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Abstract
In this paper we use the Malliavin calculus techniques to obtain an ex-
pression for the short-time behavior of the at-the-money implied volatility
skew for a generalization of the Bates model, where the volatility does not
need to be neither a difussion, nor a Markov process, as the examples in
section 7 show. This expression depends on the derivative of the volatility
in the sense of Malliavin calculus.
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1 Introduction

In the last years several authors have studied different extensions of the classical
Black-Scholes model in order to explain the current market behavior. Among
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these extensions, one of the most popular is to allow the volatility to be a
stochastic process (see for example Hull and White (1987), Scott (1987), Stein
and Stein (1991), Heston (1993) or Ball and Roma (1994), among others).

It is well-known that classical stochastic volatility diffusion models, where
the volatility also follows a diffusion process, capture some important features
of the implied volatility. For example, its variation with respect to the strike
price, described graphically as a smile or skew (see Renault and Touzi (1996)).
But the observed implied volatility exhibits dependence not only on the strike
price, but also on time to maturity (term structure). Unfortunately, the term
structure is not easily explained by classical stochastic volatility models. For
instance, a popular rule-of-thumb for the short-time behavior with respect to
time to maturity, based on empirical observations, states that the skew slope is
approximately O((T'—t)~2), while the rate for these stochastic volatility models
is O(1), (see Lewis (2000), Lee (2004) or Medveved and Scaillet (2003)). Note
that in these models, for reasonable coefficients in their dynamics, volatility
behaves almost as a constant, on a very short-time scale. Consequently, re-
turns are roughly normally distributed and the skew becomes quite flat. This
problem has motivated the introduction of jumps in the asset price dynamic
models. Although the rate of the skew slope for models with jumps is still O(1)
(as it is shown by Medveved and Scaillet (2003)), they allow flexible modelling,
and generate skews and smiles similar to those observed in market data (see
Bates (1996), Barndorff-Nielsen and Shephard (2001a, 2001b) or Carr and Wu
(2003)). Recently, Fouque, Papanicolau, Sircar and Solna (2004) have intro-
duced continuous diffusion models again to describe the empirical short-time
skew. Their idea is to include suitable coefficients that depend on the time till
the next maturity date and that guarantee the variability is large enough near
the maturity time.

The main goal of this paper is to provide a method based on the techniques
of the Malliavin calculus to estimate the rate of the short-dated behavior of the
implied volatility (see Theorem 7 below) for general jump-diffusion stochastic
volatility models. It is well-known that the Malliavin calculus is a powerful tool
to deal with anticipating processes. Since the future volatility is not adapted,
this theory becomes a natural tool to analyze this problem. Hence, now it
is possible to deal with a volatility in a class that includes either fractional
processes with parameter in (0,1), Markov processes, or processes with time-
varying coefficients, among others.

The paper is organized as follows. In Section 2 we introduce the framework
and the notation that we utilize in this paper. In Section 3 we state our basic
tool. Namely, an anticipating It6’s formula for the Skorohod integral. As a
consequence, in Section 4, we obtain an extended Hull and White formula for a
general class of jump-diffusion models with stochastic volatility. An expression
for the derivative of the implied volatility is given in Section 5. Section 6 is
devoted to the main result of this article. That means, we figure out the short-
time limit behavior. Finally, in Section 7, we give some examples in order to
show that we can not only extend some known results, but also consider new
volatility models so that we are able to capture the short-time behavior of skew



slopes of order (T —t)%, for § > —1/2.

2 Statement of the model and notation

In this paper we will consider the following model for the log-price of a stock
under a risk-neutral probability measure Q:

1 t t
X; = a:+(r—)\k)t—§/ aids—i—/ os(pdWs++/1 — p2dBs)+Z;, t € [0,T]. (1)
0 0

Here, x is the current log-price, r is the instantaneous interest rate, W and B are
independent standard Brownian motions, p € (—1,1), Z is a compound Poisson
process with intensity A and Lévy measure v, k = 1 [o(e¥ — 1)v(dy) < oo,
and o is a second-order stochastic process adapted to the filtration generated
by W. Notice that this model is a generalization of the classical Bates model
introduced in Bates (1996), in the sense that we do not assume the volatility to
be a diffussion process.

In the following we denote by FV, FB and FZ the filtrations generated by
W, B and Z respectively. Moreover we define F := FW v FB v FZ.

It is well-known that if we price an European call with strike price K by the
formula

Ve=e "TVE[(X — K).|F, (2)

where F is the expectation with respect to @, there is no arbitrage opportunity.
Thus V4 is a possible price for this derivative. Notice that any allowable choice of
@ leads to an equivalent martingale measure and to a different no arbitrage price.
The approach that we will follow here is the same as in Fouque, Papanicolau,
Sircar and Solna (2003), where it is assumed that the market selects a unique
equivalent martingale measure under which derivative contracts are priced.

In the sequel, we will make use the following notation:

[N

o U= (%) ? , with Y} := j;/T o2ds, will denote the future average volatil-
ity.
e For any 7 > 0, p(z,7) will denote the centered Gaussian kernel with

variance 72. If 7 = 1 we will write p(z).

e BS(t,z,0) will denote the price of an european call option under the clas-
sical Black-Scholes model with constant volatility o, current log stock price
x, time to maturity T — t, strike price K and interest rate r. Remember
that in this case:

BS(t,z,0) = e*N(dy) — Ke " TV N(d_),

where IV denotes the cumulative probability function of the standard nor-
mal law and



dit—o_\/T_:l: \/

with 7 :=In K — (T —¢).

e Lpg (o) will denote the Black-Scholes differential operator, in the log vari-
able, with volatility o :

Ls(0) = 01+ & 0232 +(r —%UQ)aw—r.

It is well known that Lps(o)BS(-,-,0) = 0.
o G(t,x,0):= (0%, — 0,)BS(t,x,0).

3 Preliminaries on Malliavin Calculus

Let us consider a standard Browian motion W = {W;, t € [0,7T]} defined

in a complete probability space (Q,F,P). Set H = L*([0,T]), and denote by
fo s)dWs the Wiener integral of a deterministic function h € H.

In this beCthIl we introduce the basic notations and results of the Malliavin
calculus following closely to Nualart (1995).

Let S be the set of smooth and cylindrical random variables of the form
F = f(W(h1),...,W(hy)), where n > 1, f € C;°(R"™) (f and all its derivatives
are bounded), and hq, .., h,, € H. Given a random variable F' of this form, we
define its derivative as the stochastic process {DXV F.telo, T]} given by

DY E =3 (@)W (ha)......W(ha)hi(t). ¢ € 0.7,

The operator D" and the iterated operators DW-" are closable and unbounded
from L? () into L2 ([0,T]" x ), for all n > 1. We denote by D}? the closure
of § with respect to the norm defined by

112 2 = 1P 1720 +Z DY 2 01y
k=1

We denote by 6" the adjoint of the derivative operator D' that is an
extension of the Ito integral in the sense that the set L2([0,T] x Q) of square
integrable and adapted processes (with respect to to the filtration generated
by W) is included in Domé"” and the operator 6" restricted to L2([0,T] x Q)
comc1des with the Itd stochastic integral. We will make use of the notation
W (u fo udWi. We recall that L™2 := L2([0,T]; Diy?) is included in the

domaln of 8" for all n > 1.

Now we can prove the following ad-hoc version of [t6’s formula, which follows
from Alos and Nualart (1998) and Alos (2006). In the sequel, we use the notation
D = DW to simplify the exposition.



Proposition 1 Assume model (1) and 0® € LY2. Let F : [0,T] x R2 - R a
function in CH2([0,T] x R?) such that there exists a positive constant C such
that, for allt € [0,T], F and its partial derivatives evaluated in (t, Xy, Y;) are
bounded by C. Then it follows that

t
F(LX,Y) = F(0,Xo,Y)+ / 0,F (5, X, Y,)ds
0
t 0_2
8xF(s,XS,YS)(T — Mk — Es)ds

/ 0:F (s, Xs,Ys)os(pdWs + /1 — p?dBs)
/8F3XS,Y Ud8+p/ F(s,Xs,Ys)Asds
+§/ ang(S,XS,}/;)UgdS
0
t ~
+ / / (F(s, Xa_ +9,Ys) — F(s, Xa_, Y2))Jx (ds, dy)
o JRr
t
[P Xn Y0 = s, X Yo dswd),
R
where Ay = (fsT Dgso?dr)o, Jx is the Poisson random measure such that Zy =
f[&ﬂxR yJx(ds,dy) and Jx(ds,dy) := Jx(ds,dy) — dsv(dy).
Proof: Denote by T;, i = 1,..., Ny the jump instants of X. On [T}, T;41),
X evolves according to its continuous part X¢ given by the equation:
2
dX¢ = (r — Nk — U—Qt)dt + ot (pdW; + /1 = p2dB,).
Then, applying Theorem 1 in Alos (2006) we have that
F(Ti-l-l—’XTwrl ’YT1+1 ) F(E)XTHYTI')

TL'+17 Ti+17
= / 35F(3,X5,Y5)ds—l—/ 0. F (s, Xs,Y5)dX¢

Tit1— Tip1—
— / 0y F (s, X,,Y)o%ds + p / 02, F (s, X5, Ya)Auds

T; T;

1 Tip1—
—|—§/T 02, F(s, Xs,Ys)o2ds,

since dX; = dX§ in [T;,Ti+1). If a jump of size AX; occurs then the resulting
change in F(t, X:,Y;) is given by F(t, X¢— + AX;,Y;) — F(¢, X:—,Y:). There-
fore the total change in F(t, X;,Y;) can be written as the sum of these two
contributions:



t
Pt X2, Yi) = F(0.X0.Y0) + [ 0.F(s,X.,Yi)ds
0
t t
+ /&EF(S,XS,YS)ngf/ Oy F (s, Xs,Ys)o2ds
0

0
t t
1
+ p/ 8§yF(s,Xs,Ys)Asds+§/ D2, F(s,Xs,Y,)o2ds
0 0
+ Y [F(s, Xeo + AXL, Y:) — F(s, X, Ya)].
0<s<t

Hence we deduce the desired result. m

4 An extension of Hull and White formula

In this section, using the It6’s formula and the arguments developed in Alos
(2006), we prove an extension of the Hull and White formula that gives the
price of an European call option as a sum of the price when the model has
no jumps and no correlation plus three terms: one describes the impact of the
correlation on option prices and two of them, which can be presented jointly,
describe the impact of jumps in this prices. Hence this formula will be a useful
tool to compare the effect of correlation and jumps (see Section 5).

We will need the following result, inspired in Lemma 5 in Fouque, Papani-
colau, Sircar and Solna (2003).

Lemma 2 Let 0<t<s<T,pe(-1,1) and Gy := F; \/.FTW \/.7-"%. Then for
every n > 0, there exists C = C(n, p) such that

—3(n+1)

T
|E (902G (s, Xs,05)|Ge)| < C (/ 0?ds>
t
Proof: A simple calculation gives us that

N’ . N’ (d_
0.BS (s,z,0) =€"N (dy) + exﬂ — Ke™’ -y N

oVT —1 oVT —t
Since e*N' (dy) = Ke T~ N’ (d_) it follows that
0. BS (s,x,0) = €°N (dy)
and

y V' (d)

02 BS (s,x,0) = "N (dy) + Ke (T~ Py

In consequence

G(SaXsa'Us) = Ke_r(T_S)p (Xs — s VT — S) )



where 1 =In K — (r — v2/2) (T — s). This allows us to write
BE(02G(5, Xs,v5)|Gr) = (=1)"Ke "= E(p(X,s — p, v VT — 5)|Gy).  (3)

Since the conditional expectation of X given G, is a normal random variable
with mean equal to

¢:Xt+/ (rfaz/Q)dGJrZs—th)\k(s—t)er/ oodWy
t t

and variance equal to (1 — p2) f: o2d0, it follows that
E (p (Xs — s VT — s) ‘ gt)
/p(y—u,vs\/T—s)p (y—cb,\/(l —02)/ 05d9> dy
R t

T s
— plo-un / azds+(1—p2>/ o3do

s t

T T
p|é—p, (1—p2)/ 0§d9+p2/ o2db | .
t s

Putting this result in (3), we have

T T
E(0G(s, X4, 05)[Gr) = (~1)"Ke " T=997p | ¢ — p, \/ (1-p?) / 03d0 + p? / o—zdo) .
t s

A simple calculQation and the fact that, for every positive constants c,d the
function z¢e~%" is bounded, give us that

T T
o (0= myfa=p) [ orastpr [ ors )|
t s

T T —1(n+1) —1(n+1)
< C ((1 — p2)/ o2ds —I—p2/ JidS)
t s

T
<C / o?ds ,
t
and thus the proof is complete. ®

Now we are able to prove the main result of this section, the extended Hull
and White formula.




Theorem 3 Assume the model (1) holds with o € ILY2. Then it follows that
P T
Vi = E(BS(t X, v)|F) + SE( / e "0, G(s, X, vs)Ads|Fy)
t
T
+E(/ / e " (BS(s, Xy + y,vs) — BS(s, Xy, vs))v(dy)ds| Fy)
t Jr
T
CARE / ==, BS(s, X, v2)ds| ).
t

Proof: This proof is similar to the one of the main theorem in Alos (2006).
Notice that BS(T, Xr,vr) = V. Then, from (2) we have

e "V, = E(e "' BS(T, X1, vr)|Fp).

Now, our idea is to apply Proposition 1 to the process e "*BS(t, X, vt). As
the derivatives of BS(t, z, o) are not bounded we will make use of an approxi-
mating argument, changing v; by

1

)

=1/=— Y, +0

,Ut T _ t( t + )7

and BS(t,z,0) by BSy(t,x,0) := BS(t,x,0), (z), where ¢, (X;) := ¢ (+z) ,
for some ¢ € C? such that ¢ (z) =1 for all z < 1 and ¢ (z) = 0 for all z > 2.
Now, applying Proposition 1 between ¢ and T and grouping terms according
with the type of derivative we obtain:

e " BS,(T, Xr,v})
T
e_”BSn(t,Xt,Uf)—l—/ e " Lps(0s)BSn(s, Xs,v0)ds
t

— @),

1 (o3
v3(T — s)

T
—3 / e " 0,BSy, (s, Xs, vg)
t

S
T
—/\k/ e "0, BS, (s, Xs,v?)ds
t
T
+ / e "0, BS, (s, Xs,v2) 0 (pdW, + \/1 — p2dB,)
t

T
1
+B/ e 9% BS,(s, Xs,00) Agds

2 J, v3(T — s)
T ~
+/ / e " (BS,(s, Xs_ +y,00) — BS, (s, X,_,0))Jx (ds, dy)
t JRr
T
+/ / e " (BSn(s, Xs— + y,vg) — BSn(s,XS,,Ug))V(dy)ds.
t JRr

Notice that Lps(0s)BSy (s, Xs,v) = (Lps(0s)BS(s, Xs,v3)) 1, (Xs)+An(s),



where
Auls) = 507 [20.BS(s, Xe v, (X,)
+BS(s, X5, v]) (¥ (Xs) = ¥ (X0))] + 7 BS(s, X5, v)0 (X5).
Also note that the classical relation between the Gamma, the Vega and the
Delta gives us that
(%BS(S,J:,U)m =

Then we can write

e "I BS, (T, X1, v5)
T
e~ B (£ X, 00 + / ¢ [(Lrs(02)BS) (s, Xarvd )y (Xs) + An(s)] ds
t
T
3 | T X (X (0~ ()i
t
T
—)\k:/ e "0, BS, (s, Xs,v?)ds
t
T
+/ e "0, BS, (s, Xs, 0205 (pdW, + /1 — p2dB,)
t
o [T
5 [ € [0.6) (5 X 0, () + Gl Xy o) (X)] Auds

t
T
—l—/ / e " (BSp(s, Xs— + y,vf) - BSn(s,Xs_,vg))jX(ds,dy)

/ / *(BSu(s, Xoe +y,08) — BSn(s, Xoo,v3))v(dy)ds

Hence, taking into account that Lps(os) = Lps(vd) + g( o —(v2)?) (0%, — 0x)
it follows that (using the fact that Lps(v3)BS(s, X,,v2) = 0)

T
e "I BS, (T, X1,v3) = e " BS,(t, X;,v?) +/ e " An(s)ds
t

T
—)\k/ e "0, BS, (s, Xs,v])ds
t
T
—I—/ e~ "0, BSy (s, Xs, Yos(pdWs + /1 — p2dBs)
t
+g/ 70 [(0:G) (5, X, 0], (Xs) + G(5, Xo, 0200, (X)) Asds

/ [ e B, X .08) = BS (5, X 00) T (ds )

/ [ e B s, X+ y.00) = S5, X oDl



Now, taking conditional expectations we obtain that

E (e7"BS,(T, Xr,v%)| F)

T
= E{e_rtBSn(t,Xt,Uf)—i—/ e " An(s)ds
t
T
—\k / e "0, BS, (s, X,,v?)ds
t

T
L2 / €7 [(02G) (5, Xy 02 )b (Xs) + G, Xor0?) (Xo)] Audls
t

2
ft}.

Finally we have that |BS (¢,z,0)| + |0,BS (t,z,0)| < 2¢* + K and that the
processes 9!, (X,) and ¥ (X,) are bounded and tend to zero a.s. Moreover,

Lemma 2 gives us that E(G(s, X,,v3)|Gy) < C (ftT g§d3)7§ and that E(9,G(s, Xs,v3)|Gt) <

ER]

T
+ / / ¢ T (BSy (5, Xue +y,00) — BSy (5, Xoe,0?))0(dy)ds
t R

-1
C ( i) tT agds) , for some positive constant C. Also, by Holder’s inequality we

T T T
/Asds < 2/ US/ o9 |Dsog|dbds
t t s
T T T 3
2( / o—zd9> ( / / (Dro—g)anw) . (4)
t t Jt

Then, letting first n T co and then ¢ | 0, and using the dominated convergence
theorem, the proof is complete. ®

have

IN

5 An expression for the derivative of the implied
volatility

Let I;(X:) denote the implied volatility process, which satisfies by definition
Vi = BS(t, X, It(X¢)). In this section we will prove a formula for its at-the-
money derivative that we will use in Section 6 to study the short-time behavior
of the implied volatility

Proposition 4 Assume the model (1) holds with o € L4? and for every fived
-1
tel0,7], E (ﬁT Ugds‘ .7-}) < oo a.s. Then it follows that

AL, (o) = E([ (0.F (s, Xo,05) — F (s, X, 05))ds|F2)
ox, 05 BS(t,x}, I1(x})) ’

ok
Xi=x;

a.s.

10



where

F(s, Xs,v5) := e*T(S*t)BIG(s,XS,vS)AS

NI

+ [ eETIIBS (s, X, + y,v.) — BS(s, X, vs)|v(dy)

T

— Mke Y9, BS(s, X, vs).
Proof: Taking partial derivatives with respect to X; on the expression V; =

BS(t, X+, I(X¢)) we obtain

oV, or
3—Xtt = 0,BS(t, Xy, I,(X;)) + a,BS(t,Xt,It(Xt))a—Xtt(Xt). (5)

On the other hand, from Theorem 3 we deduce that

T
Vi = B(BS(t, X0, v)|F)) + E(/ F(s, X, v.)ds|F),
t

which implies that

T
88% = E(0;BS(t, X¢,ve)|Fi) + E(/ 0. F (s, Xs,vs)ds| F). (6)
t t

-1
Using now the fact that £ ( ftT agds’ .7-}) < oo we can check that the con-

ditional expectation E(ftT 0. F (s, Xs,vs)ds|F;) is well defined and finite a.s.

Thus, (5) and (6) imply

oI, ,

X, (z7) (7)

E(9,BS(t,z},v)|Fi) — 0. BS(t,x}, L(x7)) + E([; 0.F (s, Xy, 05)d5|F2) x, =t
0,BS(t,x}, It(x})) '

Notice that
BE(0;BS(t,xf,ve)|Ft) = 0. E(BS(t, 2, ve)| i)l — s = OuBS(t,x, I (%)) |s=ay,

(8)
where I?(X;) is the implied volatility in the case p = A = 0.
Also, by the classical Hull and White formula, we have
3m(BS(t,x,I?(x))|w_z*
vt
* 70/, % x 70/, .% 8119 *
= 0;BS(t,x", I/ (x")) + 0. BS(t, 2", I} (x ))%(xt) 9)

From Romano and Touzi (1996) we know that %42) (z7) = 0. Then, (7), (8) and
(9) imply that

%< 5 8. BS(t,a7, I2(x})) — 8, BS(t, x5, I(})) + E([, 0. F (s, Xy, vs)ds|Fy)
ox, " 0o BS(t, of, Ii(x7))

ok
Xi=x

(10)

11



On the other hand, straightforward calculations lead us to

0, BS(t,x},0) = e N(%a\/T —1)

and
« 1 1
BS(t,zf,0) = €% (N(§U\/T —t) — N(—§0\/T —t))
Then 1
0. BS(t,x},0) = 5(6”Z + BS(t,zy,0))
and

aIBS(taxrv L?(ZL’:)) - 8ZBS(t7x:7It($:))

= S(BS(,a, 1)) — BS(t, 7, 1(a7))
_ %(E(BS(t,xf,Ut) — Vil})| )

1 T
= 3 B[ Fls.Xe0)islR)
t

I
Xi=x}

This, together with (10), implies that the result holds. m

6 Short-time limit behavior

Here, our purpose is to study the limit of %&(mf ) when T' | t. Toward this
end, we will need the following lemma:

Lemma 5 Assume the model (1) is satisfied. Then I(x;)/T —t tends to 0
a.s. asT —t.

Proof: Using the dominated convergence theorem it is easy to see that

P, = Ele"T0(K — X7), | 7] — (K —€%), =0, a.s.

Xi=z; T—t

Now, by the classical call-put parity relation, we obtain

Vi, = Ele " T 0(eXT — K) 4 |F] — (" — K); =0.

*
t=2y

Hence, taking into account that, in the at-the-money case, V; = BS(t, x}, It(z})),
we deduce that

12



BS(ta7. 1a) = 2ae 00 | (=) - 2| o,

and this allows us to complete the proof. m

Henceforth we will consider the following hypothesis:
(H1) o € L24

(H2) There exists a constant a > 0 such that o > a > 0.
(H3) There exists a constant § > — such that, for all 0 <t < s <r < T,

E ((DSO'T)2’ .7:,5) <C(r-— 3)25 , (11)

E ((DeDsar)Q‘ F)<Clr—s" -0 (12)

Proposition 6 Assume that the model (1) and hypotheses (H1)-(H3) hold.
Then:

0y BS(t,x}, I;(x}))

T
— Bt [ AdslF)
t

—AKE(G(t, z},ve)(T — t)|F1) + O(T — t)1F20M,
as T — t and where L(t,z},v) = (02, — 30.)G(t, z}, vy).
Proof: Proposition 4 gives us that

ol

0,BS(t,x}, It(l”f))a—Xt(l‘f)

T
1
gE(/ e*T(S*t)(ax — i)axG(SaXs,Us)Asds|‘7:t)|Xt::CZ
t

T
1
+ B / / e, = S)[BS(s, X, +1,v) — BS(s, Xy v )Iw(dy)ds|F) v, =a:
t R

T
1
—)\kE(/ e "9, — Q)BxBS(s,Xs,vs)ds|]-'t)|xt:x; =T +Tr+Ts. (13)
t

Now the proof will be decomposed into several steps.
Step 1. Here we see that

T
T = gE(L(t, xf,vt)/ Auds| ) + O (T — )" (14)
t

where L(s, X, v5) = (82, — 20,)G(s, X, vs). In fact, applying It6 formula to

T
ge*T(S*t)L(s, X, vs)(/ A,.dr)

13



as in the proof of Theorem 3 and taking conditional expectations with respect
Fi, we obtain that

[N )

T T
E(/t e’r(s’t)L(s,Xs,vS)ASds|]-'t):f—;E(L(t,Xt,vt)(/t Ayds)|F)

[

T T
B / =B 82 VI(s, Xa, vs)( / Aydr)Ads|F)
t s

T
E(/ e "9, L(s, X, vs) / DA, dr)o.ds|Fy)

wm SIS

/ / —ris=t) sXb—+y,’Us)—L(S,Xs_,Us)](/sTATdr)u(dy)ds|ft)

- )\k2E(/ e T tazL(s,Xs,,vs)(/ A, dr)ds|F)
t

S

T
= gE(L(t,Xt,Ut)(/ Asd8)|.7:t) + 51+ S2+ S35+ 5;4.
t

Using Lemma 2 we can write

2

T T
S = %E( / e "B [(92,, — 02,)L(s, Xs,vs)| Ge] ( / Apdr)Ayds|Fr)
t

T 7§ T T
( / ggds> / I / Apdr)Ay|ds| T
t t s

Taking into account inequality (4) and using Hypotheses (H2) and (H3) we can

write
(/ 00d9>_§ (/ / (Dyog) drd@) 7,
= (/tT /ta 6 —r)® drd9> < O(T — t)'+%.

Using similar arguments it follows that Sy + S5 + S5 = O(T — t)'2° which
proves (14).

Step 2. As |BS (t,z,0)| +|0:BS (t,z,0)| < 2e” + K if follows that Tp =
O(T —t).

Step 3. Let us prove that

6

CY E

k=4

IN

2

CY E

k=0

S1

IN

IN

T3 = —MkE(G(t,z},v)(T — )| F) + O (T —t). (15)
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In fact,

T
1
B /75 ¢TI0, — )0 BS(5, Xy v2)d5|F) x =0

T
- E (/ e—r(s—t)G(s,XS,vs)ds‘ ft> | X, =az
t

1 T
e (/t er(st)azBS(s,Xs,vs)ds‘]-'t> | Xymat -
As |0, BS (t,z,0)| < e® it follows easily that the second term in the right-hand
side of this equality is O(T — t). On the other hand, It6’s formula allows us to
write

E( — (s, Xs,vs) .7-})
= E(G(t Xtavt)|ft)
+§E ( / (88, — 02,) G(u, Xy, va) Aydu ]—'t)

E( [ [ 6 X+ ) - Gl X)) () da

S
7).

Now, using again the same arguments of Step 1, (15) follows. Therefore the
proof is complete. m

Now we can state the main result of this paper. We will consider the following
hypothesis:

(H4) o has a.s. right-continuous trajectories.

(H5) For every fixed ¢t > 0, sups, roc(t, 71 & ((O'SO'T = 03)2‘ }'t) —0asT — t.

—\kE (/ e_r(“_t)azG(u,Xu,vu)du

t

Theorem 7 Consider the model (1) and suppose that Hypotheses (H1)-(H5)
hold:

1. Assume that § in (H3) is nonnegative and that there exists a Fy-measurable
random variable D; oy such that, for every t > 0,

sups reit,) |E ((Dsor — Difoy)| F)| — 0, (16)
a.s. asT — t. Then
O 1 Doy
1 = —— — . 1

2. Assume that § in (HS8) is negative and that there exists a Fy-measurable
random variable Lf’+at such that, for everyt > 0,

1 T rT
(T—t)2+6/t /S E(Dso,| Fy)drds — L oy — 0, (18)

15



a.s. as T — t. Then

. A
hm@—wéaéwgz—ﬁiﬁvt (19)

Proof: Using Proposition 6 and the facts that

— Iy (xF)2(T—t)
Ker(T—0) == /7y
0, BS(t, 2}, I, (z})) = — £ ,
V2T

v (T—t)
L(t,z},v) = —Ke (T~ e s v (T — t)~%

1
V2
K o—r(T—t) =22 =)

G t’ *7 =
toisv) = =

and

we can write

oL, .
3—Xt(33t)
@21 _ AT 1) T
= —gejt = (T —t)"2 E(e” T U[g’/ Agds|Fy)
t

zy 2 —t —vg —t
A p (S ) s o)
= S+ 8+ O(T — t)(3T2)M
By Lemma 5 we know that I;(z})?(T —t) — 0 as T — t. Then,

lim Sy = _P lim
T—t 2 T—t +

v2(T—t T
(T — )2 E(e*%vg?)/ Asds|]-'t)] .

Using again Lemma 5, observe that (H4) and the dominated convergence theo-

rem imply that

lim S, — —2F (20)

T—t Ot

Now the proof will be decomposed into two steps.
Step 1. Here we analyze the case § > 0. In this case, we only need to show

that

m (191 + LD;*at) = 0. (21)

li
T—t 20’t
Indeed, we can write

ft) ’

lim (S + 2-Dfo, | = lim E ( A7Br + 2-Djf o,
—t 20'1/ T—t 20'1/

16



where

and

1 T T
B =—————— D drds.
T U?(T—t)Z/t /S Or0slUsOrQTaS

%)

+
- nmE<<ATﬁ> BT’]-}> + L2 limE<<BT+ D ‘”)
T—t ¢ ot T—t 2

- lim U + 2 lim Us.
T—t o T—t

Notice that

lim E (ATBT + -2 Dfo,
T—t 20'1/

]-'t)
Applying Schwartz inequality it follows that

E ((AT— %)2 J—})

2
Using the dominated convergence theorem it is easy to see that £ < (AT — B%)

1
2

(B (B7| 7))

=

U, <

9

tends to zero as T' — t, and a simple calculation gives us that E (B%} ft) is
bounded, from where we deduce that limp_.; U; = 0. On the other hand,

1 T rT
WE (/ / <%DSO—T‘ - D:—O't) drds ft)
- t s t

|Us|

C T T (640,
< —_— — .
S Tooe E (/t /S < o2 1) Dgyo,drds .7-})‘
C T T
+W FE (/ / (DSO'T — D;"Ut) .7-}) drds
- t s
= |Uga|+ |Uz2].

Using now Schwartz’s inequality and the fact that Hypothesis (H3) holds with
6 > 0 we obtain that

Uza] < ﬁ (E (/tT/ST (ng —1>2drds> }'t>%
X (E (/tT /ST (Dsar)erds> ‘]—}>%
< (Tc_t) (E (/tT/ST <JZ—;T—1)2drds>‘ft>§.

17



Now, (H2) and (H4) allow us to write

1

< (Tict) (/tT /ST (E (0'30'7» —vf)2’ft) drds) 2
((:F—C;ﬂ/tT/ST E <asar (%[03@))2 Fy | drds)

ﬁ(/f /ST /tTE ((ou0r = 03)°| 72) dodrds)?,

which tends to zero by Hypothesis (H5). Similarly,

|U2,1

=

)

/tT /ST E ((Dsor — D 01)| F) drds

C
< —_—
‘U272| = (T—t)2

which tends to zero by 16. Now we have proved (21). Then, (20), (21) and the
fact that 6 > 0 give (17) holds.
Step 2. Finally we show that 19 is true. Let us see that

li S Lpits ) —o. 29
Tlglt(sl@ 00+ LLite) =0 (22)
Note that

ft)a

lim (Sl(T —6)0 4 ﬁLf’+at) = lim E (ATBT + Lo,
T—t Ot T—t Ot

where Ar is defined as in Step 1 and

1 T T
Bri=———-—— .osDgo.drds.
T ’U?(T—t)2+5/t /S Or0slUsOrQTAS

%)

— limE ( (AT - ﬁ) BT’ ft) + L mE ( (B]T + Lf’*m) ’ ft)

T—t ¢ oy T—t

But

lim E <ATBT + Lo,
T—t ¢

Then, using similar arguments as in the proof of Step 1 we can easily see that
this expression is equal to zero. Now we have proved (22). Finally, using (22),
(20) and the fact that —3 < § < 0 the result follows. m

Remark: Notice that (17) and (19) can be written in terms of %, being
7 = log K, the log-strike, simply by changing the sign of the limits.
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7 Examples

7.1 Diffusion stochastic volatilities
Assume that the volatility o, can be written as o, = f(Y,), where f € C}(R)
and Y, is the solution of a stochastic differential equation:

dY, =a(r,Y,)dr +b(r,Y,)dW,, (23)

for some real functions a,b € C} (R). Then, classical arguments (see for example
Nualart (1995)) give us that Y € L1? and that

" Oa " Ob

DY, = [ = (wY)DYudut b(s, Yo) + [ o (w Y DYudWo.  (24)

S

Taking now into account that Dso,. = f/(Y,)DsY; it can be easily deduced from
(24) that (H3) holds with § = 0 and that

sups reie,r) | E (Dsor — f'(Y1)b(t, V)| F2)| — 0

as T'— t. Then, Theorem 7 gives us that

i 2ty = L gy 2p
lim 2 (@) = =~ (W + 51 (Y)b (£, Y2),

that agrees with the results in Medveved and Scaillet (2004).
In particular, if Y}. is an Ornstein-Uhlenbeck process of the form

Y, =m+ (Y; —m)e " 4 C/ 2acexp (—a(r —s))dW,,  (25)
t

D,Y, = cvV2aexp (—a(r —s)) for all £ > s < r and then it follows that

. 8It ®\ 1 14 ,
lim 25 (@}) = =~ (M + ev2a 5/ (12)).

7.2 Fractional stochastic volatility models

Assume that the volatility o can be written as o, = f(Y;), where f € C}(R)
and Y. is a process of the form

Y, =m+ (Y, —m)e ) 4 ey 2a/ e—er=s)lqwH, (26)
t

where W := [(s — u)—2dW,,.
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7.2.1 Case H > %

As in Comte and Renault (1998), assume the volatility model (26), for some H >
1/2. Notice that (see for example Alos, Mazet and Nualart (2001)) ;" e~r=s)qwH
can be written as

(#-3) [ (] ten@e=ea—sytan) aw.
0 s

from where it follows easily that sups rcj¢, 77 |E (Dsor| Fi)| — 0as T — t. Then,

Theorem 7 gives us that limy_,; g)]{ (xF) = )‘k. That is, the at-the-money

short-dated skew slope of the 1mphed volatility is ot affected by the correlation
in this case.

7.2.2 Case H < %

Assume again the model (26), taking 0 < H < 1/2. It can be proved (see
for example Alos, Mazet and Nualart (2001)) that [ e~ =) dWH can be

expressed as

1 ' T 3
(5 — H) /o (/ [Il[w] (u)e*“(’“*“) - Il[w](s)e*a(rfs)] (u— s)Hgdu> AW,

+/ e_a(r_s)(r — S)H_%dWS
t

Then it follows (H3) holds for every § = H — 1 and we can easily check that

1 Y /
1
E((T D 2/ / D} opdrds — cv2af' (Yy)
- t s

Then, Theorem 7 gives us that

.7-_,5>—>0asT—>t

lim (T — )z~ ol

Jim. ox. ) = —ev3al ' (1)),

That is, the introduction of fractional components with Hurst parameter H <
1/2 in the definition of the volatility process allows us to reproduce a skew slope
of order O(T — t)°, for every 6 > —1/2.

7.3 Time-varying coefficients

Fouque, Papanicolau, Sircar and Solna (2004) have introduced a new approach
to capture the maturity-dependend behavior of the implied volatility, by allow-
ing the volatility coefficients to depend on the time till the next maturity date.
Namely, they assume that the volatility o, can be written as o, = f(Y}.), where
f is a regular enough function and Y. is a diffusion process of the form (25), be-

1
ing \/a(s) a suitable cutoff of the function (T,,s) —s) ?, with fixed maturity
dates {T} (the third Friday of each month) and n(t) = inf {n : T, > s}.
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Following this idea, we can consider Y, to be a diffusion process of the form

1
(25), with \/a (s) = (T (s) — 5) 2™ for some ¢ > 0. It is now easy to see that
Y, € L%2and that

m[[mmarm)drdﬁpc(_1/;“) (1/21+€> f/(QYf)

tends to zero as T'— ¢ tends to zero. Hence we deduce that, in this case, the
. . e . 1
short-date skew slope of the implied volatility is of the order O(T — ¢)~2t¢.

8 Conclusions

We have seen that the Malliavin Calculus may provide a natural approach to
deal with the short-date behavior of the implied volatility for jump-diffusion
models with stochastic volatility. This theory do not require the volatility to
be a diffusion, nor a Markov process. Moreover, with these techniques the
short-time behaviour of the implied volatility can be analyzed for known and
new volatility models. In particular, models that reproduce short-date skews of
order O(T —t)?, for § > —3.
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