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RANK-TWO VECTOR BUNDLES
ON GENERAL QUARTIC HYPERSURFACES
IN P*

Carlo MADONNA

Abstract

In this paper all non-splitting rank-two vector bundles £ with-
out intermediate cohomology on a general quartic hypersurface X
in P* are classified. In particular, the existence of some curves on
a general quartic hypersurface is proved.

Introduction

By Horrocks’ criterion ([19] pg.39 and [13], [1] and [9]) a rank-two vec-
tor bundle on a projective space has no intermediate cohomology (i.e
h'(€(n)) = 0 Vn € Z) if and only if it decomposes as a direct sum of
two line bundles. Horrocks’ criterion was generalized for the splitting of
rank-two vector bundles on quadrics and Grassmannians by Ottaviani
([21]) and for rank-two vector bundles on smooth hypersurfaces in P*
by the author ([17]). In particular in [17] we gave a condition on the
number 2b — ¢; (see Section 1) for a non-splitting rank—two vector bun-
dle without intermediate cohomology on a non singular hypersurface X
in P1. Besides the result of Horrocks for projective space, there is such
a characterization for smooth quadrics by Knorrer ([16]). In fact, it was
shown by Buchweitz, Greuel and Schreyer that on a smooth hypersur-
face of degree r there is a finite number of non-splitting rank-k vector
bundles without intermediate cohomology if and only if r =1 or r =2
(see [6]). For other threefolds there is a result by Arrondo and Grada
([3]) for the Grassmannian G(1,4) of lines in P* and a recent result by
Arrondo and Costa ([4]) giving a complete classification of all such bun-
dles on some Fano’s; in particular they find such a classification for non
singular cubic hypersurfaces in P*. There is also a paper by Szurek and
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Wiéniewski ([25]) on moduli of bundles on Fano’s coming from conics.
More recently we have a result by Costa ([8]) on moduli of vector bundles
on ruled Fano threefolds.

It turns out that the first case not known in the literature concerns
general quartic hypersurfaces in P*, which are the subject of our analysis.
Using the cohomological criteria of [17], the classification of [21] and
[4] and a recent result of Iliev and Markushevich ([14]) we are able to
classify all non-splitting rank—two vector bundles on such a 3—fold with
no intermediate cohomology.

The main results of our paper is the following:

Main Theorem. Let £ be a non—splitting rank-two vector bundle with-
out intermediate cohomology on a general quartic hypersurface X C P
Then £ is a twist of one of the bundles in the list below:

1. ¢1(€) = —1, c2(€) =1 and € is associated to a line;
2. ¢1(€) =0, c2(€) =2 and € 1is associated to a plane conic;

3. ¢c1(€) = 1, c2(€) € {3,4,5} and & is associated to a (possibly re-
ducible and non reduced but subcanonical locally Cohen-Macaulay)
curve of arithmetic genus 1 and trivial dualizing sheaf;

4. c1(€) =2, c2(€) = 8 and & is associated to a "canonical” curve;

c1(€) = 3, c2(€) = 14 and € is associated to a smooth 2-subcanonical
curve.

b

In particular all cases occur on a general quartic hypersurface in P* (see
Section 2).

In Section 2. we will be more precise about the curves that are
associated to rank-two bundles of type 4. and 5. above (see Proposition
2.1 and Remark 3).

Some of the examples for proving the existence of these types of bun-
dles on a general quartic hypersurfaces were obtained with an essential
use of some computer algebra packages ([7] and [20]).

Our paper is organized in three sections. In Section 1. we recall
some generalities and terminology. Section 2. contains examples of
non-splitting rank—two vector bundles without intermediate cohomology
on non singular quartic hypersurfaces in P* and a proof of the main

288 REVISTA MATEMATICA COMPLUTENSE
(2000) vol. XIII, num. 2, 287-301



CARLO MADONNA RANK-TWO VECTOR BUNDLES ON GENERAL QUARTIC ...

theorem. We will construct such bundles using the Hartshorne-Serre
correspondence between rank-two vector bundles and locally complete
intersection subcanonical curves on X (see [10], [12], or [24] for example).
Also in the examples we recall some well known and recent results about
curves on such a threefold (see [23] and [26] for lines and conics and [14]
for half-canonical curves of degree 14 and genus 15), providing a source
of curves on X. In Section 3. we show the existence of ”canonical” and
elliptic quintic curves on X. In both cases we will use some standard
Hilbert scheme techniques as in [15]. Finally we characterize bundles
associated to smooth canonical curves and to trigonal canonical curves.

I'd like to thank Prof. L. Chiantini for many useful suggestions, Prof.
A. Conca and Prof. F. Orecchia for introducing me to the computational
computer packages [7] and [20].

1 Generalities

We work over the complex field C. If Y C X is a curve, Jy;x (or
Jy if there is no ambiguity) denotes the ideal sheaf of Y in X and
wy its dualizing sheaf. If F is a sheaf on a variety X we write hi(F)
for dim H*(X,F). When Pic(X) = Z (as in the case of smooth quar-
tic hypersurfaces in P*) we use this isomorphism to identify line bun-
dles with integers; in particular, for any vector bundle & we consider
c1(€) = ¢1 € Z and write £(n) for £ ® Ox(n); also since H(X,Z) = Z
is generated by the class of a line, we identify cy(€£) = ¢ € Z according
to this isomorphism. A locally complete intersection curve ¥ C X is
called a-subcanonical if wy = Oy (a) for some a € Z.
We also define the number:

b(€) = b = max{n | K°(£(~n)) # 0}.

We say that a rank-two vector bundle £ on X ”splits” if it is iso-
morphic to the direct sum of two line bundles.

We use the notion of stability as given in [19]. When Pic(X) = Z,
using our notation, a rank-two vector bundle £ is stable if and only if
2b—c; < 0.

Note that the number 2b — ¢; is invariant by twisting i.e

2b—c¢; = 2b(£(ﬂ)) =iy (€(n)}Vn € Z.
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If b = 0, as remarked in [12] (Remark 1.0.1), then £ has a global section
whose zero-locus has codimension 2.

Definition. A rank-two vector bundle £ on a non singular hypersurface
X in P* has no intermediate cohomology if and only if K (X,E(n)) =
0 Vn € Z.

We recall Riemann-Roch theorem for rank-two vector bundles on
non singular hypersurfaces in P*:

Theorem (Riemann-Roch). Let X be a non-singular hypersurface in
P4, r its degree. Let £ be a rank-two vector bundle on X. Then:

ar 5-r, 5—r

x(€) = deg(ch(€) - Td(Tx))s = -+ =g
Lacs | TC e a2 _ 2 B B 9
5 -+ 19 5-7r)+(10-5r+71°))+ 12(5 7)(10 — 57 + r°)

Remark 1. Assume r = 4, then for line bundles we have

7 2
x(0x(t) =1+ bt 2y 533

while for rank-two bundles

7 c162 € 2
x(€)=2+z0 - 2~ 2+ + 3
and by standard computation
14 4 7
x(€Em) = 2+ 3" +2n? + §n3 + 301 cl% +2n%c; + 2nc; + 2ne? +
2 c
+ cf+§c?—n02—v§-

2 Examples and the proof of the main theorem

Let X be a general quartic hypersurface in P4, so that X is smooth and
Pic(X) ¢ Z.

We start this section giving examples of non-splitting rank—two vec-
tor bundles on X without intermediate cohomology. We will use the
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Hartshorne-Serre correspondence between rank—two bundles and locally
complete intersection subcanonical curves on X (see [10] or [24] for ex-
ample). In particular we recall the exact sequence defining such a bundle

0-—)(9,\'—}5—}30(01)—}0 (1)

where ¢;(€) = c1, c2(€) = deg(C) and C is the zero-locus of a global
section s € H°(£). Note that since h!(0x(n)) = h2(0x(n)) = 0 for
all n € Z then h'(Jo(c1 +n)) = hl(E(n)) for all n € Z. It is obvious
that the rank-two bundle £ splits if and only if the curve C above is a
complete intersection in X of two divisors. In particular in this case C'
must be the intersection of X with two other hypersurfaces.

Example 1. By [23] or [26] there is a line contained in a general quartic
hypersurface X. Solet ! C X be a line and let £ be the associated bundle
on X. Then ¢;(£) = —1, c2(€) =1, b = 0, and £ is non-splitting (for |
is not complete intersection in X) without intermediate cohomology (by
(1), for I is arithmetically normal).

Example 2. By [26] there is a conic C contained in X. Let £ be the
associated bundle on X, then ¢;(£) = 0, c3(€) = 2, b = 0 and & is
non-splitting without intermediate cohomology.

Example 3. Let C be a plane cubic contained in X, and £ be the cor-
responding bundle on X. Then £ is non-splitting without intermediate
cohomology with 2b—¢; = —1 and ¢; = 3. If C is a quartic space curve,
complete intersection of two quadrics, and C is contained in X then the
bundle associated to C' on X is non-splitting without intermediate co-
homology (see Remark 4). Again for such a bundles we find 2b—¢; = —1
and ¢ = 4. In the same way for the bundle associated to a quintic curve
of arithmetic genus 1 and trivial dualizing sheaf, we find 2b — ¢; = —1
and cz =5 (the existence of such curves on X is proved in Section 3).

Example 4. Let C' be a smooth canonical curve (in P*) of degree 8
and genus 5 contained in X (the existence of such curves in X is proved
in Section 3.). The rank-two bundle £ associated to C' is non-splitting
since C is not complete intersection in X by degree reasons, and has
no intermediate cohomology. For such a bundle we find ¢; = 2, ¢; = 8,
b= Q.

Example 5. Let C' C X be a half-canonical curve (i.e we = 0¢(2)) of
genus 15 and degree 14 (see [14] and [5]). Let £ be the associated bundle.
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Then, by Proposition 8.2 in [5], £ has no intermedite cohomology and,
since C is not contained in any quadrics, then by the sequence (1) it
follows h°(E£(—1)) = 0. For such bundles one gets 2b — ¢; = —3.

Remark 2. The existence of elliptic quintic curves or the existence of
smooth canonical curves on a general quartic hypersurface X is proved in
Section 3., Theorem 3.1 and Theorem 3.2. Also we show the existence of
elliptic quartic curves on X in Theorem 3.3. So the bundles constructed
in Example 4 and Example 3 actually exist on such an X.

The existence of a half-canonical curve of degree 14 and genus 15
on a general quartic hypersurface is proved in [14]. In fact, the proof
contained there is non-constructive; indeed Iliev and Markushevich prove
that a general quartic hypersurface X C P* is described by the Pfaffians
of a suitable matrix of forms; Beauville pointed out in [5] that this fact
implies the existence of the quoted curves on X.

Proof of the Main Theorem. The previous examples and the previ-
ous remark dispose of the existence part of the Main Theorem. So we
need to prove the classification.

Let £ be a non-splitting rank-two bundle without intermediate co-
homology on X. By [17] for such a bundle we have —4 < 2b—¢;(£) < 2,
and since the number 2b—¢; is invariant by twist, we may assume b = 0,
hence —4 < —¢; < 2. We will prove theorem by a case by case analysis.

(1) If ¢; = —1 since £ has no intermediate cohomology, x(£(1)) =
6 —c; = h°(E(1)) = 5 hence ¢ = 1 and there is a global section of &
vanishing on a line as in Example 1.

(2) Ife; =0, x() = 2— % = h%E) = 1 hence c; = 2. Since
h°(E(1)) = 7 by the exact sequence (1) C is contained in two independent
hyperplanes so C is a (possibly singular) plane conic and £ is a bundle
described in Example 2.

(3) If ¢ = 1 since x(£) = 6 —cy = A%E) = 1 + A%°(3c(1)) > 1
it is cg < 5. It is clear that c; > 2, otherwise we have a global section
vanishing on a line or on a plane conic. Let us consider the cases, ¢y = 3,
¢z = 4 and ¢3 = 5. In the first one C is contained in two independent
hyperplanes in P* hence C is a (possibly singular) plane cubic. In the
second one C is a curve of degree 4 and arithmetic genus 1, contained
in one hyperplane in P4, hence, by Horrocks criterion, C is the complete
intersection of two quadric surfaces in P°. Finally if ¢c; = 5, C is a curve
of degree 5 and arithmetic genus 1 in X. In any case we obtain one of
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the bundles constructed in Example 3.

(4) If ¢; = 2 then ¢ = 8. Indeed we find x(£(—1)) = 0 and, being

x(E(-1)) = -2 + g—c; = 9—’5—2 =g %c‘? h {;—2

it follows ¢ = 8. Hence £ is associated to a curve of degree 8 and
genus 5, whose dualizing sheaf is the restriction of Ox(1); when & is
globally generated, then we can take C' smooth, so that £ is the bundle
constructed in Example 4. We will go back to this situation in the next
Proposition.

(5) If ¢; = 3 arguing as above we find ¢ = 14. One computes
h3(£(=3)) = h°(£(—=1)) = 0; since the other cohomological groups van-
ish, by Castelnuovo-Mumford criterion the bundle £ is globally gener-
ated hence the zero-locus C of a global section s € H°(£) is a smooth
subcanonical curve of degree 14 and genus 15 and £ a bundle described
in Example 5.

Next, we still have to understand completely the case ¢; = 2 and
co = 8. Here we constructed in Example 4 a non-splitting rank-two
vector bundle with such Chern classes, starting with a complete inter-
section (smooth) canonical curve; observe that we could start even with
a trigonal canonical curve contained in some X, which is not complete
intersection for it lies on a cubic scroll. The following Proposition ex-
plains what distinguishes the two types of bundles one can get.

Proposition 2.1. Let £ be a non-splitting rank-two vector bundle with-
out intermediate cohomology on X with ¢y =2, co =8 and b= 0. Then
£ is associated to a smooth complete intersection of type (2,2,2) in P*
if and only if it is globally generated.

Proof. By the previous theorem & is associated to a subcanonical
curve of degree 8 and genus 5, say C, contained in X. Furthermore,
by Riemann-Roch h%(£) = 4, so by the exact sequence

020x & —23c(2) >0

we find h°(Jc(2)) = 3. Let Q1,Q2,Q3 be three independent quadrics
determined by such global sections and consider the intersection ¥ =

Q1 NQ2NQ3.
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Assume that ¥ = C. Then J¢(2) is generated by global sections,
so that also £ is generated by global sections, for the map H%(£) —
H%(3c(2)) surjects.

Conversely, assume that £ is generated by global sections. Then
also J¢(2) is generated by global sections and the zero-locus of a general
section of £ is smooth (see Section 1. in [18] for example). It follows
immediately that C' is the complete intersection of three quadrics.

Remark 3. Let £ be as in the previous proposition and assume that
C' is smooth but not a complete intersection; hence £ is not globally
generated. Since h°(£) = 4 too, C is contained in three quadrics and
the intersection of all such quadrics contains one additional point and
C is contained in a cubic scroll W (see [2] Proposition II1.3.1).

Moreover £ is associated to a trigonal canonical curve in P*. Indeed
let us consider the intersection of W with a general quartic hypersurface
X C P Since C is contained in W and X, we find XN W = C + '
where C' is a residual quartic to C. Next recall that Pic(W) is generated
by a hyperplane section H of W and a line [ of the ruling of W (see [2]
for example) hence C' = H +1. Observe that C + C’ is equivalent to 4H
and 12 =4H? = H-4H,hence 12 = H-(H+1+C) = H*+H-I+H-C =
4+ H-C,since H2=3,H-1=1,12=0,s0 C- H = 8. Hence by

4=1-4H=1-(C+C)=I1-(H+1+C)=1-H+PP?+1-C=1+1l-C

itisl-C =3, and C is a trigonal canonical curve (in P*). Note that we
have assumed that there exist trigonal canonical curves on X, or by the
previous proposition bundles £ on X not globally generated.

3 Curves on X

In this section we will give some existence results for canonical curves
and elliptic quintic curves on general quartic hypersurfaces X C P*.

Let us denote Hy, and f}{f‘g the Hilbert scheme of genus g and de-
gree d curves in P* and X respectively. We recall that Hgs has two
components both of dimension 36 while the local dimension of Hs,1 at
a general point is 25 (see [22] for example). The main ingredient of the
next theorem is the following lemma.
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Lemma 3.1. Let C C P* be a general complete intersection of three
quadrics q1,q2,q3 € H°(Opa(2)). Then for a general choice of quadrics
1. ¢5,q93 € H%(0p4(2)) the quartic given by f = 3 qiq} is smooth and
contains C. Moreover the map

¥ : H(0p1(2))° = H'(0c(4))
defined by sending (g1,92,93) = > ; 9iq; + I where I = 3. ¢;S and S is
the polinomial ring of P*, is surjective.

Proof. Globalizing and using Nakayama lemma it is sufficient to find
two triples of relative prime quadrics ¢ = (g1, ¢2,¢3) and ¢’ = (q4, g5, g¢)
such that the map

¥ : 55 = (S/I)4
defined by %(g1,92,93) = qag1 + gsg2 + gegs + I, where I = 33 . ¢;S, is

surjective. Let g = z?, qo = x%, qs = :.:% and q4 = 22, g5 = T1Z9 — :cg,
g6 = T34 — z2. Note that (S/I)4 is spanned by monomials of the form

f4,T1f3, T2 f3, T3 f3, T122 f2, T123 f2, T2z3 f2, T1 2273 f1

where the f;’s are monomials in z4,z5 of degree i. Now, just making
the computations, one finds the previous map is surjective.

In fact, these computations were originally performed by means of
the computer algebra package CoCoA [7].

We are now able to show

Theorem 3.1. Let X C P* be a general quartic hypersurface. Then:
1. there ezists a smooth curve C C X of genus 5 and degree 8;

2. h'(Ng/x) = 0 and hence h°(Ng/x) = 8 and Hg's is smooth of
local dimension 8 at [C].

Proof. Let I = {(C,X):C C X,C € Hg5, X €| Ops(4) |} and consider
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the projections
IC| O]pi(4) ] XHg 5

e

P 3{8'5

| Ops(4) |

Let C be a general point of the component parametrizing canonical
curves, then C is a smooth complete intersection of type (2,2,2) (see
[2]). Since A% ps(4) = 42 it follows dim(I) = 77. If Al (Ng/x) = 0,
since x(Ng/x) = hO(chx) = 8, the projection p; is dominant. Hence
we have to find a smooth canonical curve C, and a smooth quartic
hypersurface X = X, containing C = C, such that h'(Ng/x) = 0. For
a general choice of quadrics g, g2, g3 the curve complete intersection of
such quadrics is smooth and for general quadrics ¢i, g5, ¢; the quartic
hypersurface given by f = . ¢;q; is smooth and contains C. Since C
is a complete intersection in P* we find Ng/ps = 0¢(2)®. Consider the
standard exact sequence

0— chx —¥ 00(2)693 — 0¢(4) — 0.
By the previous lemma we may assume the surjectivity of the map
H°(0p4(2))®* — H%(0c(4)).

Since such map factors through the map v : H%(0¢(2))®® — H°(0¢(4)),
this last is surjective too; then h!'(0¢(2)) = 0 implies A (Ng/x) = 0.

Next we will consider the case of elliptic curves on X.

Theorem 3.2. Let X C P* be a general quartic hypersurface. Then:

1. there exists a quintic curve C C X of genus 1 and trivial dualizing
sheaf;

2. K1 (Ng/x) = 0 and hence h*(Ng/x) = 5 and HE, is smooth of
local dimension 5 at [C].
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Proof. Consider the Hilbert scheme 35 ; of elliptic quintics in P*. The
dimension of such a scheme at a general point is 25, (see [22] for exam-
ple). Next consider the incidence scheme I = {(C,X):CC X, X €
| Op4(4) |, [C] € H5,1} and the following diagram:

IC|Opi(4) | xHs,

T

7 3{5‘1

| Opa(4) |

The dimension of the fibre of the map p; is h°J(4), so by Riemann-
Roch it is 49-dimensional; it follows that the dimension of the incidence
scheme is 74. To prove the existence of an elliptic quintic on X it is
sufficient to show that the fibre of the projection p; at a general point
[X] is 5-dimensional, indeed in such a case the map is dominant. If
we show that h'(Ng/x) = 0 then we are done since in this case the
dimension of such a fibre is given by h“(NC;x) = x(Ng/x) = 5. To
show the previous vanishing, by the exact sequence

0"+TC_)TX|C‘_)NC/X_+O
it is sufficient to show that h!(Tx)c) = 0. Look at the exact sequence
0— TX]C — T]P“lC — 00(4) =0

and consider the maps §: 0¢(1)®° — Tp4c and @ : O¢(1)®° = 0¢(4),
where 3 is the restriction of the Euler map, and the map « is defined
by the 5 derivatives of an equation of X (the so-called Jacobian map of
X, restricted to C).

We are done if we prove that « surjects in global sections, for in this
case also HO(TMC) — H%(0¢(4)) is surjective, while on the other hand
H'(Tpyc) = 0 by the Euler sequence, for H(0¢(1)) = 0. To prove
the surjectivity, we just compute the intersection of the homogeneous
ideal of C' with the Jacobian ideal of the derivatives of X; one needs the
intersection to be 65 dimensional, for in this case, in global sections, o
has rank h%(Ops(4)) — 65 = 5 = K0(0¢(4)).
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The surjectivity of a was checked directly: by the computer package
[20] we got (quadric) generators for the homogeneous ideal of a general
elliptic quintic curve C. Then we took a random quartic form X through
C and made derivatives; finally by means of the computer package [7]
we obtained the dimension of the intersection of the Jacobian ideal of
X with the ideal of C, in degree 4 (see Remark 5).

|
Theorem 3.3. Let X C P* be a general quartic hypersurface. Then:

1. there exists a quartic curve C' C X of genus 1 and trivial dualizing
sheaf;

2. h'(Ngyx) = 0 and hence h°(Ng/x) = 4 and Hg, is smooth of
local dimension 4 at [C].

Proof. Elliptic quartic curves C are complete intersections of type
(1,2,2) in PY. So, one can use the same procedure as in theorem 3.1
to get the result. Alternatively one can use once again the procedure
of theorem 3.2 (which in this case simplifies for the equations for C are
just one general hyperplane and two general quadrics) to prove that a
general quartic hypersurface contains a 4-dimensional family of elliptic
quartic curves.

Remark 4. In the previous theorem we proved that a general quar-
tic hypersurface X contains a 4-dimensional family of elliptic quartic
curves. Notice however that a general hyperplane section Y of X does
not contain curves like C since Pic(Y) = Z[h], h being the hyperplane
class of Y, so it represents a quartic of arithmetic genus 3. Instead,
there exists a 3-dimensional family of hyperplane sections of X contain-
ing a smooth quartic elliptic curve. Observe in fact that, by a standard
Riemann-Roch computation, if a hyperplane section contains an ellip-
tic quartic, then it contains a pencil of such curves. All these pencils
together describe the required 4-dimensional family of elliptic quartics.

Remark 5. For the sake of completeness, we add here the homoge-
neous ideal of the elliptic curve C' we used in the previous computations
perfomed in Z/(32003)
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(z122 — 1346525 + 2446zox3 + 11548273 — 10808z,23 — 1447822 +
129367024 — 98132124 + 118877274 + 74822324 — 959623, To72 + 540922 +
53552023 + 6803z 23 + 14831x9x3 — 1480373 — 2249z0x4 + 74152, 24 +
1199z2z4 + 36102324 — 1543423, 77 — 1463722 — 45102023 + 3148z, 23 +
7884z973 — 62423 — 8857xoxs — 115017174 — 86247974 — 3708z314 +
1085623, zoz1 — 1484z% — 15834z9z3 — 20347 23 — 3036zo23 — 14023 +
67902074 + 69352124 + 125292224 — 9374z374 + 4473177, 2 — 616922 +
3429x0$3 e 105691‘1$3 s 12912$2$3 —60229}% - 735.‘1’.‘0I4 + 10572$1$4 =
9979z9x4 — 8807314 + 67143&‘%)

All the computations performed by means of computer algebra pack-
ages were in fact tested only in some characteristic p > 0; however, since
in all cases we needed just to prove that a natural map has maximal
rank, a positive answer in any characteristic implies a positive answer
in characteristic 0.
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