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ABSTRACT

We recall a recent extension of the classical Banach fixed point theorem to
partially ordered sets and justify its applicability to the study of the existence
and uniqueness of solution for fuzzy and fuzzy differential equations. To this
purpose, we analyze the validity of some properties relative to sequences of fuzzy
sets and fuzzy functions.

Key words: fixed points, fuzzy sets, fuzzy equations, fuzzy differential equations, upper
and lower solutions, existence and uniqueness of solution.

2000 Mathematics Subject Classification: primary 03E72, 26E50, 03G10; secondary
47H10, 34A12.

1. Preliminaries

Results on existence of fixed points in partially ordered sets and some applications
to the resolution of matrix equations are presented in [20] and the main result is the
following:

Theorem 1.1 ([20]). Let X be a partially ordered set such that every pair x,y € X
has an upper and a lower bound. Let d be a metric on X such that (X, d) is complete.
Let f : X — X be a continuous and monotone (either order-preserving or order-
reversing) operator. Suppose that the following assertions hold:
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e there exists k € (0,1) with d(f(z), f(y)) < kd(x,y), Vo > y.
e there exists xg € X with o < f(xo) or xg > f(xo).
Then [ has a unique fized point x* € X, and for each v € X, (fn(2))neny — x*.

In [16,18], the authors analyze the existence of a unique fixed point for mappings
defined in partially ordered sets and they show the applicability of the results obtained
to the study of the existence of a unique solution for first-order ordinary differential
equations with periodic boundary conditions. The authors obtained the following
results.

Theorem 1.2 ([16]). Let (X,<) be a partially ordered set and suppose that there
exists a metric d in X such that (X,d) is a complete metric space. Let f: X — X
be a monotone nondecreasing mapping such that there exists k € [0,1) with

d(f(z), f(y) < kd(z,y), Yz > y.
Suppose that either f is continuous or X is such that
if @ nondecreasing sequence (Ty)neny — @ in X, then x, < x, Vn. (1)

If there exists xg € X with o < f(x0), then f has a fized point.

Theorem 1.3 ([16]). Let (X, <) be a partially ordered set and suppose that there exists
a metric d in X such that (X,d) is a complete metric space. Let f : X — X be a
monotone nondecreasing mapping such that there exists k € [0,1) with d(f(x), f(y)) <
kd(xz,y), Vo > y. Suppose that either f is continuous or X is such that

if a nonincreasing sequence (xy)nen — x in X, then x < x,, Vn. (2)
If there exists xg € X with o > f(x0), then f has a fized point.

An additional condition which allows to obtain uniqueness of fixed point and global
convergence of the method of successive approximations is

every pair of elements of X has a lower bound or an upper bound, (3)
or, equivalently,
for every z, y € X, there exists z € X which is comparable to x and y.

For nonincreasing functions, some positive results were presented in [18].

Theorem 1.4 ([18, Theorem 4]). Let (X, <) be a partially ordered set satisfying (3)
and suppose that there exists a metric d in X such that (X,d) is a complete metric
space. Let f : X — X be a nonincreasing function such that there exists k € [0, 1)
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with d(f(x), f(y)) < kd(x,y), Yo > y. Suppose also that either f is continuous or X
is such that

if (Xn)neny — T is a sequence in X whose consecutive terms are
comparable, then there exists a subsequence (Ty, )ken

of (xn)nen such that every term is comparable to the limit x. (4)

If there exists xg € X with xo < f(x0) or xo > f(xo), then f has a unique fized point.

More generally, for non necessarily monotone operators, it was proved the following
theorem.

Theorem 1.5 ([18, Theorem 7). Let (X, <) be a partially ordered set and suppose
that (3) holds and that there ezists a metric d in X such that (X, d) is a complete met-
ric space. Let f: X — X be such that f maps comparable elements into comparable
elements, that is,

f@) < f(y)

r,ye X, x<y= < or
f(x) > f(y)

and such that there exists k € [0,1) with d(f(x), f(y)) < kd(z,y), V& > y. Suppose
that either f is continuous or X is such that condition (4) holds. If there exists
xo € X with xy comparable to f(xg), then [ has a unique fized point T. Moreover,
Ve e X, limy, o0 fM(z) = Z.

In this paper, we illustrate the applicability of these results to obtain the existence
of a unique solution for a fuzzy equation, that is, an equation defined in the space of
fuzzy subsets of R™ and also for fuzzy differential equations.

The paper is organized as follows. In sections 2 and 3, we recall the basic concepts
of fuzzy sets and fuzzy functions, presenting some interesting properties for fuzzy
spaces. Then we present different orders (section 5) in the space of fuzzy numbers
and functions. Finally, we apply the results to the Cauchy problem for fuzzy dif-
ferential equations (section 6) and to fuzzy functional differential equations with an
initial condition (section 7). We obtain new results in the theory of fuzzy differential
equations.

2. Fuzzy sets

The set of fuzzy real numbers E! is the family of elements z : R — [0, 1] satisfying
the following properties [5]:

e 1 is normal: there exists tg € R with z(¢p) = 1,

e I is upper semicontinuous,
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e 1z is fuzzy convex,

1‘(/\151 + (1 — )\)tg) > min{x(tl),x(tg)}, for all t1, to € R, \ € [O, 1],

e The support of z, supp(z) = {t € R : z(¢) > 0} is a bounded subset of R.

For a fuzzy number x € E', we denote the a-level set by
[]*={teR: z(t) > a},

which is an interval, since it is a nonempty compact convex subset of R, for every
a € [0,1]. Hence [z]* = [®a1, Tar], for all a € (0,1], and

@’ = U [ = [vor, 2o,

a€e(0,1]

In E', we define the following partial orderings: < and =, given by

z,y € B, 2 <y <= 24 < Yor and Zop < Yar, for all a € (0,1],

and
r,y € B, x <y <= [2]* C [y]*, for all a € (0,1],

that is,
Tal = Yot a0 Ty < Yoo, for all a € (0,1].

E' is a complete metric space [5] considering the distance

doo(z,y) = sup dp([z]*,[y]*), for z,y € E',
a€l0,1]

where dp represents the Hausdorff distance between nonempty compact convex sub-
sets of R.
For a fuzzy number x € E', we define the functions

zr 0,1 — R, zp(a) =za, Ya €[0,1],
zgr:[0,1] — R, zgr(a) =24, Ya € |0,1].

The product and sum of fuzzy numbers x and y is given by the Zadeh’s Extension
principle: [z + y]* = [2]* + [y]*, and [z - y]* = [z]* - [y]®, for every a € [0,1].
See [5, page 4] or [12, page 3].

We denote by E™ the space of all fuzzy subsets u of R™ w : R™ — [0, 1] such that
u is normal, upper semicontinuous, fuzzy convex with bounded support. The level
sets of u are obtained similarly to E'. Thus, [u]® is a convex and compact subset
of R™ (see [5]).

Revista Matemdtica Complutense 364
2006: vol. 19, num. 2, pags. 361-383



J. J. Nieto/R. Rodriguez-Lépez Contractive-like mapping principles applied to fuzzy equations

The supremum metric on E™ is defined by

doo(,y) = s?p]dH([aj]a7 [y]*), fora,yecE™,
a€l0,1

and (E™,d) is a complete metric space [5].
For the case of m-dimensional fuzzy sets, we can supply E™ with a partial order-
ing < defined similarly to the one-dimensional case:

r,y € B, x Xy < [z]* C [y]*, for all o € (0,1].

This order relation is given by the inclusion of subsets of R™.
Some interesting properties of fuzzy sets with respect to the partial orderings <
and < are

r<y=ax+2<y+z forzy zecE,
r=3y=—ax+z2=3y+z forxyze B

and, for fuzzy functions,

fgg:>/tf(s)ds§/tg(s)d8, fortcJ, f, gecC(J,EY,
Ot Ot

fjg:>/ f(s)dsj/ g(s) ds, forted, f,geC(J,E™).
0 0

We will use them in sections 6 and 7 to obtain some existence results for fuzzy
differential equations.

Reference [3] provides some results on existence of extreme fixed points for some
kind of fuzzy mappings. Besides, in [3], the authors apply a Sadovskii-like fixed
point theorem to solve the fuzzy equation Ex? + Fx + G = z, with E, F, G, and z
nonnegative fuzzy numbers satisfying some appropriate conditions. In particular, in
their approach they consider Lipschitzian fuzzy numbers.

In [15], the authors extend the results of [3] and some resolute results are deduced
from the application of the classical Tarski’s Fixed Point Theorem [22]. Also, it is
considered in E!, in relation with [16], the existence and uniqueness of solution for
general fuzzy equations of the type

F(z) =z
In order to justify the validity of these results and deal with the case in E™, m > 1,

we need to guarantee the validity of certain properties involving sequences of fuzzy
sets and fuzzy functions.

365 Revista Matemadtica Complutense
2006: vol. 19, num. 2, pags. 361-383



J. J. Nieto/R. Rodriguez-Lépez Contractive-like mapping principles applied to fuzzy equations

3. Properties of spaces of fuzzy sets and fuzzy functions

Firstly, we prove that the spaces (E', <) and (E!, <) satisfy conditions (1) and (2)
(see Theorems 1.2 and 1.3). Indeed, consider (z,,),en € E' a nondecreasing sequence
such that (z,)neny — 2 in E'. Then the relation z,, < z,.1 for every n € N means
that

(xn>o¢l S (xn+1)ala (xn)ar S (xn-i-l)ara Vo € (05 1]a Vn € N.

Since
doo(Tn,x) = sup dg([x,]%, [x])
ael0,1]
= sup max{|(zn)ar — Zal, [(@n)ar — Tar|} T2 0,

ael0,1]

then (2n)ar — Tal, (Tn)ar — Tar as n — —+o0, for every a € (0,1], and they are
nondecreasing sequences, which implies

()t < Taty,  (Tn)ar < Tar for every n and every a.

Hence, z, < x, Vn € N.

Analogous conclusion can be derived for the partial ordering =<, since x,, < Zp4+1
for every n € N implies [x,]* C [x,41]%, for every n € N, a € (0,1]. Therefore, for
every «, (& )q is nonincreasing in n and (x,,) o, is nondecreasing in n. The convergent

character of those sequences towards x,; and ., respectively, provides that
(Tt = Tat, (Tn)ar < Tar for every n € N and every « € (0, 1].

In consequence [z,]* C [z]%, for every n € N and « € (0, 1], so that z,, < x, Vn € N.
Similarly, it is easy to check that condition (2) also holds for the partial orderings <
and <.
Consider the space C(J,E') = {x : J — E' : z is continuous }, where J is a
compact interval in R and define the partial orderings induced by < and =<:

r,y € C(J,EY), x<y<= x(t) <yt), VtecJ,
v,y € C(J,EY), x=y<+<= x(t) 2y(t), Vt € J.
Considering the distance

D(z,y) = sup doo(x(t),y(t)), =,y€C(J,EY),

C(J,E') is a complete metric space [5].
Conditions (1) and (2) are satisfied for the partially ordered spaces

(C(J, EY), <)
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and
(C(J,EY),=).

Indeed, if (z,,) € C(J, E') is <-nondecreasing and convergent to z in C(J, E'), then

D(z,, ) = supdoo(z,(t), z(t)) =sup sup dg([x,(t)]%, [x(t)]) [marclyy)
teJ teJ a€l0,1]

Hence, for every t € J, (x,,(t)) is a <-nondecreasing sequence in E! and convergent to
x(t) € E'. This proves that x,(t) < z(t), for every n € N and every ¢, hence z,, < x,
V¥n € N. We obtain the same conclusion for < and, similarly, for property (2).

To check that condition (1) is valid in (E™, <), take (2, )neny € E™ a nondecreas-
ing sequence such that (z,,)neny — @ in E™. Then z,, < x,1 for every n € N, that
is,

[2:]" C [2n41]”, Vn €N, and a € (0,1].

Moreover
doo(n,2) = sup dy([z,]* [2]*) "=5 0.
ael0,1]
Thus, for every a € (0,1], ([£,]%)nen is an expansive family of subsets of R™ which
is convergent. Moreover, it converges to |J,,cy[zn]*. The convergence of [x,]* to-
wards [z]?, for every a € (0, 1] implies [2,]* C [2]* = |, en[Tn]®, Vn € N, Va € (0,1],
and z, <z, Vn € N.

To prove the validity of (2), if (z,)neny € E™ is a nonincreasing and convergent
sequence, then, for every a € (0,1], ([2]*)nen is a contractive family which is con-
vergent, therefore its limit is (), c[7n]%, and (z,) — 2 produces [z,]* — [z]%, as
n — +oo, for every o € (0,1], thus [z]* = [, cn[2n]® C [z4]*, ¥R € N, Va € (0,1],
which implies = < z,,, Vn € N.

Now consider the space C(J,E™) = {x : J — E™ : x is continuous } with the
partial ordering

r,y € C(J,E™), x=y<=x(t) 2yt), Vte
(C(J,E™), D) is a complete metric space with the metric given by

D(x’y) ::ggdoo(x(t)’y(t))v T,y € C(']vEm)
In the partially ordered set (C(J, E™), <), conditions (1) and (2) hold, since they
are satisfied in E™ and we proceed, for every t € J, as in the one-dimensional case.
Concerning uniqueness of fixed point for a fuzzy mapping, condition (3) is valid
for (B, <), (E™, =), (m > 1), (C(J,EY), <), and (C(J, E™), <), (m > 1), since, in
these spaces, any two elements have an upper bound.
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4. Fixed Point Results

Theorem 4.1 ([15]). Let F : E' — E' be monotone nondecreasing (or nonincreas-
ing and continuous). Suppose that there exists K € [0,1) such that

doo(F (), F(y)) < Kds(x,y), Yz >y,

and that there exists xg € E' with F(xg) > xo or F(xo) < x9. Then there eists
exactly one solution for equation F(x) = x.

Remark 4.2. We are not imposing that F' is a contraction, but F' is ‘contractive for
any two comparable elements’ (see [20]).

Theorem 4.3. Let F : C(J,E') — C(J, E') be monotone nondecreasing (or non-
increasing and continuous). Suppose that there exists K € [0,1) such that

D(F(p), F(¢)) < KD(p,%), Vo =1,

and that there exists po € C(J, EY) with either F(pg) > @o or F(po) < ¢o. Then
there exists exactly one solution for equation F (@) = .

For the case of m-dimensional fuzzy sets, with m > 1, we obtain

Theorem 4.4. Let F': E™ — E™ be monotone nondecreasing (or nonincreasing
and continuous). Suppose that there exists K € [0,1) such that

doo(F (), F(y)) < Kds(x,y), Yz =y,

and that there exists xg € E™ with F(xg) = xo or F(xg) = xg. Then there exists
exactly one solution for equation F(x) = x.

Theorem 4.5. Let F' : C(J,E™) — C(J,E™) be monotone nondecreasing (or
nonincreasing and continuous). Suppose that there exists K € [0,1) such that

D(F(¢), F(¢)) < KD(¢,4), Vo =1,

and assume that there exists po € C(J, E™) with F(po) = wo or F(po) = ¢o. Then
there exists exactly one solution for equation F (@) = .

These theorems are consequence of Theorems 1.2-1.4.

Remark 4.6. If F is continuous and maps comparable elements into comparable ele-
ments, then the results in this section are valid.
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5. Examples

We adapt some examples of [16] to the case of fuzzy functions.

Ezample 5.1. Consider the complete metric space (E',d.) and define the partial

order
Xin} <T <Y < X{ns1}, forsomen € Z,

T <1y qor

T =1y.
We show that <; defines a partial ordering in E’.

e The reflexivity is obvious from the definition of <j.
o If x <y y,y<yx, thenz =y, or

Xin} <T <Y < Xfn+1ds X{p} <Y =T < X{pt1}, forsomen,p€Z,

thus the unique possibility is n = p and = = y.

e Let x <1y, y <1 z and suppose that = # y, y # z. Then

X{n} <T <Y< X{nt1ds Xipy <Y <2< X{pri)s for some n,p € Z.

Since y & (X{nt1}s X{nt+2})s then x(ny < y < 2 < X{n41), and therefore
X{n} < < 2 < X{ny1}, Obtaining x <; z.

Consider the fuzzy function F : E* — E*
1 .
F(x):= X{%}—f—ix, if x(ny <o < Xgng1y, n=0,1,2,...

and F(z) := 1z, otherwise.
F is not continuous at x,}, forn =0,1,2,..., since

1
F(xny) = X251y  5X{n} = Xin-4 )

the same as the limit of F(x) as z tends to x(,}, with z < xy,;. However, if
X{n} < T < X{n+1} > and z tends to xyn}, then

1
F() =Xx(3) + 5% = X(3) T X{8) = X{n}-

Moreover, if x tends to x{n}, through  not comparable to x(,}, then F(r) = %x
tends to x{z}.
However, this function F' is monotone nondecreasing. Indeed, take x <; y.

369 Revista Matemadtica Complutense
2006: vol. 19, num. 2, pags. 361-383



J. J. Nieto/R. Rodriguez-Lépez Contractive-like mapping principles applied to fuzzy equations

o If x =y, then F'(z) = F(y), hence F(z) <1 F(y).

o If x\iny <2 <y < Xynt1y, for some n =0,1,2,..., then

1
= X{n n n —r=F
X = X{gy T X} <X} F T = FE)
1
<F(y) = X{z}+ 5Y < X{z} T X{m1} = X{nt1} < X{n+1}-

o If X(n}y <@ <y < X{ns1}, for some n = —1,-2,.., then F(z) = jz <
F(y). Moreover,

y:

N|—

1 1
X{3} <37 < 2Y < X{ngiys
which implies

1 1 .
X{k} = X{3} < 5% < U S Xq2p) = Xerd) S X{k+1p if n = 2k,

and

1 1 .
X{k} < X{rp1} = Xq251) < 57 S 5¥ S X282y = X{kt1)s ifn=2k+1.
This proves that F(z) <; F(y).
Moreover, if x > y, we obtain
o Ifz =y, doo(F(x)aF(y)) < %doo(m,y)

o If x\(ny <y <2 < X{ny1}, for some n=0,1,2,..., then
1 1 1 1 1
o If x\iny <y <2 < X{nt1}, for some negative n, then

oo (F(2), F(y)) = doo (57, 39) = 3,1,

To the validity of (1), let (x,,) be a nondecreasing sequence in E* such that (z,,) —
in E'. Then one of the following assertions is valid:

e either z,, = x, for every n, which implies that z, <; z, for every n,

e or there are different terms in the sequence. In this case, there exists p € Z such

that
X{p} < Tn < Tpy1 < X{py1}, foreveryn € N.
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By the properties of <, x,, < z for every n € N and besides
Xip} < Tn < T < Xpy1}, foreveryn € N.
In consequence, x,, <; z, for every n € N.

Finally,
1
Xq0p Z F(X(-1)) = 5X(-4) = X(-1) 2 X(-4) > X(-1}
and, hence, F(X{,%}) 1 X(-1}-

By Theorem 1.2, there exists at least a fixed point of F in E! (Xgoy is a fixed
point.) The uniqueness hypothesis (3) is not valid, since given x{n}, X{n+1}, there
exists neither upper nor lower bound. However, there is exactly one fixed point for F'
in B!, since

° %m = x is equivalent to T = X0}

o For x(n} <2 < X{nt1}, n=10,1,2,..., then x(n) + %x = z, implies * = Xy},
which is a contradiction.

Ezxample 5.2. Consider the partial ordering

X{0} <% <Y < X{1}s
or

T <oy X{n} <T =Y < X{ny1}, forsomen €N,
or

=Y,

and define the fuzzy function F : {z € E' : 2 > y0y } — {z € B} : 2> x(03 },
= {X{g}+§$7 if X(n) <= < X{ny1}, n€EN,

F(x) .=
() %x, otherwise.

The uniqueness hypothesis is not valid but, in this case, x (o is the unique fixed point
of F. In fact, if we consider the restriction of F to [X{0}> X{1}]

Fl : [X{0}7X{1}] - [X{0}7X{1}],

then the uniqueness condition is valid for I:"l and ﬁ'l (x) = %;L'
For z ¢ [X{0}7X{1}], we obtain

e cither F(x) = %z, and the unique fixed point is x (o}, which is different from z,

Revista Matemadtica Complutense
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o or F(z) = xqzy + 12 (X{n} <= < X{n+1}, 7 € N), and F(y) = y occurs only

for y = X(n) & (X{n}> Xint13]-
Ezample 5.3. In the complete metric space (E', d,) take the partial ordering

Xin} ST <Y < Xfnt1}, forsomen=0,1,2,...,
r <3y <= qor
T =1y.
Indeed,
e <3 satisfies the reflexivity property.
o If v <3y, y <3z, thenx =y or
Xin} ST <Y < Xfnt+1}s X{n} SY ST < X{ns1}, forsomen=0,1,...,
hence x = y.
o Let z <3y, y <3z and suppose that x # y, y # z. Then
X{n} ST <Y< Xng1yr Xn} Y <2 < Xfns1}, forsomen=0,1,...
In consequence, X{n} ST < 2 < X{nt1}s and r <3 z.
We define F: {z € E' : > x(00 } — {z € E' : @ > xq03 }, by
Fla) = {)f{n-;l} + %x, if Xqny .S T < Xfnt1}, nEN,
5T, otherwise.

It is evident that F is not continuous at x(,}, for n € N. On the other hand, F'is
monotone nondecreasing. Indeed, let z <3 y.

e For x =y, F(x) = F(y) and F(z) <3 F(y).

e Suppose that x(,; <z <y < x{n41}, for somen =0,1,2,...
If n =0, then xgo; < F(z) = 42 < 3y = F(y) < 3xq413 < xqu} and
F(z) <3 F(y). If n € N,

1
Xtn} S X{n+d) = Xnpy + X035} S Xyngy + 57 = Fl)
1
< P(y) = xgzpy + 5¥ < Xezgty T X2 = X

Hence, F(x) <3 F(y).

If >3 y, then
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o Ifz=y, doo(F(‘T)’F(y)) =0< %doo(x7y)

e If xp0y Sy < <xy,

o If \pny €y <2 < Xfny1y, for some n=1,2,..., then

1 1 1

This proves that the contractivity condition over comparable elements holds. The
uniqueness hypothesis (3) is not valid, since given x{,}, X{n+1}, there exists neither
upper nor lower bound. Condition (1) is not valid in the interval [x{n}, X{n+1})
(n = 0,1,2,...). F has the unique fixed point x{oy, since, for & [xq0}, Xx{1}],
1z # x, and for x € [X{n}> X{nt1}); With n € N, F(z) = Xqzg1y + ir #

Example 5.4. Consider the complete metric space (E*', dy,) and the partial order

T 2 Y 2 X[n,nt1), for some n € Z, with x # X1y,
T X1y qor

T =1y.
The relation <; defines a partial ordering in E':
e The reflexivity is obvious from the definition of <;.
o If z <1y, y =12, then x =y or
T2Y 2 Xnnt1s Y 2T 2 X[ppt1, for some n,p € Z,
then n =p and z = y.

o Let x =1 y, y =1 2z and suppose that z # y, y # z. Then x Xy =X X[5,n41) and
Y 2 2 = X[n,nt1], for some n € Z, with z, y # x(ny. Then

X{n} 7é =Xz X[n,n+1]s
and z < z.

Define F : E* — E' by

1 .
F(a:):zx{%}+§x, if 2 X Xpnnt1, T# Xqny, 1n=0,1,2,...
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and F(z) := 1z, otherwise. F is not continuous at x(,3, for n = 1,2,..., since for
T = X{n}> with x < X[n,n+1], We obtain

1
F(z) = x5} + 5% = X{3} T X(3} = X{n}»

but for z — x(n}, with =< X[,—1,,, We get

|
F(2) = x(npy + 52 = Xq2p1y HX(5) = Xqn-4)-

Besides, F' is monotone nondecreasing. Let <7 y. If © =y, then F(z) = F(y), and
F(z) =1 F(y). If x{n} # = 2y = X[n,n+1], for some n =0,1,2,..., then

1 1
Xin} = X{3} T X(3) # X(3) T 5% = F(2) S F(y) = xq3) + v
1
= X{z}+ 5 X[nnt1] = X{3} + X[z, 281] = X[n.n+d) = Xfnont1]-
If X{n} # % =Y = Xn,nt1), for some n = —1,-2,..., then

1 1
F(r) = T3y = F(y) = S Xlnn+1] = X[3,3+4]"

DN | =

Now, we distinguish two cases:

e If n =2k, then

X[2,24+1] = X[k,k+1] = Xkk+1]-
Since x # Xy}, then F(z) = %x # X{2} = X{k}-
e If n =2k + 1, then
X[z, 24+1] = X[k+1 k+1] = X[kk+1]-
If F(z) = %x = X{k}, then & = x2xy and 2k < n, contradicting x = X[n nt1]-

This proves that F'(z) <1 F(y).
With respect to the contractivity condition over comparable elements, take z > vy,

o lfz =y, du(F(2),F(y)) =0 < 3dos(z,y).

o If X(n} #Y 2 =X Xn,ny1), for some n =0,1,2,..., then

1 1 1
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o If Xiny # Y 2 T = Xjn,n+1), for some negative n, then

1
= 7doo('r7 y)

Lo (F (@), F () = doe (3. 30) = 5

2 72
Note that xto3 =1 F(x{0})-
Finally, concerning condition (1), take (x,,) a nondecreasing sequence in E' such
that (x,) — @ in B, then one of the following assertions is valid:

e 1, =z, for every n € N, which implies that z,, <1 x, for every n € N.

e There exists p € Z such that
Xip} ZT1 222 2+ 22 2 Tpy1 2 2 Xpop+1]-

In consequence, X{p} # Tn X T = X[ppt1]; for every n € N, and z,, =1 @, for
every n € N.

Then F has at least one fixed point in E'. (Note that X{o} is a fixed point of F', in
fact, it is the unique fixed point of F'.)

6. Fuzzy initial value problems

In this section, we obtain new results on existence of a unique solution for a fuzzy dif-
ferential equation with initial value conditions by applying the previous methodology.
Consider the fuzzy equation

{u’(t) = f(t,u(t), teJ=[0,T), (5)

where T > 0, ug € E', and f : J x B! — E' is a continuous function. This
initial value problem has been considered in the literature by several authors. For
example, Kaleva [9] proved that Picard’s Theorem is valid for (5), i.e., when f is
Lipschitz continuous, then (5) has a unique (local) solution. If f is just continuous,
the situation is totally different and some conditions are necessary to guarantee the
existence of solution [1,2,4,6,8-10,13,14,19,21,23,24]. Also, new phenomena appear
in the fuzzy case [4,5,8,17].

Let the space C*(J,E') = {x : J — E' : x,2’ are continuous }, where the
derivative x’ of x is considered in the sense of Hukuhara.

Definition 6.1. A solution to (5) is a function u € C1(J, E') satisfying (5).
Definition 6.2. A lower solution for (5) is a function p € C1(J, E') such that
w(t) < flt,ut), ted, p0)<u.

An upper solution for (5) satisfies the reversed inequalities.
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For the case of real functions, the basic reference concerning the method of upper
and lower solutions is [11], which shows how the existence of a lower solution p and
an upper solution v with x4 < v implies the existence of a solution of (5) between p
and v.

In the following, we study the fuzzy case and find sufficient conditions for the
existence of a unique solution to the first-order initial value problem (5) in the presence
of just a lower solution (respectively, an upper solution). We follow the ideas of [16]
and [18], where we showed that, under the appropriate conditions, the existence of
just a lower solution is enough to prove the existence of a unique solution for the
following (nonfuzzy) periodic boundary value problem:

u'(t) = ftu(t), teJ=10,T]
u(0) = u(T),
where T'> 0, and f: J xR — R.

Theorem 6.3. Suppose that there exists u € C1(J, E') a lower solution for prob-
lem (5). Let f:J x E' — E' continuous be such that f is nondecreasing in the
second variable

ft,x) > fty), if teld x>y,
and there exists k > 0 such that
doo(f(t,2), [(t,9)) < kdoo(z,y), =2y
Then problem (5) has a unique solution.

Proof. Problem (5) is written, equivalently [5,12,17], as the integral equation

u(t) = ug +/0 f(s,u(s))ds, te.

We define the operator A : C(J, E') — C(J, E') by

[Au](t) = uo +/0 f(s,u(s))ds, te.J

If u e C(J,EY) is a fixed point of A, then u € C'(J, E') is a solution of (5) and
conversely. In C(J, E'), for p > 0, consider the complete metric

Dp(u,v) = igg{dm(u(t),v(t)) e Y, wwe C(J,EY.

This metric is equivalent to D. Here p > 0 is chosen large enough so that
1—erT
¢ <L (6)
p
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Hypotheses in Theorem 1.2 and condition (3) are satisfied. Indeed, condition (1) is
valid. The operator A is nondecreasing since, for u > v,

[Au(t) = ug +/O f(s,u(s))ds > ug +/O f(s,v(s))ds = [Av](t), teJ
Besides, for u > v,

D, (Au, Av) = sup{do ([Au](t), [Av](t)) e Pty

teJ

- 329{ (uo —|—/0 f(s,u(s))ds,ug + /tf(s,v(s))ds) e*pt}

sl ([ sesonas ot as) e}

< sup{/ doo(f(5,u(s)), f(s,v(s))) ds eipt}

teJ 0

< sup{/ot kdoo(u(s),v(s))dse*pt} < D,(u,v)k sup{ept —1 e*pt}

teJ teJ P

1— —pt 1— —pT
= D,(u,v) k sup R D,(u,v)k ;,
teJ P p

and the contractivity condition in Theorem 1.2 is satisfied since (6) holds.
Finally, we check that p is such that u < Ap. Indeed,

t t
u(0) = w0)+ [ (s < ua+ [ fls.uts)ds = 40, te
0 0
In consequence, A has a fixed point in C(J, E'). The uniqueness comes from the
validity of (3). O

Remark 6.4. The unique solution of (5) given by Theorem 6.3 can be obtained as
lim,, . o0 A"™(u), for any u € C(J, E'). Taking u = u, then (A"(u)), is a monotone
nondecreasing sequence converging in C(.J, E') to the unique solution of (5).

Theorem 6.5. Replacing the existence of a lower solution to (5) by the existence of
an upper solution to problem (5), the conclusion of Theorem 6.3 is still valid.

Proof. If v is an upper solution for (5), we check that

t t
v(t) = v(0) +/ V' (s)ds > ug +/ f(s,v(s8))ds = [AV](t), te .
0 0
The existence of a unique solution for (5) is derived from Theorem 1.3, since (2) is

valid. O
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For the case of m-dimensional fuzzy functions f : J x E™ — E™, (m > 1), we
obtain similar results, considering the partial ordering <. Let the fuzzy equation

{u’(t) = f(tu(t), teJ=[0,T],

u(0) = uyp, Q

where T' > 0, up € E™, and f: J x E™ — E™ is continuous. Take
CYJ,E™)={x:J — E™ : x,2’ continuous }.

Definition 6.6. A solution to (7) is a function u € C*(J, E™) satisfying conditions
in (7).

Definition 6.7. A lower solution for (7) is a function u € C1(J, E™) such that
p(t) = fltpt), ted,  p0) = uo.
An upper solution for (7) is a function satisfying the reversed inequalities.

Theorem 6.8. Suppose that there exists p € C1(J, E™) a lower solution for prob-
lem (7). Let f : J x E™ — E™ continuous be such that [ is nondecreasing in the
second variable f(t,x) = f(t,y), ift € J, x =y, and there exists k > 0 such that

deo(f(t,2), f(t,y)) < kdoc(2,y), 2=y
Then problem (7) has a unique solution.
Proof. Analogous to the proof of Theorem 6.3. O

Remark 6.9. The unique solution of (7) given by Theorem 6.8 can be obtained as
lim;, 00 A" (u), for any u € C(J, E™). If we take u = p, then (A™(p))y, is a monotone
nondecreasing sequence converging in C'(J, E™) to the unique solution of (7).

Theorem 6.10. Replacing the ezistence of a lower solution to (7) by the existence
of an upper solution to problem (7), the conclusion of Theorem 6.8 is still valid.

Proof. Similar to the proof of Theorem 6.5. O

7. Fuzzy functional problems

For a given 7 > 0, we denote Cy = C([—T, 0], E™). For elements @, € Cy, we define

H(p,9) = _max doo(p(s),9(s)).
Suppose that v € C(Jy, E™), where Jy = [—-7,T], T > 0. For t > 0, t € Jy, denote
by u; the translation to [—7, 0] of the restriction of u to the interval [t — 7, ¢], that is,
ug € Co, ue(s) =u(t+s), —7 < s <0.
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We consider the fuzzy differential equation with finite delay

{u’(t) = f(t,uy), teJ=10,T],

U’OZ@ECOa

where f € C(J x Cy, E™).
In [12], it is proved the following result.

Theorem 7.1. Assume that there exists k > 0 such that

deo (f(t @), f(t,0)) < kEH(p,v), fort e J=1[0,T] and ¢, ¢ € Cy.

Then the initial value problem (8) possesses a unique solution u(t) on Jy.

In this section, we relax the hypothesis of contractivity affecting only to compara-
ble elements, and still we obtain the existence of a unique solution. To this purpose,
we define the concepts of upper solution and lower solution for (8).

Definition 7.2. A solution to (8) is a function u € C(Jo, E™) N CY(J, E™) satisfy-
ing (8).

Definition 7.3. A lower solution for (8) is a function u € C(Jy, E™) N CH(J, E™)
such that

p(t) = f(tpe), teld, — po =

(Also p/(t) < f(t ), t € J, po < ¢, if m = 1.) An upper solution for (8) satisfies
the reversed inequalities.

Theorem 7.4. Suppose that there exists € C(Jo, E™)NC(J, E™) a lower solution
for problem (8). Let f: J x Cy — E™ be continuous such that f is nondecreasing
in the second variable

flt,o) = f(t.v), if ted, ¢=1,

and there exists k > 0 such that

doo(f(t, ), f(t,0) <k H(p, %), teJ, ¢=1b.

Then problem (8) has a unique solution.

Proof. Consider the space C(Jy, E™) equipped with the complete metric

D,(u,v) = sup {doo(u(t),v(t)) - e Py, u,v e CO(Jy, E™),
te[—7,T]

for p > 0.
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We define the operator A : C(Jy, E™) — C(Jo, E™) by

u o (,O(t), te [_Ta 0]7
[Au](t) = {(p(O) + fot f(s,us)ds, te.J

If u € C(Jo, E™) is a fixed point of A, then u € C1(J, E™) is a solution of (8) and
conversely. We check that conditions in Theorem 1.2 and condition (3) are satisfied.
The mapping A is nondecreasing. Indeed, take u > v on Jy (us = vs, Vs € J) and
t € [—7,0], then (Au)(t) = ¢(t) = (Av)(t), and, for t € J,

A (t) = (0) + / f(s,us) ds > 9(0) + / £(5,v5) ds = [A]().

For u < v, if t € [—7,0], doo ([Au|(t), [AV](})) = deo(¢(t), ¢(t)) = 0, and if t € [0, T,
e ([AU)(0). L)1) = o (9(0) + [ Flo.) s+ [ fs.00) )

< /O oo (£(5,15), F(5,0,)) ds

t

t
< / k H(us,vs)ds =k max  deo(us(r),vs(r)) ds,
0 g —T<r<o0

then

Dy (Au, Av) = te?}pT]{dm([Au] (1), [Av](t)) e}
Sl )y delisr) ) doem)

< sup{k max e ds e_pt}Dp(uw)
teJ o —T=r=0

¢
< sup{k/ ef®ds e_pt}Dp(um)
teJ 0
l—e? 1—erT
= kD,(u,v)sup IR ¥ D,(u,v).
teJ P P

Note that & = 0 is a trivial case. If we take p = 2k (for k£ > 0), the contractivity
condition in Theorem 1.2 holds.

Finally, we check that p is such that p < Ap. Indeed, po < ¢, thus u(t) < (t) =
[Apl(t), for t € [—7,0], and for ¢ € J,

ul(t) = p(0) + / 1 (s) ds < p(0) + / F(5, 1) ds = [Au(t).
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Since every pair of functions in C(Jy, E™) has an upper bound, the mapping A has
a unique fixed point u € C'(Jy, E™) and u is the unique solution to the initial value
problem (8) in Jp. O

Theorem 7.5. Replacing the ezistence of a lower solution for (8) by the existence of
an upper solution for problem (8), the conclusion of Theorem 7.4 is still valid.

Proof. If v is an upper solution for (8), we check that
v(t) = p(t) = [AV](t), t € [-7,0],

v(t) = v(0) Jr/o V' (s)ds = ¢(0) +/0 f(s,vs)ds = [AV](t), te

The existence of a unique solution for (8) comes from Theorem 1.3, since (2) is
valid. O

Remark 7.6. Under the hypotheses of the previous results, the unique solution of (8)
is obtained as lim,_, o0 A" (u), for any u € C(Jy, E™). If we take u = p, a lower
solution for (8), then (A™(u)), is a monotone nondecreasing sequence converging in
C(Jo, E™) to the unique solution of (8) and if u = v, an upper solution for (8), then
(A™(v)), is a monotone nonincreasing sequence which is convergent to the unique
solution of (8).

The results in this section are valid for E! with the partial ordering <.
Theorem 7.7. Suppose that there exists p € C(Jo, EY) N CY(J, E') a lower solution

for problem (8). Let f : J x Cog — E' continuous be such that f is nondecreasing in
the second variable

fto) > f(t), if ted, o>,
and there exists k > 0 such that
doo (f(t. ), f(t,9)) Sk H(p, ), tEJ, >
Then problem (8) has a unique solution.

Theorem 7.8. Replacing the existence of a lower solution for (8) by the existence of
an upper solution for problem (8), the conclusion of Theorem 7.7 is still valid.

Remark 7.9. The validity of (1) and (2) in fuzzy spaces allows to consider fuzzy
differential equations with discontinuous nonlinearities.
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