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New Results on the Burgers and the Linear Heat Equations in
Unbounded Domains
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Abstract. We consider the Burgers equation and prove a property which seems to have been unobserved
until now: there is no limitation on the growth of the nonnegative initial datum uo(z) at infinity when
the problem is formulated on unbounded intervals, as, e.g. (0 + 00), and the solution is unique without
prescribing its behaviour at infinity. We also consider the associate stationary problem. Finally, some
applications to the linear heat equation with boundary conditions of Robin type are also given.

Nuevos resultados sobre las ecuaciones de Burgers y lineal del calor
planteadas en dominios no acotados

Resumen. Mostramos una propiedad que parece no haber sido advertida anteriormente para las solu-
ciones de la ecuacién de Burgers: no existe ninguna limitacion en el crecimiento para el dato inicial uo(z)
en el infinito cuando el problema se formula en intervalos no acotados como, por ejemplo, (0,+00), y la
solucion es tinica. Aplicamos este resultado al caso de condiciones de Robin para la ecuacion lineal del
calor. Consideramos también el problema de Burgers estacionario.

1 Introduction

Given ug € LL (0, +00), ug(z) > 0 a.e. x € (0,+00), we consider the viscous Burgers’ problem

Ut — Ugy + Uty =0 x € (0,400), t >0,
(VBP) ¢ u(0,t) =0 liminf, o u(t,x) > 0t > 0, (1)
u(z,0) = up(x) on (0, +00).

Our goal is to prove that there is no limitation on the growth of the nonnegative initial datum ug () at
infinity in order to get a unique solution (i.e. without prescribing its behaviour at infinity). A related property
was used in [7] for the study of the controllability question for this equation. This property contrasts with the
pioneering results by A. N. Tychonov (1935) for the linear heat equation and its more recent generalizations
by many authors. We prove that the property requires the nonnegativeness of the initial datum wg. This
contrasts also with the results on existence of solutions without growth conditions at infinity in the literature
dealing with other classes of nonlinear parabolic and elliptic equations ([13, 5, 2, 10, 6, 3, 14]).
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In a second section, we shall show that the above results lead to some new (as far as we know) properties
for the linear heat equation with a radiation Robin boundary condition at x = 0

Vg — Vg = 0 x € (0,+00), t >0,
(LHE : m) { v,(t,0) + mo(t,0) =0, ¢>0, @)
v(z,0) = vo(z) on (0, 4+00).

We prove that starting without any limitation on the growth rate v, /v at ¢ = 0 a growth estimate (in
terms of 2 /t) holds for any ¢ > 0. In a final section, we consider the associated stationary (elliptic) Burgers
problem

—Ugy + Uy + Au = f(z) z € (0,400),
w(0) =0, liminf, . u(x) >0

(SBP) {

with A > 0 and f € L _(0,+00) (f(x) > 0 ae.x € (0,+0c)). Problem (SBP) appears, for instance, in

the time implicit semidiscretization of problem (V BP). The detailed proofs will be the object of a separeted
article [9] (a previous presentation was made in the communication [8]).

2 On the viscous Burgers problem

It is well known that Burgers’ equation plays a relevant role in many different areas of the mathematical
physics, specially in Fluid Mechanics. Moreover the simplicity of its formulation, in contrast with the
Navier-Stokes system, makes of the Burgers’ equation a suitable model equation to test different numerical
algorithms and results of a varied nature. The equation arises also in other contexts such as, e.g. cloud of
electric ions and space charge repulsion ([12]).

The arguments for the elliptic problem can be adapted (in different ways) to be applied to the parabolic
problem. Nevertheless other points of view are also possible. We start with some technical results which
show (by some easy computations) the existence of some universal solutions (see also [1]).

Lemma 1 The function U*(x,t) = % is an universal solution of (V BP) in the sense that

Uy —Ur, + UU* =0 z € (0,00), t > 0,
U*(0,t) =0, U*(z,t) — +oocasz — +oo t >0,
U*(z,0) = 400 on (0, +00).

In particular, given T > 0 and n > 0 arbitrarily and given uy € L _(0,n) and ¢ € C(0,T) with

loc

g > 0a.e.on (0,n) and 0 < q(t) < t/nforanyt € (0,T), then any weak solution u of the problem

Up — Ugy + Uty =0 x € (0,n), t€(0,T),
(VBP)n;q U(O,t) =0, u(tan) = q(t)v te (07T>7
u(z,0) = up(x) on (0,n)
satisfies
0 <u(z,t) < % on (0,n) x (0,7T). 3)

Lemma 2 Given n > 0 arbitrarily, the function U* (x,t) = 7 + % satisfies

Ut — UL, + UUE > 0 z e (0,n),t>0,
U*(0,t) =2, U*(n,t)=+oc0 t>0,
U*(z,0) = 00 on (0,n).
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In particular, given T > 0 and n > 0 arbitrarily and given vy € Li, .(0,n) and q € C(0,T) with

up > 0, a.e. on (0,n) and q(t) > 0 for any t € (0,T) then any weak solution u of the problem (V BP),, ,
satisfies

0<u(z,t) < f + on (0,n) x (0,T). @)

n—x

Remark 1 In a recent paper ([17]) K. Yamada studies the Cauchy problem on RN associated to
ur — Au + div G(u) = 0 when |G/ (u)| < C and under the growth |ug(z)| < c|z| for |x| — oo (the
case of uy without any limitation on the growth is not considered there).

By using some not difficult arguments it is possible to construct a monotone sequence of approximate
solutions {u,, } which, passing to the limit, leads to the following result:

Theorem 1 ([9]) Assume ug € Ll .(0,400) and up(xz) > 0 a.e. x € (0,400). Then there exists a
very weak solution u of (V BP). Moreover, if ug € L2 _(0,+00) the solution u belongs to C([0,T] :
L? (0,+00)), for any T > 0, and it is the unique solution in this class of functions.

IDEA OF THE PROOF OF UNIQUENESS. We can prove that, for given T > 0,k > Oand N > 2+ K,
there exist a positive constant K such that

d n

— / (n —x)Nu(z,t)" 1 de ) < KnNT2k, (5)
dt \ Jo

This shows the equicontinuity in the approximating arguments and, by Ascoli-Arzela theorem, it leads to
that the limit function u € C([0,T] : L2 (0, +00)). Now, due to the estimate (3) we can argue as in the

loc
proof of Theorem 4.3 of [17] and using the equicontinuity C'([0, 7] : L? (0, +0oc)) we get the result. [

loc

Remark 2 Iz is easy to construct counterexamples showing that the condition uy(x) > 0 and/or the fact
that the spatial domain be bounded from above, as it is the case of (0,+00), are necessary conditions to
get the conclusion of Theorem 1 (e.g., u(x,t) = (—x)/(1 — t) is a solution of the equation).

Remark 3 Although estimates (3) and (4) are universal (i.e. independent of any uy € Llloc(O, +00)), it is
possible to get some of localizing estimates (in the spirit of the ones which will be mentioned for the ellliptic
problem). For instance, from (5), for a given T' > 0 there exist two positive constants Cy, Cy such that any

solution u of the problem (V BP),, , must satisfy the estimate
n/2 n 02
/ u(z, t)F 1 de < Oy / o ()" da + — t, foranyt e (0,T), (6)
0 0 n

for any n > 0, any ug € LF1(0, +00) and any q € C(0,T) with ug > 0 and q(t) > 0.

loc

Remark 4 Theorem 1 can be extended to non homogeneous boundary conditions since, for any k > 0 the
function U# (x,t) = £ + k is a supersolution of the problem

Up — Ugy + Uty =0 x € (0,400), t € (0,7),
(VBP : k) u(0,t) =k, liminf, u(t,z)>0 te€(0,T),
u(z,0) = up(x) on (0,400).

Remark 5 The application of this type of arguments to other equations as, for instance, uy — (u™) o +
(uM) = 0, with X > m > 0, or the nonviscous Burgers equation u; — uu, = 0, is in progress and will be
the object of some future publications.
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3 Applications to the linear heat equation with Robin bound-
ary conditions

We consider now the linear heat equation with Robin boundary conditions (LHE : m). It is well known
(see, for instance [15]) that the sign of the coefficient m leads to very different behaviors of the respective
solutions. Here we shall deal with the case m > 0 (sometimes called radiation Robin boundary conditions).
Our goal is to study the growth of the rate v, /v for large values of z.

Theorem 2 Letm > 0 and let vy € L'(0,+00)NW,- (0, +00) such that o € Li (0, +00), Uv‘“(w) <0

loc loc o(z)

a.e. v € (0,400) and such that liminf,_, . "v'”(sff)) < 0 foranyt > 0, where v is the solution of (2). Then

necessarily
20, (t, x)

>-2 _9om  foranyt> 0andanyz € (0,+cc). O
v(t, ) t

PrOOF. By the Hopf-Cole transformation (see, e.g., [16]) we know that the solutions of (1) and (2)
can be connected by the expression
20, (t, )

u(t,z) = — )

Theorem 2 is, then, a consequence of Theorem 1. W

Corollary 1 Under the assumptions of Theorem 2 we get that, if vg > 0 a.e. on (0, +00) then, given
29 >0

22

o(t, @) > v(t, zg)e” (T M) forany t > 0 and for any x > xo. (8)

Remark 6 Notice that although we can deduce, from the strong maximum principle, that v(t,z) > 0 for
any t > 0 and for any x > xq (thanks to the assumption vy > 0 a.e. on (0, +00)) the estimate (8) is more

precise and contains some global information that can not be deduced directly from the maximum principle.
Moreover it has an universal nature in the sense that the decay rate is independent of the initial datum.

4 The stationary problem
We shall prove the existence and uniqueness of the solution of the (SBP) problem with A > 0 and
f€LL.(0,400) and f(x) >0 ae. x € (0,+00). 9)
This problem is sometimes named elliptic Burgers-Sivashinsky problem (see Brauner [4]).

Definition 1 A function u € L% _(0,+00) is said to be a "very weak solution” of problem SBP if
liminf, ,cou(x) > 0 and

0o 2 00
/ (—qu — %CI + Au() dr = / fCdx V¢ € W%°(0, +00) with compact support.
0 0

It is easy to see that any very weak solution u must satisfy some additional regularity. For instance, ne-
2
cessarily u € C[0,400), u(0) = 0 and w is a strong solution in the sense that (u, — (%-))s € Li, (0, +00).
Moreover, since f(x) > 0 a.e. z € (0,+00) (and liminf, . . u(z) > 0) we get u(x) > 0.

Theorem 3 Assume (9). Then for any \ > 0 there exists a unique very weak solution u of (SBP).
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The proof will be divided in different steps. Let us start by proving the existence of a very weak solution.
We shall follow a methodology which seems to be quite general and allows to connect two qualitative
properties apparently disconnected: the existence of the so called large solutions on bounded domains
and the existence of solutions on unbounded domains without prescribing the behaviour at infinity. To be
more precise, as we shall see later (and as in [10]), it will be useful to work with a slightly more general
framework (in particular to get an easy proof of the uniqueness of solutions of (SBP)). Let n > 0. Given

Ae Li$(0,n), A(z)> Ay ae. z€(0,n), forsome Ay > 0, (10)

we shall prove a localizing property which contains some similitudes with the one used as key idea in the
pioneering paper [5] on the study of semilinear equations in R”V but with an entirely different proof.

Lemma3 Letn > 0and f € L'(0,n), f > 0, a.e. on (0,n). Letu € L2 _(0,n), u > 0, satisfying
(weakly)
—Ugzy A %)z = ) 1Y)
(SBP), Uz + (A(z)u?)y + Au= f(x) z € (0,n)
u(0) =0

+oo d
Forany k > 0, let ¢y, : (k,+00) — (0, +00) be the function defined by 1y, (s) = / T — Then, if

07"2 —k
k= Hf“Ll(o,n)» we get

1 k
u(z) < — ( \/Zox{xe(o n): u(a:)<n\/7} + (Yn2k)” ( x)X{wE(O,n):u(x)>n\/AT‘0}> a.e.x € (0,n).
(1)
Moreover, if liminf,_,, u(z) > 0 then u(xz) > 0 a.e. x € (0,n).

PROOF. Assume for the moment that n = 1. Integrating the equation from 0 to z we get that —u, (z)+
Agu(z)? < k, where we use the fact that u(z) > 0, that u,(0) > 0 and (10). Then, if v satisfies

—ox(a) + Ao(a)? = k. (12)
v(1) = 400,
we deduce that u(xz) < wv(x) at least on the set where v(z) > \/k /AO Since the above equation has

separated variables, the (unique) solution of (12) is given by v( ) = (¥r) (1 — ) and we get the es-
timate on the set (zx,1) where z; € [0,1) is such that (wk,l)_l(xk) > /k/Ag. Since, necessarily

x € (0,n): u(z) > \/k/AO} C (xg, 1) we get the conclusion. Once proved (11) for n = 1, we intro-

duce the change of variable = na’ and the change of unknown u(x) = hw(nz’). Then, if u satisfies
(SBP),, and we take h = 1/n we get that w satisfies (SBP); but replacing A by An? and f by n3 f(nz').

Since fo na')dr' = L1 fo (x) dz we get the conclusion through the proof of the case n = 1. The non-
negativeness of u, once we assume that liminf,_.,, u(x) > 0 is consequence of the maximum principle.
|

Remark 7 Notice that the first estimate does not require any information on the (nonnegative) boundary
value u(n) and that the dependence on f is merely through the global information given by f > 0 and
”fHLl(O,n)' Moreover; as in [10], the estimate allow to get some result on the asymptotic behaviour of
solutions when x — +o00 (see [9] for more details).

PROOF OF THE EXISTENCE OF SOLUTIONS OF THEOREM 3.  We consider the problem:

—Uyy + (A(@)u?), + Au = f(x) in(0,n),

(SBF) { (0) =0, u(n) = +oc.
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Lemma 4 ([9]) Assume (9) and (10). Then for any A > 0 there exists at least a weak solution u of
(SBPL).

Then, if we consider the sequence {u,, } formed by solutions u,, of (SBP..) we get that {u,, } is decreasing
with n (in the sense that u,,_1(z) < u,(z) a.e. z € (0,n)). It is now an easy task to prove that the function
u(x) defined through the pointwise limit of {u,, ()} is a weak solution of (SBP) (see [9] for details). W

PROOF OF THE UNIQUENESS OF SOLUTIONS OF THEOREM 3.  We follow some arguments intro-
duced in [10] for other superlinear problem. Let uq, us be two possible (nonnegative) weak solutions of
(SBP). Let v = u; — uz. Then v(0) = 0 and v satisfies —v,, + (A(x)v?), + Av = 0 on (0, +00)

2 2
with A(z) = w(e) —ux(n) - Notice that such a function satisfies (10) for any Ay € (0,1). Then we

(u1(z)—uz(2))?
can apply estimate (11) with k = 0. Since ¢o(s) = [ 45 = 4 forany s > 0, we get that

0<w(z) < %(m) a.e. x € (0,n). Finally, since n is here arbitrary, we get thatv =0. W
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