If F is not primary,¾r�V
��65)F holds for such measures, and if F is primary, we can say that ¾��C
����YF for one of them.

Theorem 9 If 
 is a regular measure and there exists a measurable function �'�(�0��� such that 
Wg"��� �
is a diffuse measure, we have that ¾r�V
��6Ç)F .
PROOF. Since 
 is a regular measure, by Lusin’s theorem there exists a closed set -Z.Á� of positive
measure such that the restriction ��8 9 is continuous. Then, if - P �¼��� � �V��� � - for �Yp7� , we have that
every - P is a closed set of measure zero and 
�� z P BKÝ - P ����
���-4�3+�%xw#�
Remark 5 According to a theorem of Zink [5,2.2], if 
 is a separable measure, there is a measurable
function �&�"�Ü�Ø: %;�<�>= such that 
qg��"� � is the Lebesgue measure. Similarly, by [5,2.1], if 
 is a non-
atomic measure, there exists a measurable function �¼���­� : %x����= such that 
�g]��� � is the Lebesgue
measure.

Corollary 3 If 
 is a regular non-atomic measure, then ¾r�V
��6Ç)F .
Remark 6 If 
 is an atomic measure then it can trivially happen that 
���Þ�P B(S -�PR�W�Ó% for every family�V-"Pb�AP B(S consisting of null-measure sets.

If 
 is a diffuse probability measure on a metric space � whose density character is non-measurable
then, according to [6], 
 is a non-atomic measure, and hence, ¾��C
��3Ç)F .
Theorem 10 If � is a completely regular Hausdorff space and 
 is a weakly ® -additive measure such that
for every o¯pq� and every *h+)% there exists an open neighbourhood O of o with 
���O,�65�* , then ¾r�V
��3Ç�F .
PROOF. Let ß be the restriction of 
 to the � -algebra ÛhHQ����� of the Baire subsets of � . If there were an
atom Û of ß then there would also exist a closed atom -�.sÛ of ß . Hence, by the assumption above, for
each o�p'- there exists an open neighbourhood OQà$p'ÛhHQ����� such that ß���OLà	Ù�-4�6�N% . Let -"à��s-Y1XOLà�Ap�ÛhHQ������� , then Ù�à B 9G-"à���´ , from which it follows (taking into account the fact that 
 is a weakly® -additive) that there is a sequence �V-Gàâáx� such that ß���ÙGlx-�àâáx����% , and this contradicts the fact thatßr��-�àâáx�4�¬ß��V-4�`+Ó% . Therefore ß is a non-atomic measure and, according to [5, 2.1], there exists a ß -
measurable function �����s�Q�ã: %x����= such that ß�gi� � � is the Lebesgue measure. From this it immediately
follows, as in Theorem 9, that ¾r�V
��3Ç)¾���ßb�3Ç0FKw#�
Remark 7 The property that for every o¦p�� and *`+&% there exists an open neighbourhood O of o such
that 
���Oh�35�* is equivalent to saying ßR!(�@mâo°vK���Y% for every oqpq� . In general, being � a Hausdorff space,ä à B\å ßQ!(�Am<o°v#��Çs
������ and, if

ä à B\å ßb!(�@mâo°vK��5s
������ , then it follows from the remaining conditions of
Theorem 10 that ¾r�V
��3Ç�F . From this it turns out that ¾��C
��iÇ�F whenever � is a compact infinite Hausdorff
group and 
 is invariant under left translations.

If 
 is a diffuse measure then the function �iæ��Cf)pq��� is Lusin measurable if and only if ßR!\�Am�fXv#�"�Y% .
Theorem 11 If � is a completely regular Hausdorff space and 
 is a weakly ® -additive measure such that
its support ç is not separable then ¾r�V
��3Ç�F .
PROOF. Let ß be the restriction of 
 to Û4Hb����� and � the closure of the countable set m<oqpq�&�Mß°!\�@mâo°vK�6+%�v . Since ç is non-separable, we have ç�1��±��Y´ and 
����]1�����+0% and there exists a closed set -/p�Û4Hb�����
with positive measure ß��V-4��+N% which is disjoint from � . Then, by applying Theorem 10 to the induced
measure 
 9 it turns out that ¾��C
��6Ç�¾r�V
 9 �3Ç)FKw\�
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Remark 8 If � is a compact Hausdorff space and 
 is a diffuse measure with separable support, the
question comes down to the case when the support is a singleton. Indeed, if �Co°lQ� are the points of mâoqpq�Y�ßQ!\�CoR�4+/%�v and

ä l ßQ!(�VoLlx�W�¼
������ , there exists a sequence ��-"lQ� of pairwise disjoint closed Baire sets
such that oQl£pq-"l , and hence the probability measures 
�l defined by


°lR��U	��� 
��VU�Ù£-"lL�ß ! �Co l � �VU�pq
X�
have the sets m<oQlQv as supports, and ¾��C
����&è�ÍéÏLlX¾��C
°lx� .
Theorem 12 If � is a separable Hausdorff space and 
 is a diffuse measure, then ¾��C
��3Ç0¡�ê .
PROOF. Let  be a dense sequence in � . Then for all o�p�� there exists an ultrafilter ëià in  which
converges to o , and the mapping o�ì�íë6à is one-to-one. Since, according to [1], the cardinal of such
ultrafilters is less than or equal to ¡(ê , and 
 is a diffuse measure, it follows that ¾��C
��6Ç0F>H�IKJL�����3Ç�¡(ê�w\�
Remark 9 If 
 is a diffuse measure and the � -algebra of the measurable sets is countably generated, then,
as in [11, 1.6.2], one can deduce that ¾r�V
��6Ç)F .
Theorem 13 If � is a completely regular Hausdorff space and the cardinal of the support ç of the measure
 is greater than ¡(ê , then ¾r�V
��3Ç0F .
PROOF.
By using the usual extension É of 
 on the Stone-Cech compactification î�� of � , which has the property
that the induced measure É å coincides with 
 , we can assume that � is a compact space. Now, sinceF>H�IKJL��ç��h+Ü¡#ê , from the proof of Theorem 12 it follows that ç is not separable, and from Theorem 11 it
turns out that ¾r�V
��3Ç0FKwK�
Corollary 4 if � is a completely regular Hausdorff space and 
 is a diffuse measure such that its support
has positive measure, then ¾r�V
��3Ç)¡(ê .
Theorem 14 For every cardinal ¾ there exists a diffuse measure 
 on a �C�G��� -space � such that ¾��C
��6+�¾
and µ�¶�·\·L
��s� .

PROOF. We may assume that ¾ is infinite. Let � be a set whose cardinal is greater than ¾ , and let us
endow � with the topology whose closed sets are � and all the sets with cardinal less than or equal to ¾ .
Let 
 be the corresponding Borel � -algebra on � , and let us define the measure 
 by putting, for Uyp7
 ,
either 
��VUW���/% or 
���U	���ï� depending on whether F>H�IKJL��U	��Ç�¾ or F>H�IKJL��U	��+�¾ . Then, as ¾bðh�Ü¾ , it
follows that ¾�5�¾r�V
��3Ç�F>H�IKJQ������w(�
Theorem 15 For every cardinal ¾ there exists a completely regular space �|����[��VñÕ����ò�óTHMôL� and a
probability measure 
 with empty support on � such that ¾��C
��6+�¾ .

PROOF. We shall proceed as in [10] and [7]. We may assume that ¾�+�Æ°Ê is not a limit cardinal. Letf be the first ordinal with cardinal ¾ and let �RÊ���mâ�y�6�ïÇÁfXv . Let us endow �RÊ with the topology
consisting of all the subsets of �N���RÊi1�m<fXv and such that the neighbourhoods of f are the complements
of the subsets of � whose cardinal are less than ¾ . With this topology �rÊ is a space �C�Rõ¢ö\� . Let ñ be the
Stone-Cech compactification of �RÊ and put ���Á��[��VñÕ����ò�óTHMôL� . The set ÷°Ê of all the neighbourhoods off is stable with respect intersections of families with cardinal less than ¾ , because ¾ is not a limit cardinal,
and it admits a fundamental system ÷ consisting of open-closed neighbourhoods. Let - denote the set of
all continuous functions from ñ to mâ%x���#v which vanish at f . It is clear that - is a weakly closed set.

We shall construct two classes ø and ù of Borel sets in �V-i��ò�óâH�ôx� such that

(i) The smallest � -algebra containing ø is the class ú 9 of the Borel sets of ��-i��ò�óTH�ôx� .
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(ii) If [/p�ø then either [�p$ù or -&1i[/p$ù .

(iii) The intersection of any family of elements in ù with cardinal less than ¾ is not empty.

(iv) For all ³�p�ñ�1�m�fXv , the set mK�¯p�-/���G�V³������#v belongs to ù .

Then we can define a Borel measure ß on ��-i��ò�óTH�ôx� by putting ß��VÛ,�£��� whenever Û½pNú 9 andÛ contains the intersection of a family of elements of ù with cardinal less than ¾ , and ßr��Û,�]��% other-
wise. Hence for every family ��-GPb�AP B(S of null- ß -measure subsets -GP�pNú�9 with F�H(IKJ�U�5¬¾ we haveß ! ��ÞGP B(S -"PQ���Y% . And ß is a non-weakly- ® -additive measure with empty support, because - is the union
of the open sets

jWû ��mK�'���G�V³��6�N%�v when ³ip¯ñÁ1�m�fXv , ß��V-4�3�Ü� , and ß�� j�û �6�Y% . From this it follows
that there exists a measure with similar properties on � , which we shall keep denoting ß .

Let ô be an integer, ü a set, �C
býþ(� ýKÿ ¨ k þ B�� Radon measures on ñ with 
býþx��ñ¦����� , and ��H ý � ýKÿ ¨ , � � ý � ýKÿ ¨rational numbers such that H ý 5 � ý . Now we define ø to be the class of all sets [��YÞ þ B��   þ , where

  þ ��mT�¯p�-Ü���M·�Ç0ôb��
Qýþx���°�6p¦��H ý � � ý ��v(�
and ô , ü , the measures 
býþ , H ý , and

� ý vary.
The class ù consists of all the sets [Áp¦ø such that for all O¿p2÷ there exist �'p)ü and �7p�  þ with�$��� on ñN1�O , and also of all the complements -�1�[ of the sets which do not satisfy this condition. Only�C�¤�¤��� needs to be proved. To this end, it is enough to show that for every family ��[ P � P B(S�.0øeÙ$ù , whereUs��mâ���(�75�� Ê v and � Ê 5�f , and for every O Ê pq÷ , there exists ��pqÙ P [ P such that ���/� on ñ�1iO Ê .

It is easy to prove (with the obvious notation) that for all �Np7U there exists * P +�% such that if � p7÷
then there exist �ep�ü P and �¯p' �Èþ with ���n� on ñ�1�� , where

  Èþ �NmK�¯p�-Ü����·�Ç�ô P ��
Qýþ k P ���°�3pÕ�VH ý P Ô2* P � � ý P �'* P �¢v(w
Let ë�P be an ultrafilter on ü�P containing all the sets

m���p¦ü(P��
	;�¯p¯  Èþ �����n� on ñ�1iO`v
whenever O¼pq÷ . Let ·qÇ�ô(P be given, and let us put É ýP ���ÐÍéè�
 º 
Qýþ k P . Then, there exists O¼pq÷ , O¼.)OLÊ ,
such that É ýP ��Os1����6�N% for all �íp'÷ , ·�ÇYô(P and ��p�U . In the same way as in [7], but performing a
transfinite induction in �)p'U , it can be proved that there exist �(P , �âP'p2ü�P , OxP��¢O4ÈP p�÷ , and open-closed
sets ��P;k Ê , ��P;k � in ñ such that

(i) The sets OLP satisfy OLPq.0Ù ¸x¹ PLO4È¸ and OLPhÙ��V� ¸ Ê6Þ�� ¸ � ���Y´ for all î25��7p�U , with O � �sO .

(ii) 
Qýþ º k P ��O&1iOLPb�65�*#PQt#¡ for all �7p�U and ·qÇ0ô(P .

(iii) � P p' WÈþ º and � P �n� on ñ�1iO P .

(iv) �KP£�Y% on O4ÈP .)OLP and 
Qýþ º k P ��O]ÈP 1�m<fXvK�G�Y% for all �2pqU and ·qÇ0ô(P .

(v) U Ê�Ê �Y´ , U Ê ���&ñ�1iO , U P(Ê �NmT³�pqO P 1iO]ÈP �(� P ��³����Y%�v , and U P �X��mT³�pqO P 1iO]ÈP ��� P ��³������\v .
(vi) m�fXv , ��P\Ê and ��P � are disjoint sets such that �`P ? Ú�U�P ? Þ$��P � �A? if � has a predecessor �q��� , and��P ? Ú)U�P ? Þ Þ ¸x¹ Px� ¸ ? whenever � is a limit ordinal ( ��Ê ? �YU�Ê ? ) for �G��%x��� .

It is obvious that for �n�ï�"Ê (or ��5Ó��Ê ), the open sets
j Ê��ÁÞ ¸;¹ PL� ¸ Ê and

j � ��Þ ¸x¹ Px� ¸ � are
disjoint, and moreover j Ê6Ù j � � � j Ê6Ù$�	�bÙ � j � Ù$�	�G�s´��
because the sets

j ?xÙ$� are disjoint and open-closed in � Ê . Then �|� j � is an open-closed set in ñ such
that

j Ê Ù��¿�s´ and f�tp�� .
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The function �¯�n� � satisfies �'��� P on U P �NU P(Ê Þ�U P � . Moreover, for all �0p'U and all ·¦ÇYô P
we have 
 ýþ º ���Y��Ü�#PQ�W5�*#P . Hence it follows that �)p�  þ º for all �Yp7U . Therefore �)p�Ù�P B(S [3P and�$��� on ñ�1iOxÊ .

Since for every family �V-GPb�AP B(S of null ß -measure sets -GPqp�ú å with F>H�ITJ�Un50¾ we have ß ! ��ÞGP B(S -"Pb���% then, according to Theorem 8, it turns out that there exists an extension 
 of ß such that ¾r�V
��3�0¾ .
Given a cardinal ¾ , a � -algebra 
 is said to be a ¾ -algebra provided 
 is stable under unions and

intersections of cardinal less than ¾ . A measure 
 on a ¾ -algebra 
 is said to be ¾ -additive provided that for
every disjoint family �V�`Pb�@P B(S of sets ��Pqp¯
 with F>H�IKJ�Un5)¾ one has 
���Þ�P B(S ��PQ��� ä P B(S 
��V��Pb��wK�
Remark 10 Given a cardinal ¾ , a slight modification of the above proof allows to show, without using
Theorem 11, the existence of a ¾ -additive measure 
0��s% taking values in mâ%;�<�#v , with empty support on a¾ -algebra 
 of subsets of a space �0����[��VñÕ����ò�óâH�ôx� . Then ¾��C
��3�0¾ holds too.

For such measures 
 taking values in mâ%x���\v , in a similar way and with the same notations as in the
remark following Theorem 6, it turns out that if F>H�IKJ(U is non-measurable, then �2�¬��� SRº �AP B(S �R�Ü�Q�� ��� S is a non-Borel-measurable function which is the uniform limit of a net of quasi-continuous
functions.

Going more deeply into this matter, we shall prove the following Theorem without the above hypothesis.

Theorem 16 Let � , ù and ¾N��Æ���� � be as in Theorem 15, let 
 be the ¾ -algebra generated by the
Borel sets of � , and let 
 be the ¾ -additive measure defined on 
 by setting 
��VUW�]�|� if U¿p&
 and U
contains an intersection of Æ�� subsets of ù , and 
���U	�i�N% otherwise. Then there exists a non-measurable
union of a disjoint family of ¾ closed null measure sets -�P , and therefore �¦�����X9 º �@P2�L�/�Q���Z�/���
is a non-Borel-measurable function which is the uniform limit of a net of quasi-continuous functions, and¾r�V
����Y¾ .

PROOF. Using the same notations as in Theorem 15, let
j û �ÁmT�0p)-|�'�G��³��	�y%�v for ³�p��Ó�¬mâ³]�³�5�fXv . Then, in the usual way, we can obtain a disjoint family �V- û � û B�� of closed sets such that - û . jWû

for every ³ and z û B�� - û �/z û B�� jWû �n- . Assume that every union of sets - û is 
 -measurable. Then we
an define a measure É on all the subsets of � by setting ÉR�����4�ï
�� z û B � - û � for every subset �À.¼� .
Now, proceeding as in [12], we can construct a matrix �VU��û � of Æ�� rows and Æ���� � columns whose entries
are subsets of � with the following properties:

(i) For each row µ , �VU��û �°Ù���U��û�� ���Y´ for ³����³@È .
(ii) For each column ³ , ��1 z � U��û is a set of cardinal less than ¾ .

Being ÉR�C��1 z � U �û �X��% , it follows that ÉR� z � U �û ���y� , and therefore for each ³ there exists µh�Üµ û such
that ÉR��U��û ��+Y% , since the union of Æ � É -null measure sets has measure zero. But then there exists a row µ
with ¾7+/Æ Ê pairwise disjoint sets of positive É measure, which contradicts the fact that the measure É is
finite. �
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