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P-convexity of Musielak-Orlicz function spaces
of Bochner type.

Pawel KOLWICZ* and Ryszard PLUCIENNIK**

Abstract

It is proved that the Musielak-Orlicz function space Lg (s, X)
of Bochner type is P-convex if and only if both spaces La(p, /)
and X are P-convex. In particular, the Lebesgue-Bochner space
LP(u, X) is P-convex iff X is P-convex.

1 Introduction

Relationships between various kinds of convexities of Banach spaces and
the reflexivity of them were developed by many authors. The earliest
result concerning that problem was obtained by D. Milman in 1938 (see
[17]). Milman proved that every umiformly convex Banach space is re-
flexive. D. Giesy {3] and R.C. James [9} raised the question whether
Banach spaces which are uniformly non-l} with some positive integer
n > 2 (i.e. B-convex spaces) are reflexive. Although there were some
affirmative results in particular cases, the answer in general case was
negative [10]. In 1970 C.A. Kottman [14] introduced a slightly stronger
than B-convexity geometric property implying reflexivity and called it P
-convexity. Ye Yining, He Miaohong and R. Pluciennik [22] proved that
for Orlicz spaces reflexivity is equivalent to P-convexity. The same re-
sult for Musielak-Orlicz sequence and function spaces were obtained by
Ye Yining and Huang Yafeng [23] and by P. Kolwicz and R. Pluciennik -
[11] respectively.
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In this paper we consider Musielak-Orlicz function spaces of Bochner
type La(p, X). The question of whether or not a geometrical property is
inherited from X into La{u, X) is oné of the fundamental problems here.
Considerations of that type for various kinds convexities for LP(y, X)
were done by many authors ( see for instance [4], {5], {15}, |16], [19],
{20], [21]). In [12] it is proved that the Orlicz-Bochner function space
La(p, X) is P-convex iff both Ly(p) and X are P-convex. We showed
that the same fact is true in the case of Musielak-Orlicz sequence spaces
of Bochner type (see [13]). Although such result was expected, the proof
turned out to be nontrivial and essentially different from the previous
one in the case of Orlicz-Bochner spaces. Moreover, our result presented
below-and the main result from [13] have some interesting consequences.
For example, using this result in the case X = R, we get immediately the
characterization of P-convexity of Musielak-Orlicz spaces of real valued
functions and sequences. Such characterization was proved in a very
long and complicated way in the paper [11] and [23]. It is worth to
mention that some similar criteria for B-convexity of Musielak-Orlicz
spaces of Bochner type were obtained in [1].

Denote by A, R and R, the sets of natural, real and positive real
numbers, respectively. Let (T, 3, 1) be a measure space with a —finite,
complete and non-atomic measure . Denote by LY = LO(T) the set of
all g-equivalence classes of real valued measurable functions defined on
T.

A function @ : T x R — [0,00) is said to be a Musielak-Orlicz
function if ®(-, u) is measurable for each u € R, ®(t,u) = 0iff u = 0
and $(¢,-) is convex, even, not identically equal zero _and_?i_:l’—il — 0 as

u — 0 for p-a.e. + € T. Define on LO a convex modular f3 by

fa(@) = [ @ (6,20 du
. T

for every z € L°. By the Musielak-Orlicz ;space L3 we mean
La = {z € LY : Is(cx) < oo for some ¢ > 0},

equippeﬂ with so called Luzemburg norm defined as follows

lzllg = inf{e >0: Iy (f) < 1}.
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For every Musielak-Orlicz-function ® we define complementary func-
tion in the sense of Young ®* : T x R — {0, 00) by the formula

(¢, v) = i‘;%{u lv] — &(t, u)}

foreveryve R and t € T

We say that Musielak-Orlicz-function ® satisfies the Ao-condition
(write ® € Ag) if there exist a constant k£ > 2 and a measurable non-
negative function f such that Is(f) < co and

®(t,2u) < kD(t, ) (1)

for p-a.e. t €T and every u > f(t).
For more details we refer to [18).

Now let us define the type of spaces to be considered in this paper.
For a real Banach space (X, ||-|| x), denote by LT, X), or just L%(x),
the family of strongly measurable functions f,: T — X identifying
functions which are equal y—almost everywhere in 7. Define a new
modular I3 : L9(X) — {0,00) by the formula

Ta(f) = [ ® (¢, 11/ (8) 1) e
T

for every f € L%(X). Let
Lo, X) = {7 € L°%0X) 15 ()lx € La}-
Then La{u, X ) becomes a Banach space with the norm

A= xlle

and it is called & Musielak-Orlicz space of Bochner type.

Linear normed space X is called P-convez if there exist ¢ > 0 and
n €N such that for all 1,72, ...z € S(X)

#ﬁlsi?gn llzi — =]l < 2(1—¢),

where S(X) denotes the unit sphere of X.



16 Pawei Kolwicz and Ryszard Pluciennik

‘The notion of P-convexity can be characterized as follows.

Lemma 1. A Banach space X is P—conver iff there ezist ng € N and
b0 > 0 such that for any elements z, x9, ..., zny € X \ {0} integers ig, jg
can be found such that

< i Iy A= g |l - 260 min {{|z; ;
x 2 ' l2ioll x + llgoll x '

For the proof see [12] or [13].

Fip — Tjp

2

2 Auxiliary lemmas

To prove the main result, we need the following,

Lemma 2. Assume that & and ®* satisfy the Aq-condition. Then for
every ¢ €(0,1) there are a measurable function he : T — R with
Is(he) < ¢, numbers a(e) € (0,1) and v =+(a(e)) € (0,1) such that for
p-a.e. t €T the inequakiy '

2

holds true for every u > h(t) and ]ﬁ] < a.

@Gﬂ+")gL§lm@w+¢umn @)

Proof. Repeating the same argumentation as in the proof of Theorem
1.3 from [7] and Lemma 1.1 from [2] it can be proved that the conditions
¢ € Ap and ¢* € Aj imply an existence of a number £; > 1 and a
measurable function z : T — R such that I3(z) < oo and

b (t, 52—111.) < 2—21¢(t,u)

for p-a.e. t €T, for every u > 2(t).

Take an arbitrary number ¢ > 0. We can find a number A = A, > 0
such that J3(Az) < §. Define

214 2 (¢, 21+ Hu
Ap=4¢teT: sup ( ® ( d x )S_l .
Az{t)<u<z(t) (b(t; u)
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It is easy to verify that A; C A;4; for every i € AV. Since 2y _, g 4

——
u — 0 for p-ae. £ € T, ®(t,-} is not linear in a certain neighborhood

oC
of 0 for p-a.e. t € T. Hence p(T \ |J A;) = 0. Then the Beppo-Levi
i=1

theorem implies that there exists a number I = I, € A such thal

f (1, 2(t))dn < 5.
T\A
Define
he(t) = Az(t)x 4, (1) + 2(t) x4, (2)-

Obviously Ia{he) < ¢. Moreover, denoting £ = £(¢) = min{&1, 1+ %}, we
have

P (t, %u) < i:@(t,u)

for p-a.e. t € T, and for all v > h(t). Taking a number a = a(¢) € {0, 1)
such that 1 +a < ¢ and putting v = y(e(c)) = 757 € (0, 1), we get

l+ea 1 1
t ul < Ot n) < ————— (P2 $(1, =
@ (65 n) < g Ol < s (Ot 1)+ 0(t au)

= 51— ) (B(t,%) + B, o)) )
for p-a.e. ¢ € T and for all u > h(t). Furthermore, the convexity of
d(t,-) implies that
2d (t, %ﬁu)
O(t,u) + (¢, au)
is a non-decreasing function of a for y-a.e. t € T and for all = > he(1).

Consequently, for every ap < a inequality (3) holds with the same ~.
Hence we obtain the thesis.

Moreover, the following two lemmas will be useful.

Lemma 3 (Lemma 3 in [11]). If ® satisfies the Ag-condition, then
for every o € (0,1) there erists a non-decreasing sequence (BS) of
measurable sets of finite measure such that

H (T\ E_OJ B?n) =0
m=1
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and for every m € N a number k%, > 2 can be found such that
O(t,2u) < k5.P(¢, u) (4)

for p-a.e. t € B and for every u > af(t), where f is from the Ao-
condition.

Lemma 4 (Lemma 4 in [11]). If & . satisfies the Ag-condition, then
for every € € (0,1) there exist a measurable function gc : T — R4 and
ke > 2 such that

13(ge) <€ and ®(t,2u) < ke Pt u) (5)

for p-a.e. t € T, whenever u > g(t).

3 Main result

Theorem 1. Let & be a Musielak-Orlicz function and let X be o Banach
space. Then the following statements are equivalent:

(a) La(p, X) is P-conver.

(b) Both Ly and X are P-convez.

{¢) L is reflerive and X is P-convez.

(d) X is P-convex, ® € As and ®* € As.
Proof. (a) = (b). Since the spaces Ls and X are embedded isomet-

rically into La(u, X) and P-convexity is inherited by subspaces, La(p)
and X are P-convex.

(b) = (c). Every P-convex Banach space is reflexive (see Theorem
3.2 in [14]). Hence L is reflexive.

(c) = (d). The reflexivity of Musielak-Orlicz function space Lg is
equivalent to the fact that ® € Ag and @* € Ay (see (8] ).

(d) = (a). Suppose that & € Ag and ®* € Ay and X is P-convex.
Let np be a natural number from Lemma 1. For every t € T define

70 = max {4 ()95},

where functions A 1 and g_: are respectively from Lemma 2 and
Ing Ing
Lemma 4 with € = I:t—o. Hence Is(f) < 2_31.3' Put in Lemma 3 a = a,
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where a is from Lemma 2. We have I3 (1f) < oo, because ® € As.
Take a set By, from Lemma 3 with mg large enough to satisfy

o (a, @) dp < . (6)

a 2ng
T\B;*,lo

Let I € A be such that
number k3, > 2 such that

=R L

< 2!, Then, by Lemma 3, there exists a

1
@ l < a yl
(t, av) < (kg ) @(2,v)
for y-a.e. t € By, , whenever v > of(t). Putting
Y and 7 = Bla,mo) = B
— = U anag s—=35 = a,mo} = ,
@ (o, )’ "

we get

®(t, au) = Bm®(t, u) (7)

for p-a.e. t € B}, and for every v > f(t). Moreover, by Lemma 4, we
have

3 (t, %v) < (ke)'D(t, v)

for y-a.e. t € T, and v > f(t), where k. = k_1 . Analogously, we can

ing
obtain

®(t,au) > SP(t,u) (8)
for u-a.e. t € T, and for every u > LP

Now, we will show that there exists a number r; € (0, 1) such that
for any elements x1,z9, ..., n, of Banach space X and for p-a.e. t € T
we have

no no no
¢ t, IR S ¢ t, Ti , 9
Zﬁ:lz,-m- ( —— X) 3 12‘; & lzillx), 9

where Ty = {t € T : maxigisno {l|ill 1 2 £8} .
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Take #1,22,...,&n, € X. Let k be an index such that x|, =
maxi<i<no{||illx }. For the clarity of the proof, we will divide it into
two parts.

1. Suppose that there is iy € {1,2,...,n0} \ {k} such that

s llx

lzkll

Since ||zx|f > _f_%Q > f(t) for p-a.e. t € Ty, by inequality (2), we obtain

o ) <o (o Loallat o)
X /

< 21 =) @ (& eal) + & (6 il )

Ty — Tk

_2—

Hence, by the convexity of ®(¢,-) for p-a.e. t € T, we get

HRIAE DE
i=1 j=i 2 lix
ng— 1 & v
< 02 S0 i) - 5 (@ leallx) + @ ¢ llalx)
i=1
np — 1 &2 2
< STt =) — %(no‘b (¢, lzxll x))
i=1

bis
ng °

-1 20 v
< & (1, Jeillx) — =15 @ (¢, hzilly

w17, v no 5
S no(no-u);"’(ﬂl ilx) (10)

for u-a.e. t € Tyy.

I1. Assume that for all ¢  k we have

=&l x
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Then |lz;|f > 0 for every i # k. Let ip, jo be from Lemma 1. We may
assume that

X < (12)

Really, otherwise we have

lefon min {||z; |, |z :nI:;l min {{z;||lv. |z 30“;}

leiollx = mex (=il Tl = Bl x

a >

which contradicts to inequality (11). Hence, applying Lemma 1 and
inequality (12), we get

Tig — Tjg

2

Ix < (1_ 26a ) llxioJL:uQ-_u%U*_

l1+a

Therefore, by the convexity of ®(¢,-) for y-a.c. t € T, we obtain

Tip ~ X, 1
o (1|25 )< 50— ) @ ol + @ (G llesle)) (3
where a = 12_?_‘; € (0,1). Consequently, by inequalities (13} and (8), we
have I
>y e(s[*77,)
i=1 j=1¢ X
<= Z:‘I’(t lill x) = ( (& lesollx) + @ (& 250l )

ng—1
< 02 Z‘P(t, lzill x) — «® (¢, a [zkll x)
i=}

g — 1 .10 af
< - W:ﬂ— (1l()¢ (“IKIIX))

i=1
el
_no—-1¢/ 2af .
=2 (1- ) S e ) 14)
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for u-a.e. t € Tpy. Define-

Y 208 }
r]=max{1l- y1— .
1 { noa—1)" " no(no—1)
Combining inequalities (10) and (14), we get inequality (9). Repeating
the same argumentation as in the proof of inequality (9), a number
rg € (0,1) can be found such that the inequality

)

i=1 j—i
holds for every z1,x3,...,Zn, elements from Banach space X and for p-
a.e. t € BZ  satisfying maxi<icno{l|zill x} = f(t). Using (7) in place of
(8) one can find that (15} is true with

Y 1— 20y }
no{ng ~ 1)° ngtng=1)

rzzw leslly)  (15)

o = max {1 -
Let f1,..., fng € S (Lq’ (s, X)) Define

ng
£ = {t €700 50l x) 2 nod(t f(t))}-
i=1
Obviously  ax {1fi®) %} = f(t) for every t € E. Divide the set £
170

into two following subsets:

B ={te 5 max (lnolx > L2,

i
pe={te 100 < max (1601 < T2},
Next decompose the set Eg into two subsets F2 and Ess defined by

Eo) = EQQB?nD

Eog = Eg\ By,
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By inequalities (9) and (15), we have
(L= ER =(¥)Seeimon o

for y-a.e. t € E1 U Eg1, where » = max{ry, ro}. Obviously r € (0, 1).
Moreover, by the definitions of the set E and the function f, we have

ng _ 1
;b (fiXT\E) <3 (17)
Now, let t € E2. Then, by inequality (6), we have
ng o
S TaUen) =Y. [ @IAIx)
f==]1 i:IEz\BS,O
< [ not (t mex UAOIx}) do
E?\Bl?no
1
< f no® (t, —fﬂ) du < / ng® (t, I—(t—)) du < 7 (18)
a a -
By\Bg, T\B&,

Hence, by inequalities (17) and (18), we get

L o o
> Iy (fiXT\(E1UE21)) => Is (fiX‘T\E) + 3 o (fixm) < 1
i=1 i1 i=1

Since |Ifi]| = 1 for i = 1,2,...np and @ €Ay, we have Is(fi) = 1 for
i=1,2,...,ng. Consequently,

o —
> Ia (fixgugn) 2 no— 1. (19)
i=1

Therefore, by inequalities (16) and (19), we have

Z-@( (fi— )=

z-—ly i
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ng ng - T ng -
= Zzl«z» G (fi — f3) XT\(E1UE21)) + EZI(I: (% (fi — fj)XEsUEm)

i=1 jmi &
1 {ng LI r {ng no
S ;8(2 ) ;IQ (szT\(E1UE21)) + ;5 ( 2 ;I@ (fiXEIUEQI)
1l fng noo ng
_ _(2 ) (th (-3 Ts (f,.XEIUEn))
o i=1 i=1
() S s )
no 2 = S UTiIXE1LEy
_ {no | I A -
- (2 ) (1— no ;Iq’ (fiXElubgl))

<) (-t ()0,

where p = gl_—r). So, there exist 41,51 € {1,2, ..., np} such that
r 2 - ’ 1 J 1 &y '

-~ £1 :
1p (§ (fi[ - fJ])) <1 - p-
Finally, by the Ag -condition for ®, we obtain that

H% (fiu = Fi)f £V —alp),  0<glp) < Uck [6]).

Thus, by Lemma 1, the space La(u, X) is P-convex. This completes the
proof.

Theorem 1 is a generalization of Theorem 1 from [12]. Moreover, the
following characterization of P-convex Musielak Orlicz spaces of real
functions Lg, proved directly in [11] in a very complicated way, is an
immediate consequence of Theorem 1.

Corollary 1. The following statements are equivalent:
() La is P-convez.
(b) La is reflezive.
(c) ®€éz and B* € As.
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Proof. It is enough to apply Theorem 1 with X = R.

Corollary 2. The Lebesgue-Bochner function space LP(u, X) (1 <p <
o) is P-convez iff X is P-conver.

Proof. The Lebesgue space LP is a Musielak-Orlicz space generated
by the Orlicz function ® (t,u) = |u|? for every ¢ € T satisfying all the
assumptions of Theorem 1.
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