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ABSTRACT
Using a perturbation argument based on a finite dimensional reduction, we find

positive solutions to the following class of perturbed degenerate elliptic equations
with critical growth
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1. Introduction

We study the problem of existence of positive solutions to the following elliptic equa-
tion in RY in dimension N > 3

A w1

—div(jz|7**(I + eB(x))Vu) — 22T T Taper

w>0in RV \ {0}, (1)

where
N-2 N —2a—2\"
—x<a< , o <A< [ ———— ),
2 2 (2)
2N
p=pla,b) = a<b<a+l,

T N-2(1+a—-b)

and ¢ is a small real perturbation parameter. Concerning the perturbation N x N
matrix B(z) = (b;j(x));;, we assume

bij € L®(RY) N C(RY). (3)

If (3) is satisfied, there exists a positive constant « such that, for any x € RY, there
holds || B(x)[| £~y < o and hence

[B(x)¢ - €| < alg? VEeRY.

For A = ¢ = 0 equation (1) is related to the following class of inequalities established
by Caffarelli, Kohn, and Nirenberg in [6],

2/p
Hu||2,b = (/RN|JC|_bp|u|p dx) <Cap RN|$|_2‘1|VU|2 dx Yu € CSO(RN), (4)

which can be considered as a generalization of both Hardy and Sobolev inequalities.
We refer to [7] for discussion on sharp constants and extremal functions associated
to (4).

The new feature in this work is the perturbation of the principal part, which is
singular or degenerate according with the sign of a. Previous results on this kind of
problems are the following ones. In [5] a small perturbation of a regular problem is
analyzed. In [8] problem (1) is studied in the case in which a perturbation appears not
inside the divergence operator but in the coefficient of the nonlinear term. Related
problems for a = b = 0 (hence p = 2*) and 0 < A < (N — 2)?/4 are treated in [1]
and [9].

The natural functional space to study (1) is DL2(RY) defined as the completion
of C§°(RY) with respect to the norm

1/2
fulloi= | [ el a]
RN
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Since Catrina and Wang [7] proved that for b = a + 1 the best constant in (4) is

1 . S 2|24V _ (N—2—2a)2

C = inf =
a,a+1 Dé’z(]RN)\{O} fRN|$|72(1+a)|u|2 2

9 9a)\2 . .
W) an equivalent norm is given by

we obtain that for —oo < \ < (

2 1/2
_ —2a 2 5. U
foll = | [ Jel 2 vupae - [ s ad]

We endow the Hilbert space DX2(RY) with the scalar product induced by ||-||

—2a uv
(u,v)z/RN|x\ Vu-Vodr — A RNde.

We will treat problem (1) via an abstract perturbative variational method dis-
cussed in [2]. The first step of this procedure is the study of the unperturbed problem,
i.e., of equation (1) with e = 0, for which it was proved in [8] the existence of a one
dimensional manifold of radial solutions, which is non-degenerate in some sense we
will precise later. Hence a one dimensional reduction of the perturbed variational
problem in DL2(RY) is possible and reduces the problem to the search for critical
points of a function defined on the real line. Solutions of (1) can be found as critical
points in DL2(RY) of the perturbed functional

Je(u) == fo(u) + eG(u)

where

1 L ) At/j u? 1(/‘ u,
== “UVulPde -2 | ———dz——- [ ——d
fO(U) 2 /RN|$‘ ‘ u‘ . 2 RN |$|2(1+a) v P JrN |5L“bp L

G(u) = %/RNM*Q“B@)VU -Vudz,

and uy := max{u,0}. For ¢ = 0, it was shown in [8] that f; has a one dimensional
manifold of critical points

N—2—2a T
Za,b,)\ = {ZZJ),)\ = #’_ 22 2 lel’b’)\(*> ‘,LL >0 }’
i
where z?’b’)‘ is explicitly given by

N-—2(1+a—b)

a,b,)\(x) — |:N(N_ 2 - 2@)\/(N— 2— 2@)2 —4>\:| TA(0fa=b)

z
! N —2(14a-1b)
(1 \/(N7272a)274x> (N—2—2a)(1+a—b) 2(14a—b)\/(N—2—2a)2 —ax —N;&(Jrl:rf;)b)
|:SC| N—2-2a N—2(1+a—b) [1 + |.’L‘| N—2(1+a—0) }:| . 5
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These radial solutions were computed in [7] for A = 0, and in [10] in the case a = b =0
and —oo < A < (N — 2)%/4. Moreover in [8] the following non-degeneracy theorem
was proved. We will denote by 7.7, p  the tangent space to Z, » in Z.

Theorem 1.1 ([8]). Suppose a, b, \, p satisfy (2). Then the critical manifold Zg p x
s non-degenerate, i.e.,

T.Zapx =ker D*fo(2) Yz € Zapa, (6)
if and only if
bt by = N1y HWFi=n 1T N-2-20 g g
&A= (N —2—2a)% — 4) 2 J '

For the values of the parameters a, b, A, for which nondegeneracy condition holds,
it is possible to follow the abstract scheme in [2] and construct a manifold

Zepn =120 +wle,n)[n>0},

such that any critical point of f. restricted to Z7 , , is a solution to (Pap,x)- Since the
perturbed manifold we construct is globally diffeomorphic to the unperturbed one,
we can estimate the difference [Jw(e, p)|| when g — oo or p — 0 (see also [4,8]). In
particular we prove that ||w(e, )| vanishes as yp — oo or p — 0 under the assumption
that the entries of the matrix B vanish at 0 and at oc.

We will prove the following existence results.

Theorem 1.2. Suppose (2), (3), and (7) hold. Then problem (1) has a solution for
all |e| sufficiently small if

bij(c0) := lim b;j(x) exists for any i,j and b;j(c0) = b;;(0) = 0. (8)

|z[—o00
Theorem 1.3. Assume (2), (3), (7), and
bij € C2(RY), |Vb| € L®(RY), and |D?b;;| € L=(RY). (9)

Then (1) is solvable for all small || under each of the following conditions

limsup b;j(x) < b;;(0) and AB(0) is positive definite, (10)
|z|—o00
l‘irln inf b;;(z) > b;;(0) and AB(0) is negative definite, (11)

where AB(0) is the matriz (Ab;;(0));;.
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Theorem 1.4. Suppose (2), (3), (7) hold, and that the functions b;; are periodic,
i.e., for anyi,j =1,...,N there exists T = (T}’ Ty, ..., Ty)) € RN such that

bij(l‘ + T,ije;g) = bw‘(%)

for any k = 1,2,....N, x € RN, where ey, is the k-th vector of the canonical basis
of RN, Let us denote by f B the matrix

][B = <][ ’ bij)
{z=(21,...,xN)ERN : ongg\T]m, Vj=1,2,... N} ij

1

<TfJ||T;J|-~-T;VJ| {a=(a1, o) ERN : 0<a;<|T), V=12, N} /)i

Then problem (1) has a solution for all |e| sufficiently small if either

AB(0) s positive definite (12)
B(0) — ][ B s positive definite (13)
or
AB(0) s negative definite (14)
B(0) f][B is negative definite. (15)

2. The finite dimensional reduction

In this section we show that whenever the critical manifold is non-degenerated, i.e.,
if (7) holds, our problem can be reduced to a finite dimensional one through the
perturbative method developed in [2]. For simplicity of notation, we write z,, instead
of zl‘j’b*A and Z instead of Z, » if there is no possibility of confusion. In the sequel,
we will use the canonical identification of the Hilbert space DL2(RY) with its dual

induced by the scalar product and denoted by I, i.e.,
K: (DY) = Di?(RY),  (K(p).u) = p(u),
for any ¢ € (D;’Q(]RN))/, u € DH2(RY).

Consequently we shall consider f!(u) as an element of DL2(RY) and f/(u) as one of
L(DL2(RM)). We recall the following lemma from [8].

Lemma 2.1 ([8]). Suppose a, b, \, p satisfy (2) and v is a measurable function
such that the integral fRn|v|ﬁ|z|’bP is finite. Then the operator J, : DI2(RY) —

DL2(RN), defined by
Jo(u) ==K / z|PPou- ),
( ) ( RN| | )
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18 compact.
Lemma 2.1 immediately leads to the following result.

Corollary 2.2. For all z € Z the operator f§(z) : DL2(RYN) — DL2(RYN) may be
written as fo(z) = id — J.p—> and is consequently a self-adjoint Fredholm operator
of index zero.

Following [8], we introduce some notation. For all u > 0 we define the rescaling
map

U, DEARY) - DEARY),  Upw) = u(2).

W
Invariance by dilations ensures that U, conserves the norms ||| and |||/, and
(U)'=U,) =U,-1 and fo = fooU, for every >0 (16)

where (U,)" denotes the adjoint of U,,. Differentiating twice the identity fo = fooU,
yields for all hy, he,v € DL2(RY)

(fo (W)h1, ha) = (f5 (Up(v))Up(ha), Up(ha)),

namely

J(v) = (U)o £l (Uu(v)) o U, for all v € DI2(RY), (17)
Differentiating (16) we get that U(u, z) := U, (z) maps (0,00) x Z into Z, hence

ou
a(p,z) =U,: T.Z - Ty,»Z and U,: (T.2)" — (Ty,(»)Z)". (18)

Moreover if Z is non-degenerated, the self-adjoint Fredholm operator f{(z1) maps
the space DL2(RY) into T,,Z+ and fl/(z1) € L(T., Z*) is invertible. Consequently,
using (17) and (18), we obtain in this case

105 ) e, z4) = (£ () Hlezey V2eZ (19)
Lemma 2.3. Suppose a, b, p, \ satisfy (2) and (3) holds. Then there exists a

constant Cy = C1(||B| o @™, cr)),a, A) > 0 such that for any p > 0 and for any
w € DL2(RY)

Gt )l < o [ W B)VaG) - Tal) + ful + ul?). 20

vl < 03 (( [ o215+ By mTawF) i), o

1G" (2 + )| < Bl @y @)y, (22)

Revista Matemdtica Complutense 344
2005, 18; Num. 2, 339-351



B. Abdellaoui/V. Felli/I. Peral Perturbed elliptic equations of Caffarelli-Kohn-Nirenberg type
where B'(z) = (bj;(x)):; denotes the adjoint of B. Moreover, if (8) holds, then

[ a1 + BY )V ) o
B (23)
/ ly| 72 B(uy)Vai(y) - Vaily) — 0,
RN
as it — oo or u— 0.

Proof. (20) is an easy consequence of the definition of G, Schwarz inequality and (3).
To deduce (21) we observe that by Schwarz inequality

1G" (2, + w)
= sup

B+ Bt B+ B
x| 72 x)Vz ~Vv+/ x|~ x)Vw - Vv
s | [ ol 2 (B3 )@ ot [l (5 )

< const(( [ el 15+ thx)vwnz)w + )

whereas (22) comes just from (G” ( +w)v,u) = 5 [|z[72*(B+ B")(x)Vv- Vu. Under
the additional assumption b;;(0) = b;; (o0 ) estlmate (23) follows by the dominated
convergence theorem. O

Lemma 2.4. Suppose a,b,p, \ satisfy (2) and (3) and (6) hold. Then there exist
constants €9, C > 0 and a smooth function

w=w(ue): (0,400) x (—€9,60) — DL2RY)

such that for any > 0 and € € (—egp,&0)
w(p, ) s orthogonal to T, Z (24)
Il (ZM +w(p, e ) €T, 7 (25)
Jw(p, )l < Clel. (26)
Moreover, if (8) holds then
[lw(g, )|l — 0 as p— 0 or p — oo. (27)

Proof. Let H : (0,00) x D}2(RY) x R x R — DL2(RM) x R be defined by
H(/J’a w, &, E) = (fé(zlt + ’LU) - aé}u (wa é#))a

where éu denotes the normalized tangent vector %Zu- If H(p, w,a,e) =(0,0) then w
satisfies (24), (25) and H(p, w,a,¢) = (0,0) if and only if (w,a) = F, - (w, a), where

OH -t
Fe(w o) = — (M(N,O, 0, 0)) H(p,w,a,e) + (w, ).
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Note that

((G5060.0.0) ) (. ), (8 = By (16,))

=15 zwl® + 8% + |(w, €)%, (28)
where

oH . e
(w(u,0,0,0)>(w,ﬁ)—( (2w — B, (w, €L)).

From Corollary 2.2 and (28) we infer that ( (w ) (1£,0,0,0)) is an injective Fredholm
operator of index zero, hence invertible and by (19) and (28) we obtain

|(soeoom)”

< max(L, (4 ()~

ax (L, [|(f¢ (1)) 7!) =: C..

(29)

Suppose that (w,a) € B,(0) = {(z,8) € DI*RY) x R||z| + |a|] < p} with
p = p(e) > 0 to be determined. From (17) and (29) we deduce

(H(u, w, ) — (6((?0[,{(34)(% 0,0, 0)) (w, a)) H

< Cull £ (20 +w) = fo/ (2w

[ F e (w, @) < C

<C/II (2 + tw) = fo' (zu) || dtl|w]| + Culel|| G (2 + w)|

< C. / 1f5' (21 + tU=1 (w)) = fo ()] dtf|w]] + Culel |G (2 + w)|

< Cup sup |[fg'(z1 +w) = fo'(z1) ]| + Cule] sup [|G'(z, +w)]. (30)

lwl<p lwl<p
Analogously we get for (wi, o), (w2, a2) € B,(0)

[ Fppe (Wi, 1) = Fye(wa, an)l| _ [ f2(zp +w1) = f2(zp + w2) — fo'(20) (w1 — w2)|
Cullwy — wa| - [|wy — ws]

1
< / 12 (2 + w2+ g — w2)) — £ (2l d
0
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1
< / 12 (2 + w2+ twy — w2)) — £ ()l d

1
el / 1G” (2 + wn + tws — wy))| de
0

< sup [Ifg'(z1 +w) — f' (20|
lwll<3p

+lel sup (|G (2 + w).
lwll<3p

We choose pg > 0 such that

1
C. sup | fo(z1 +w) = fo'(z1)]l < 5
llwl|<3po 2

and £y > 0 such that

. 1 £o 1 }
€p < min s s
’ {8010*B|||zl|| 8C1C. || B[]’ 8C1C.

and

-1
seo< (s G"+w)]) O

€2, [[w]|<3p0

-1
s < (s @G +w)l) O

2€7,||w|[<po

where C is given in Lemma 2.3. With these choices and the above estimates it is
easy to see that for every u < 0 and |e| < g9 the map F), . maps B, (0) in itself and is
a contraction there. Thus from the Contraction Mapping Theorem, F}, . has a unique
fixed point (w(u,€), a(u,€)) in B,,(0) and it is a consequence of the implicit function
theorem that w and « are continuously differentiable.

From (30) we also infer that F,, . maps B,(0) into B,(0), whenever p < py and

p> 20e|( sup |G/ (2, + w)])C-.
[lw][<p

Consequently due to the uniqueness of the fixed-point we have

1w (), ()l < Blel( sup |G (2, +w)l[) C,

lwl<po

which gives (26) in view of (21). Let us now prove (27). Set

1/2
pi=seaC.Ca( [l UB 4 B ) TR )
R
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Note that p, < min{1, po}. In view of (21) we have that for any |e| < o and p > 0
, 1 1
2le|Cy sup [|G'(zy +w)|| < e +2¢0C.Cip, < >Pu-
lwll<pu

By the above argument, we can conclude that F), . maps B, (0) into B, (0). Conse-
quently due to the uniqueness of the fixed-point we have

[w(p: )|l < pu-
Since by (23) we have that p, — 0 for p — 0 and for u — 400, we get (27). O
Under the assumptions of Lemma 2.4 we may define for |g] < g
Zipn = {u € DY) [ u= 20 1 w(u,e), e (0,00) ). (31)

For simplicity of notation, we will write Z= for Z; , | if no confusion is possible. Note
that Z¢ is a one dimensional manifold parameterized by the rescaling variable pu.
Moreover arguing as in [8] we can prove that we may choose £y > 0 such that for
every |e| < gg the manifold Z¢ is a natural constraint for f., i.e., every critical point
of fc|z- is a critical point of f.. Hence we end up facing a finite dimensional problem
as it is enough to find critical points of the functional ®. : (0,00) — R given by fc|z-.

3. Study of &,

In this section we assume that (7) holds, in such a way that the critical manifold is
non-degenerate and the functional ®. is defined. To find critical points of &, = f.|z-
it is convenient to introduce the functional I" given below.

Lemma 3.1. Suppose a, b, p, \ satisfy (2) and (3) holds. Then

D () = folz1) + el () + o(e), (32)

as € — 0 uniformly with respect to p € (0,00), where

1 1
I(p) =G(z)) = 3 /RN|x\*2“B(x)Vz# -Vz, = 3 /RN|$‘72GB(/M)V21 -Vz1. (33)

More precisely, there exists C' > 0, independent of p and e, such that

@ (1) = fo(z1) = eT()] < C(Jlwle, w)|1* + [[w(e, WP + [ellw(e, w)]])- (34)
Consequently, if there exist 0 < py < pa < pg < 0o such that
I(p2) > max(T'(p1), T(ps)) or T'(pz) < min(F(p1), T'(ps)) (35)

then ®. will have a critical point, provided |e| is sufficiently small.
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Proof. Invariance by dilations yields for all u > 0

fo(Zu) = fo(Zl)- (36>

Moreover since z, solves the unperturbed problem we have that

-1
- 25 - b= w(e, 1)
= [ s ad (o) = [ EEE 6
From (36) and (37) we deduce
_1 . 2
q)s(lu‘) - 5 /]RN |1‘|bp + 5”“’(&#)”
+/ Zh (e, p) B 1/ (2u —&—w(a,u))i
N £ P Jry [
€ —2a
5 [ el B@(a + wle ) Ve + e )
R
and
B 1 5 1 zh (1 1 / 25
foten) = ) = gl =5 [ = (5-3) [
Hence
1
e(p) = folz1) + T () + 5 we, WI* + Re(w),
where
Ra(y) = 71/ (2 +wle, )} — 28 —p b w(e, p)
T Je [P

* %AN|$\72GB(m)vZ# -Vw(e, 1)
€ —2a
3 /RN'x' 2 B(x)Vw(e, 1) - V(2 + wle, p)).
Using the inequality
5—211,12 s . >
L sat | < {Cm b2+ 10l it s =2,

b)% —
(@ t0)3 —ad C |)® if1<s<2,
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where C' = C(s) > 0, with s = p, and Holder’s inequality, we have for some ca, c3 > 0

R <t / (2 + w(e, )2 — 22 — p22~Lw(e, )|
L= Jan [P

€ —2a
+ B @ eqy) [ el (192 vute 0

+ Vw(e, m) IV (2 + w(e, 1))

22w (e, 1) lw(e, w)|?
1 ’ ) 2
<ol [ It [P el + ool

< ez [llw(e, w)|I? + llwle, WP + lellw(e, )]
and the claim follows. O

In view of expansion (32), we have that critical points of I" which are stable under
small uniform perturbations yield critical points of ®. and hence of f.. On the other
hand, although it is convenient to study only the reduced functional I" instead of @,
it may lead in some cases to a loss of information, i.e., I' may be constant even if B
is a non-constant matrix. In this case we have to study the functional ®.(u) directly.

Proof of Theorem 1.2. By (8), (23), (27), and (34),

lim ®.(p) = lim ®.(u) = fo(z1).

pn—0+ p—+00

Hence, either the functional ®. = fy(z1), and we obtain infinitely many critical points,
or &, £ fo(z1) and P, has at least a global maximum or minimum. In any case ®.
has a critical point that provides a solution of (1). The maximum principle applied
in RV \ {0} ensures the positivity of solutions in such a region. O

As in [3, Lemma 3.4], we can extend the C?-functional I' by continuity to u = 0.

Lemma 3.2. Under the assumptions of Lemma 3.1,

1
['(0) := lim T'(p) = 7/ |z|"2*B(0)Vz; - V2
}144’0 2 RN

and
1
7/ 2|72 (lim inf B(y))Vz1 - Vz < liminf I'(u) < limsupT'(y)
2 RN I’Lj‘—mxl 00 H—00
1
< 7/ 2| 72" (limsup B(y)) V21 - V2
2 Jrw lyl—oo
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where iminf |, B(y) is the matriz (liminf|,| . bi;(y))i; and limsupy, . B(y) is
the matriz (imsupy,_, bij(y))ij. If. moreover, (9) holds we obtain

I’(0) = 0 and I (0) = % /|x|2_2“(AB(O))Vz1 V2.

Proof of Theorem 1.3. We prove the theorem by showing that under assumptions (10)
and (11) the function I has a critical point. Condition (10) and Lemma 3.2 imply that
I" has a global maximum strictly bigger than I'(0) and limsup,,_, ., I'(). Consequently
®. has a critical point in view of Lemma 3.1. The same argument yields a critical
point under condition (11). O

Proof of Theorem 1.4. To see that assumptions (12) and (13) give rise to a critical
point we use the functional I'. Condition (12) and Lemma 3.2 imply that T is strictly
convex at 0. From periodicity of b;; and Riemann-Lebesgue Theorem, it follows that

1
lim T'(p) = §/|x\*2“(][ B)Vzi - Vz.
H— 00

Hence assumption (13) implies that I'(0) > lim,, .. I'(x). Hence I" must have a proper
maximum point and consequently ®. has a critical point in view of Lemma 3.1. The
same reasoning yields a critical point under conditions (14), (15). O
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