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Holomorphic extension maps for spaces of Whitney jets

J. Schmets and M. Valdivia

Abstract. The key result (Theorem 1) provides the existence of a holomorphic approximation map
for some space of ��� -functions on an open subset of ��� . This leads to results about the existence of a
continuous linear extension map from the space of the Whitney jets on a closed subset 	 of � � into a
space of holomorphic functions on an open subset 
 of � � such that 

��� ��� � ��� 	 .

Operadores de extensión holomorfa para espacios de jets de Whitney

Resumen. El resultado clave (Teorema 1) prueba que existen operadores de extensión holomorfa
para ciertos espacios de funciones de clase � � en un abierto de � � . Esto conduce a resultados sobre
la existencia de un operador de extensión lineal y continuo del espacio de jets de Whitney sobre un
subconjunto cerrado 	 de ��� en un espacio de funciones holomorfas en 
 , un subconjunto abierto de ���
tal que 
���� � � � � � 	 .

1. Introduction

Let � be a proper open subset of ��� . For a ��� -function � on � , we set

D ���� "!$#�% &�' � ' �& �)(* (,+-+.+ & �0/* /  1!�#3254�687:9 �; 2<!=7>� +
By ?@� �  A�@# , we designate the Fréchet space of the �B� -functions on � which are bounded on � as well as
all their derivatives, endowed with the system of norms CEDGFHDJILKNMO7P9RQ defined by

DS��DSIT%VUXWNY' � ' Z IP[E\
I�]_^<` ' � ' D D �a��Dcb +

Moreover �ed stands for the following open subset of f�� :

� d Kg%hCJi�j8kmlRKNi=7>��2<ln7>� � 2Jo l$oEp d  "iq2 & �@#rQ +
For a closed subset s of ��� , we designate as usual by tR 1su# the Fréchet space of the Whitney jets on s

(cf. [4]).
In [2], the key result states that there is a continuous linear map v from ?@� �  A�@# into ?@� �  1���_# such

that, for every �w7:?B� �  x�@# ,
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a) v,� has a holomorphic extension on �,d ;
b) for every z{7>9 and |�}�~ , there is a compact subset � of � such that

UXWNY' � ' Z�� D D � �n� D �  1v,��#cDcb��3����| +
This result is then used to prove that, if � is a compact subset of ��� , then
a) every Whitney jet on � has a ?@� �  A�q�q# -extension which is real-analytic on ������� ;
b) there is a continuous linear extension map from t� A��# into �e�: 1���q# if and only if there is such a map
with values real-analytic outside � .

Since then L. Frerick and D. Vogt have solved in [1] the problem raised in [2] as to how this last property
extends for a closed subset. Their result reads as follows: if there is a continuous linear extension map fromt� 1su# into �B�: 1���_# , then there also is such a map � with values having a holomorphic extension on ��d if
and only if, for every bounded subset � of ��� , the boundary of the union of the connected components of�����as having non empty intersection with � is compact. Their proof makes use of the key result mentioned
here above.

The purpose of this paper is to generalize all these results.
Let � be a proper open subset of f � . For a holomorphic function � on � , we set

D ���� 1�)#�% &q' � ' �& �)(� (�+-+-+ & �0/� /  A�E#c2�4$687:9 �; 2X��7=� +
By � �  x�u# , we designate the Fréchet space of the holomorphic functions on � which are bounded on � as
well as all their derivatives, endowed with the system of norms C)DGFHD I K)M�7>9RQ defined by

D.��D I %�U<WNY' � ' Z I D D ����D.� +
Firstly we are going to construct in Paragraph 2. an open subset � b of f�� such that � b�� ���=%�� andiw7w� for every i�j�kxlP7w� b . Then we prove in Paragraph 4. the following extension of the previous key

result.

Theorem 1 There is a continuous linear map v b from ?@� �  x�@# into � �  1� b # such that for every ��7?@� �  A�@# , |u}�~ and z�7:9 , there is a compact subset � of � such that

oD �_ "v b ��#S "i�j�kml)#_� D �a�� 1i$#-oE��|
for every i�j8kmln7>� b and 6�7:9��; verifying i>7=����� and o 6�oE��z .

Finally we use this new key result to enhance the previous extension theorems (cf. Section 5.).
In some way, this paper is a continuation of [2]. The idea is to use the fact that the functions  ¡ <F¢23��#

have a holomorphic extension on �ed�£�� b .

2. Construction of the open subset ¤ � of ¥8¦
Given a proper open subset � of ��� , the construction of the open subset � b of f�� comes from a refinement
of the construction of the sequence  A§�¨G#©¨Sª¬« made in the Paragraph 2 of [2].

For the sake of clarity and completeness, we give the construction explicitely. The reader may skip it
at first reading and come back to it as needed. The point is that we want to be able to use the inequalities
of [2] involving the numbers §�¨ in order to obtain supplementary results about the space ?@� �  A�@# .

We first fix a compact cover CJ��¨�K�­�7�9RQ of � subject to the following requirements:  1� ^ #©®�¯%±° ,
d  1� ^ 2 & �@#Rp³² and for every ­�7:9 ,  1��¨J#©®-´¶µ·%¸�n¨�¹h 1�n¨ ]_^ #©® as well asº ¨ Kg% d  A� ¨ 2r� � ��� ¨ ]_^ #R} ^» d  A� ¨ 2 & �@# +
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Of course the sequence  º ¨ # ¨Sª¬« strictly decreases to ~ and º ^ pT² .
Next for every ­T7¼9 , ½ ¨ designates an element of �B�: A�q�q# , identically 1 on a neighbourhood of� ¨ ] » �� 1� ¨ ]_^ # ® and with support contained in  1� ¨ ]¿¾ # ® ��� ¨ .
Then for every ­ , M�7:9 , we choose À)¨ ´ I }T² such that

 "­ej¸²G#ÁÀ »¨ ´ I p�À ¨ ]_^ ´ I 2À ¨ ´ I p�À ¨ ´ I�]_^ 2UXWNY' � ' Z IP[E\
I�] ¨ ]_^<` ' � ' D D ��½Â¨0D3Ã / ��ÀÂ¨ ´ I +

Finally we remark that, by the Poisson formula,

Ä  1Å)#�K¶%¸Æ µ��ÈÇ »_É ' ÊË' Z�Ì_Í µ ' ÊË' Î À0ÏuÐ�²
as Å�}
~ increases to j�Ñ .

So if we introduce the numbers Ò�¨�%¼ÀÂ¨ ´ ¨ , |Ë¨�% [ µ ¨ÁÓ-ÔÁÕ Î and Ö-¨n%¼|Ë¨È 1× ¦ Ò »¨ Ò�¨ ]q^ [ » ¨ ] » #rµ ^ for every­u7>9 , we can fix a strictly increasing sequence  A§�¨G#©¨Sª¬« of positive integers by the following procedure.
We choose § ^ }�² verifying the conditions hereunder if they apply to § ^ only and then the numbers § » ,§ ¾ , . . . successively, submitted to the following requirements:

(1) Ò »¨  ©²B� Ä  A§a¨JÖ-¨.#X#�p
Ö.¨ ;
(2) Æ�µ��ÈÇ » §a�¨ Í µ$Ø Î

Ô ¨-Ù Î Ò »¨-Ú  1�n¨ ]�¾ #Rp [ µ ¨ , where Ú is the Lebesgue measure;
(3) §�µ ^¨ [ � ] » Æ�µ��ÈÇ » Ò »¨  ©²Rj Ú  1�n¨ ]�¾ #X#R� [ µ ¨ ;
(4) § µ ^¨ ]q^ p
Û� A�n¨Ë2r���¡���@# ;
(5) Í µ

(Î Ø Ô ��§ µ \ �
]_^©`¨ ;

(6) §a¨È º »Ó �Ü§ µ »Ó ]_^ #�Ý ^» for every Ò:7�C0²02 +.+-+ 2<­��
²ËQ ;
(7) § µ��¨ ]q^ ��§ µ \ � ]_^©`¨ ;

(8) Í
Ø ÎÔ Ø Ù ÎÔÁÕ ( �
²��
§ µ \ � ]_^<`¨ ;

(9) for every Ò�7·9 , we set ÞeÓ�%hUXWNY$CEo i�o)KNiÜ7w��ÓEQ and, if § ^ , . . . , §)Ó are fixed, we first choose ßeÓn}¸~
such that àà ÍJá

â ��²Nàà �ã§ µ \ � ]_^<`Ó for every ä87�å¢�,ß Ó 23ß ÓGæ and next impose çE§ »Ó §$µ ^¨ Þ ¨ ] » �¼ß Ó for every­u}�Ò .
Let us remark that the requirements (1) and (2) are exactly the conditions imposed in [2] for the defini-

tion of the sequence  x§ ¨ # ¨-ª¬« . So all the inequalities established in [2] are available.

Definition 1 Now we have at our disposal all we need to introduce the open subset � b of f�� as the
interior of �è¨ré ; CJi�j�kxlRK)i=7:�n¨ ]q^ ���n¨¬2<lê7P� � 2Go l$o)p�§ µ ^¨ ] » Q
where � ; Kg%�° .

The requirement (4) has been introduced in order to have � b ¹��@d .
3. Auxiliary result about ë�ì ÑîíGïTð
As in [2], given �w7:?B� �  x�@# , we define the sequence  1  ¨  ©Fñ2r��#X# ¨-ª¬«Eò of functions on f�� by the following
recursion: we set   ;  "ó{23��#�%�~ and

  ¨  "óu2r��#�%¸Æ µ��ÈÇ » § �¨ É Ã / ½ ¨  1Ïô#c A�� 1Ïô#q�
¨ µ ^õö é ^   ö  1Ï�23��#<# Í

µ�Ø ÎÔô÷ /øAù ( \¢ú ø µ Ê ø ` Î À0Ï
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for every ­�7P9 and óh7>f�� .
As the functions ½)¨,7w���: A�q�q# have compact support contained in � , this makes sense and the functions �¨È <F¢23��# are holomorphic on f�� . Moreover we have

D �ô �¨0 "ó{23��#
%�Æ µ��ÈÇ » § �¨ É Ã / D ��ûü_½ ¨  "Ïô#c x�� "Ïô#q� ¨ µ ^õö é ^   ö  "Ï�2r��#X#mýþãF Í

µ�Ø ÎÔ ÷ /øAù ( \ñú ø µ Ê ø ` Î À0Ï
for every 687>9��; and ­�7>9 .

We are going to estimate oD �a �¨È 1i�j�kxl�2r��#_� D �ô �¨0 "iq2r��#-o for every i,j:kmln7:� b , 6�7:9��; and ­�7:9 .
By use of the inequality (1) of the Proposition 3.1 of [2], we certainly have

oD �a �¨È 1i�j�kxl�2r��#_� D �ô �¨0 "iq2r��#-oE��Æ µ��ÈÇ » § �¨ F-À »¨ ´ I [ µ I ' � ' D.��DcI¸F.ÿS¨
for every M�7:9 and 687>9q�; verifying o 6�oN��M , with

ÿS¨�Kg% U<WôY� ]
á
� ª�� É � ÔÁÕ�� �3� Ô ààà Í

µ$Ø ÎÔô÷ /øAù ( \ � ø ] á
� ø µ Ê ø ` Î � Í

µ�Ø ÎÔô÷ /øAù ( \ � ø µ Ê ø ` Î ààà À0Ï +
Lemma 1 We have ÿ ^ �³ <²Rj Í # Ú  1���Ë# and

ÿ-¨�� [ � ] »  <²Rj Ú  A�n¨ ]�¾ #<#<§ µ \ � ]_^<`¨ 2 4�­u7�C [ 2X×N2 +-+.+ Q +
PROOF. The estimation of ÿ ^ is a direct consequence of

ààà Í
µ�Ø Î ( ÷ /øAù ( \ � ø ] á

� ø µ Ê ø ` Î ààà � Í Ø Î ( '
� ' Î � Í Ø Î ( Ø

Ù ÎÎ � Í and Í
µ�Ø Î ( ÷ /øAù ( \ � ø µ � ø ` Î �T² +

The case ­�Ý [ needs more care. Let us first make some evaluations of

� Kg%�§ »¨ �õö é ^  X "i ö ��Ï ö # » �·l »ö #�%T§ »¨  ro in��Ï�o
» ��o l�o » # +

a) If i belongs to � ^ , the requirement (6) of the definition of the numbers §�¨ leads to� Ý�§ »¨  d »  1� ^ 2X� � ��� ¨ #���o l�o » #RÝ�§ »¨  º »^ �Ü§ µ »» #�Ý ^» § ¨ +
b) If i does not belong to � ^ , there is a unique Ò>7>9 such that i belongs to � Ó ]q^ �q� Ó and we distinguish
the following two possibilities:
b.1) if Ò�j¸²���­��
² , the requirement (6) provides� Ý
§ »¨  d »  A��Ó ]_^ 2r� � ���n¨.#q�8§ µ »Ó ] » #RÝ�§ »¨  º »Ó ]_^ �Ü§ µ »Ó ] » #RÝ ^» §ô¨	�
b.2) if Ò�j¸²�Ý�­ , then we set 
Â¨e%�� �ö é ^ å i ö �8§ µ ^¨ ]_^ 2Xi ö j�§ µ ^¨ ]_^ æ and successively get
b.2.i) if Ïn7

 ¨ : � Ý��e§ »¨ § µ »Ó ] » Ý���² ;
b.2.ii) if Ï=¯7�
 ¨ : as Ïê7:� ¨ ]¿¾ , the requirements (8) and (9) give

ààà Í
µ�Ø ÎÔô÷ /øAù ( \ � ø ] á

� ø µ Ê ø ` Î � Í
µ�Ø ÎÔN÷ /øAù ( \ � ø µ Ê ø ` Î ààà� ààà Í

Ø ÎÔô÷ /øAù ( \ � Îø µ » á
� ø \ � ø µ Ê ø `"` �
² ààà � Í Ø Î

Ô ' � ' Î ààà Í
µ » á Ø Î

Ôa÷ /øAù ( � ø \ � ø µ Ê ø ` ��² ààà j¸ Í Ø Î
Ô ' � ' Î ��²¬#� Í § µ \ �

]_^<`¨ j�§ µ \ � ]q^©`¨ � [ » § µ \ � ]q^©`¨
since ààà [ k©§ »¨�� �ö é ^$l ö  "i ö ��Ï ö # ààà � [ § »¨ o l$o-o in�·Ï$o)��çÂ§ »¨ § µ ^Ó ] » Þ@Ó ] �{��ß�¨ .
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Consequently
a) if i=7:� ^ or if i=7P��Ó ]_^ ����Ó with Ò�j¸²���­��
² , the requirement (5) provides

ÿ ¨ � [ É � ÔmÕ�� �3� Ô Í
µ�Ø ÎÔ ÷ /øAù ( \"\ � ø µ Ê ø ` Î µ � Îø ` ÀÈÏ� [ Í µ

(Î Ø Ô Ú  A�n¨ ]¿¾ #�� [ § µ \ � ]_^<`¨ Ú  1��¨ ]�¾ #��
b) if i=7:��Ó ]_^ ����Ó with Ò�j�²�Ý
­ , the requirement (7) leads to

ÿS¨�� É \ � ÔÁÕ�� �3� Ô `1��� Ô j
É
\ � ÔÁÕ	� �r� Ô `���� Ô +-+.+� [ » § µ \ � ]_^<`¨ Ú  1� ¨ ]�¾ #¿j¸ Í j�²¬# Ú  �
 ¨ #� [ » § µ \ � ]_^<`¨ Ú  1� ¨ ]�¾ #¿j [ » [ � § µ��¨ ]_^ � [ � ] » § µ \ � ]_^<`¨  ©²Rj Ú  1� ¨ ]�¾ #<# +	�

Proposition 1 a) For every M�7:9 , there is � I }
~ such that

oD �  �¨0 "i�j�kmla23��#_� D �  �¨È 1i_23��#SoE��� I [ µ I ' � ' DS��DcI
for every �=7:?@� �  x�@# , i�j8kmln7:� b , ­�7wCÂ²È2 +-+-+ 2<M·Q and 687>9��; such that o 6�oN��M .
b) For every �w7P?@� �  A�@# , M , ­�7:9 , i�j8kml¡7>� b and 6�7:9��; such that o 6�oE��M , one has

oD �   I�] ¨È "i�j8kml�2r��#q� D �   I�] ¨0 "iq2r��#coE� [ µ \ I�] ¨ ` [ µ I ' � ' DS��DcI +
PROOF. a) Indeed for ­{%L² , the Lemma 1 leads immediately to

oD �a  ^  1i�j�kxl�2r��#_� D ��  ^  "iq2r��#-o��Æ µ��ÈÇ » § � ^ F-À » ^ ´ I [ µ I ' � ' D.��DcI�FÂ ©²Rj Í # Ú  A� � #and, for ­�7·C [ 2 +-+-+ 2XMwQ , it leads to

oD ��  ¨  1i�j�kxl�2r��#_� D �ô  ¨  "iq2r��#-o�
§ µ ^¨  ©²Rj Ú  1��¨ ]�¾ #<#qF-Æ µ��ÈÇ » Ò »I [ � ] » F [ µ I ' � ' D.��DcI +
b) Again the Lemma 1 leads to

oD �ô  I�] ¨0 "i¡j8kml�2r��#_� D �ô  I�] ¨È 1i_23��#co�
§ µ ^I�] ¨ Æ µ��0Ç » [ � ] »  <²Rj Ú  A� I�] ¨ ]¿¾ #<#HÒ »I�] ¨ F [ µ I ' � ' D-��DSI
hence the conclusion by use of the requirement (3) of the definition of the numbers § ¨ +��
4. Main result
Let us now set  ¡ 1inj�kml�2r��#,% � �¨Xé ;  �¨0 "i�j
kml�2r��# for every �
7�?@� �  x�@# and inj�kml�7��@d . By ([2],
Proposition 3.8), we know that  ¡ ©Fñ2r��# is a holomorphic function on ��d hence on � b .

In fact a lot more can be said: everything is now in order to obtain the key result about the space?@� �  A�@# in view of the extension theorems.

Theorem 2 There is a continuous linear map v b from ?@� �  x�@# into � �  1� b # such that for every ��7?@� �  A�@# , |u}�~ and z�7:9 , there is a compact subset � of � such that

oD �  "v b ��#S "i�j�kml)#_� D � �� 1i$#-oE��|
for every i�j8kmln7>� b and 6�7:9 �; verifying i>7=����� and o 6�oE��z .

23



J. Schmets and M. Valdivia

PROOF. In fact we have just to set  1v b ��#c 1iqj{kxlN#�%� ¡ "iqj{kmla23��# for every �>7>?@� �  x�@# and iqj�kml¡7>� b .
We already know that, for every �Ü7w?@� �  x�@# ,  ¡ ©Fñ2r��# is a holomorphic function on �,d hence on � b

by ([2], Proposition 3.8). Moreover it is clear that the construction of  ¡ ©Fñ2r��# is linearly depending on � .
As for every �=7:?@� �  x�@# , MO7P9 , i�j8kmln7:� b and 687>9��; such that o 6�o)��M , we successively have

oD �� ¡ "i�j�kmla23��#SoE�LoD �a ¡ "iq2r��#-o-j Iõ ¨Xé ^ oD �ô �¨0 "i�j�kmla23��#_� D �a �¨È 1i_23��#So
j �õ¨ré I�]_^ oD �ô �¨0 "i�j�kmla23��#_� D �a �¨È 1i_23��#So

��� I D.��DcI�]_^�j�M�� I [ µ I ' � ' DS��DSI
j [ µ I [ µ I ' � ' D.��DcI�h �� I j8M�� I j [ µ I #$DS��DSI�]q^
by use of ([2], Proposition 3.7) and of the Proposition 1 to get the second inequality, it is already established
that v b is a continuous linear map from ?@� �  A�@# into � �  1� b # .

Let us now prove the second part of the statement: let �w7:?B� �  A�@# , |u}�~ and z{7P9 be fixed.
The part b) of the Proposition 1 leads to

oD �ô  ¨  1i�j�kxl�2r��#_� D ��  ¨  "iq2r��#SoE� [ µ ¨ [ µ �c' � ' DS��D �
for every i�j�kmlP7·� b , ­¡7w9 , 6
7w9��; such that ­¡Ý�z�j¸² and o 6�oa��z . So it is possible to fix a positive
integer MOÝ
z such that �õ¨ré I�]_^ oD �   ¨  "i�j�kmla23��#_� D �   ¨  1i_23��#SoE� |×
for every i�j�kmln7:� b and 687>9��; such that o 6�o)��z .

As the sequence  H| ¨ # ¨Sª¬« decreases to ~ , the Lemma 3.6 of [2] then provides À ; 7:9 such that

oD �a ¡ 1i_23��#_� D ���� "i�#SoE� |×
for every i=7>�Ü����� ò and 6�7P9��; such that o 6�oN��z .

Now we turn our attention to the evaluation of

oD �ô  ¨  "i�j�kml�2r��#_� D �ô  ¨  1i_23��#co
for every ­n7�CÂ²È2 +-+-+ 2<M·Q , i¡j�kxl:7�� b and 6�7·9��; such that iÜ7·����� � with À:Ý�À ; and o 6�o��Tz . We
already know that it is

�
Æ µ��ÈÇ » § �¨ F.À »¨ ´ � [ µ �c' � ' DS��D � FJÿ ¨ ´ � ] á
� ��Æ µ��ÈÇ » § �I FXÒ »I [ µ �S' � ' DS��D � F.ÿ ¨ ´ � ] á

�
with

ÿ ¨ ´ � ] á
� Kg% É � ÔÁÕ	� �3� Ô Í µ$Ø Î

Ô ' � µ ÊË' Î ààà Í
Ø ÎÔ�÷ /øxù ( \ � Îø µ » á

� ø \ � ø µ Ê ø `"` ��² ààà ÀÈÏ� É � ÔÁÕ�� �3� Ô ààà Í Ø Î
Ô ' � ' Î Í

µ » á Ø Î
Ôa÷ /øAù ( � ø \ � ø µ Ê ø ` ��² ààà ÀÈÏ +

For i�j8kmln7>� b verifying i>7>��� ]_^ ����� with À¡Ý�U<WNY�CJM j [ 2XÀ ; Q , we have

ààà Í Ø Î
Ô ' � ' Î Í

µ » á Ø Î
Ôô÷ /øAù ( � ø \ � ø µ Ê ø ` �
² ààà� Í
Ø ÎÔ Ø Ù Î! Õ Î ààà Í

µ » á Ø Î
Ôô÷ /øAù ( � ø \ � ø µ Ê ø ` �
² ààà j� Í

Ø ÎÔ Ø Ù Î! Õ Î ��²¬#
24



Holomorphic extension maps for spaces of Whitney jets

with Í
" Y_ A§ »¨ § µ »� ] » #R� Í and Í

" Y¿ A§ »¨ § µ »� ] » #q�
²$#�~ if À%# Ñ . Moreover we have

àààààà [ §
»¨ �õö é ^ l ö  "i ö ��Ï ö #

àààààà � [ §
»¨ § µ ^� ] »  Xo i�o-j�o Ï�o #

� [ § »¨ § µ ^� ] »  1Þ � ]_^ j�Þ ¨ ]�¾ #���çE§ »I § µ ^� ] » Þ � ]_^ +
So we can choose À ^ Ý�U<WNY�C.M j [ 2rÀ ; Q such that

oD �� �¨È 1i�j�kxl�2r��#_� D �ô �¨0 "iq2r��#-oE� |×ÈM
for every ­�7wCÂ²È2 +-+-+ 2<M·Q , 687:9��; and i�j8kmln7:� b such that o 6�oE��z and i=7:�8�R� � ( .

Taking all these informations together leads then to the conclusion with ��%¸��� ( +&�
5. Existence of holomorphic extension maps
Case 1: s is compact or � � ��s is bounded.

Definition 2 Given a proper open subset � of ��� , � � ���: A�@# designates the following Fréchet space.
Its elements are the functions � defined on ����'�� b such that
(1) ��o Ã / 7>���: A���_# ;
(2) ��o �)(>7P� �  1� b # ;
(3) *,+.- �0/�* D �  A��o � (�#�% D �  x��o Ã / #c 1!�# for every 687>9��; and !>7 & Ã / � .
It is endowed with the countable system of semi-norms CEo¢D¬FHDËo¶ILK)MO7:9RQ defined by

o¢DS��DÈo Ih% U<WôY' � ' Z I D D �  x��o
Ã / #SD2143��rb�j5UXWNY' � ' Z I D D �  A��o � (�#.D �)(

where 5 I Kg%hCJ!>7P����Kuo !qoN��M·Q .
Theorem 3 Let s be a proper closed subset of ��� and set ��K¶%¸������s .

If s is compact or if � is bounded, then the existence of a continuous linear extension map � from t� 1su#
into �B�> 1���_# implies the existence of a continuous linear extension map �76 from t� 1su# into � � ���: x�@# .
PROOF. If s is compact, we choose a function 8�7>� �  A� � # identically ² on a neighbourhood of s with
compact support and check that the map

� ^ KNt� Asu#9# :
;#<8 + �=:
also is a continuous linear extension map. So up to substituting � ^ to � itself, we may very well suppose
that � is a continuous linear extension map from t� 1su# into �@�: 1���q# such that  1� F¶#-o b is a continuous
linear map from t� Asu# into ?@� �  A�@# .

Now to every jet :�7:t� Asu# , we associate the function � 6 : defined on ����'P� b as follows>  1� 6 :�#S "!$# %  1�?:�#c 1!�#c2 4�!:7>s�2 1�$6@:�#S 1�)# % v b  < 1�=:�#-o b #c A�E#c2±4���7:� b +
By use of the key Theorem 2, it is a direct matter to check that �76 so defined is a linear extension map

from t� 1su# into � � ���> x�@# . Let us prove that it also is continuous. For this purpose, we just need to prove
that for every continuous semi-norm o¢D¬F D0o I on � � ���: x�@# , there is a continuous semi-norm Ò on tR 1su#
such that oñDS� 6 :@DËo I ��Ò_ A:�#c2 4B:�7êt� Asu# +
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This is easy: we just have to note that we have

oñDC:BD0o IT%�U<WôY' � ' Z I D D �¿ 1�=:�#-o
Ã / D2143�� �)( j U<WNY' � ' Z I D D �¿ "v

b  A�?:�#So b #-D �)(
with U<WôY' � ' Z I D D �¿ A�?:�#So

Ã / DD1A3�� �)( %�U<WNY' � ' Z I D2: � D21439� 6
and U<WôY' � ' Z I D D �¿ 1v

b  1�?:�#So b #SD �)( ��E) < A�?:�#So b #R��Ò_ A:�#
for some continuous semi-norms E on ?@� �  A�@# since v b is a continuous linear map from ?@� �  x�@# into� �  1� b # and for some continuous semi-norm Ò on t� 1su# since  1�¡Fg#So b is a continuous linear map fromt� 1su# into ?@� �  A�@# +��
Case 2: s is a closed subset of � � .

Definition 3 Let us abbreviate “connected component” by “c.c.”. Given a proper open subset � of �R� ,
let us set � ^ K¶%�'RC2F¡KGF�% c.c. of ��2HF � � ^ ¯%�°)Q02
introduce by recursion the sets

� ö K¶%I'RC2F¡K�F�% c.c. of ��2JF � � ö ¯%T°)2JF �  � ö µ ^K é ^J� K #�%�°)Q
for L�% [ , × , . . . and write 
hK¶%±C�L�7�9�K�� ö ¯% °)Q . For every L�7M
 , the construction of Paragraph 2.
applied to � ö provides an open subset � b ø of fq� such that ��� � � b ø %�� ö and  "i�j�kmln7:� b øON i>7=� ö # .

Then we set �±Kg%M' ö ª � � b ø and introduce the following Fréchet space �>���> x�@# . Its elements are the
functions � defined on ����'P� such that
(1) ��o Ã / 7êtR 1� � # ;
(2) ��o �¸7ê�· A�ê# ;
(3) � and its derivatives are bounded on each one of the sets � b ø ;
(4) *,+.- �0/�* D �  A��o � #c A�E#�% D �  x��o Ã / #c 1!�# for every 687:9��; and !>7 & Ã / � .
It is endowed with the countable system of semi-norms CEo¢D¬FHDËo¶ILK)MO7:9RQ defined by

oñD-��DËo IT%�U<WNY' � ' Z I D D �  A��o
Ã / #.DC1 3 �rb�jLUXWNYö Z I UXWNY' � ' Z I D D � ��D � ( ø +

Theorem 4 Let s be a proper closed subset of ��� and set ��%�������s .
If there is a continuous linear extension map �ÜKNt� Asu#P# t� 1���_# , the following assertions are equiva-

lent:
(1) there is a continuous linear extension map � ^ from t� Asu# into �:�B�: A�@# ;
(2) for every bounded subset � of ��� , the boundary of the union of the connected components of � having
non empty intersection with � is compact.

PROOF.  <²G# N  [ # . One has just to follow the argument of Frerick and Vogt in [1]. For the sake of
completeness, we repeat it. If it is not the case, there is ­u}�~ such that the boundary of

F�¨e%I'RCDF�KGF�% c.c. of ��2JF � 5S¨�¯%�°)Q
is unbounded. As DËF DD1 Ô is a continuous semi-norm on �:�B�: x�@# , the continuity of the map � ^ provides the
existence of M�7:9 such that M�}
­ and

Dc� ^ :BD 1 Ô ��Mîo :Bo I 2 4Q:�7Pt� 1su#S2
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where o FHo I denotes the M -th continuous semi-norm on t� 1su# (i.e. corresponding to the compact set s � 5 I ).
Now we choose ! ; 7
 & Ã / Fq¨.#q�R5 I�]_^ and 8 ; 78���: A�q�q# such that 8 ;  "! ; #B%î² , and finally consider the
jet : ; %  < D �S8 ; #-o 6�# � ª¬« /ò 7PtR 1su# . On one hand, as o : ; o IL%�~ , � ^ : ; is identically ~ on 5S¨ . On the other
hand, � ^ : ; is not identically ~ on any neighbourhood of ! ; . Hence a contradiction. [ # N  <²G# + If s is compact or if � is bounded, the condition (2) is automatically satisfied and the
previous theorem provides a better result.

If s is not compact and if � is not bounded, we proceed as follows.
If ¦ Ý [ , as s is not compact, the condition (2) implies that all the connected components of � are

bounded and, as � is not bounded, 
 is infinite. If ¦ %�² , as s is not compact, the condition (2) implies that
one and only one connected component F of � may be unbounded: it is of the type æ ��Ñ¸2X½�å or æ 5¬23j�Ñ�å .
We then choose a function 8�7=�@�: 1��# identically ² on a neighbourhood of å ½�23j�Ñ�å or æ ��Ñ¸2T5 æ and ~ onæ ��Ñ�2r½{�
² æ or å 5�j¸²È23j�Ñ�å respectively and check that

� » KNt� 1su#U# � �  1��#V:W;#<8 + �?:
is a continuous linear extension map such that  1� » Fg#So X is a continuous linear map from t� 1su# into ?@� �  YF�# .

So up to a substitution, we may very well suppose that, for every Lê7Z
 ,  1�¡Fg#So b ø is a continuous linear
map from tR 1su# into ?B� �  A� ö # .

Now we apply the Theorem 1 for every L�7[
 and get continuous linear extension maps v b ø from?@� �  A� ö # into � �  1� ö # such that for every ��7�?B� �  x� ö # , |:}L~ and zê789 , there is a compact subset� ö of � ö such that ààD �_ "v b ø ��#S "i�j�kmlN#_� D ���� "i�# àà �¼| for every iPj�kml�7T� ö and 6î7T9 �; such thati>7=� ö ��� ö and o 6�oE��z .
To every jet :�7:t� 1su# , we then associate the function � ^ : defined on ����'ê� by>  1� ^ :�#c 1!�# %  1�=:�#S "!$#32 4�!>7:s�2 1� ^ :�#c A�E#5% v b ø  X 1�?:�#So b ø #c A�E#c2 4���7>� ö 2\L¡7

 +
It is a rather classic matter to check that � ^ so defined is a linear extension map from t� 1su# into�:���: A�@# .
To conclude, we still have to establish its continuity. As it is a linear map, we just need to prove that for

every MO7P9 , there is a continuous semi-norm Ò on t� Asu# such that o¢D-� ^ :@DËo I ��Ò_ �:�# for every :�7Pt� 1su# .
This is a direct matter since we have

oñDS� ^ :�D0o I³%VUXWNY' � ' Z I D D �_ X 1�
^ :�#So Ã / #.DC143��rb�jhUXWNYö Z I UXWNY' � ' Z I D D �_ 1�

^ :�#SD �)( ø
with UXWNY' � ' Z I D D �_ < 1�

^ :�#So Ã / #SD21 3 �rb�� UXWNY' � ' Z I DC: � DD1 3 � 6
and U<WôYö Z I UXWNY' � ' Z I D D �¿ A�

^ :�#.D �)( ø � U<WôYö Z I E
ö  < 1�=:�#-o b ø #R� UXWNYö Z I Ò

ö  A:�#
for some continuous semi-nors E ö on ?@� �  x� ö # since v b ø is a continuous linear map from ?@� �  x� ö # into� � ���: 1� b ø # and some continuous semi-norms Ò ö on t� 1su# since  A�¡Fg#So b ø is a continuous linear map fromt� 1su# into ?@� �  A� ö # +��
Remark 1 The same method applies to the case of the ultradifferentiable Whitney jets of the Beurling or
Roumieu type (cf. [3]).
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