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Abstract
This paperis devotedto the Backusproblem,a boundaryvalue

problern for the Laplace equationon the exterior of a bounded
openset witb a fully nonlinearboundarycondition. We get a new
uniquenesstheoremnbr this problemandproposea wayof proving
existericeof solutions.

1 Introduction

In tbis paperwe deal with the Backus problem:

outside8,

\7u¡ =g on S, (1){Z1 asx-400,

where 8 is a closedsurfacein IR3, ~? denotesits exterior domain and g

is agiven positive continuousfunction on 8.
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The pbysical motivation for this probleincomesfrom Ceodesy(see,

[br example,(2].[6},[I1}[12].[17}, (30]) aud Geomagnetisín(see, [2],[3]44)
and [19]). Assumingtobe known the surfaceof the Earth S, in Geodesy
it, is posed the problem of whether the external gravitational ficíd of
the Eartb can be (or not) determinedmerely from measurementsof

its intensity on tite Earth surface. lf by u we denotetbe gravitatiortal

or newtonian potential of tbe Earth, aud y denotesthe modulus of tlie
force of gravity on S (in Geodesyy is simply cafled gravíly) , titen by well

known propertiesof u (see,for example, [13, Chapter 1]) the problem
posedaboyeleadsto a boundaryproblemlike (1). (We observetlíat this
is only true if we do not take into considerationthe Earth rotation as

we sha!l assun]ehero; for a more completemodel see, for example, [6]).
This geodeticproblern is quite realistic since tlíe gravity can be easily
measuredboth in laud andsea, aud by spatial positioning techniquestlíe

hypothesisconcerningthe knowledgeof S is noÉ far from be realistic too
nowda.ys. In Geomagnetismwe may formulate a completely aualogous
problem for the externalmagneticfeid of the Eartlí.

lii IR2. a problem like (J), where now S is a simple closed curve,

can be essentialivreduced to solve a Dirichlet problein (see E9] for a
physical motivation in dimensiontwo wherehoweveru is harmonicin tlíe
interior ofS). In fact, if witlíout lossofgeneraiity by Riernann’srnapping

theorem,S is the unit circle aud we replacethecondition at ~ iii (1) by
u boanded¡u Q, then by tite inversiondefined by: = x+iy —* f~’ where

= x — ¡y aud (x, y) E IR2. the function ú(z) := u(1/f) is barmoníc
iii the interior D of tite unit disk aud, in addition, ¡Vñ¡ = ¡VuI on

= 1. Now, the function 1(z) = &ú/Ox — i3<0y is analytic in D aud,
if f(z) # 0, then log 1(z) is harmonicas well. The realpart of log 1(z) is
precisely log ¡S7ú¡ and this provesthat log [Vú[ is harmonicin D. In this
way, if y is strictlv positive, alí we líave fo do is to solve the Dirichíet

probtem

An=0 inD, ú=logg on[zj=l.

whereu = Iog Vú~. By meansof tite Cauchy-Rieníanuequatioaswethen
may determineIogf(z) and hencef(z). This is tlíe strategyto solve in

IR2 the problem we areconcernedwith. Neverthelessthe solution is not
unique, since thereare infinitely many harmonic gradientvector fields
(bñ/bx,Dú/Dy) whosemodulustakethe samevalueos ~zj= 1 (for more

details, seo [2, Theorem1] and [22]; in [22] tite casewherey may vanislí
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is also considered)-
Tu IR3 this approachis not feasible aud neither the inversion map

preservesliarínonicity nor log ~u¡ is harmonicif u is harnionic. Pite flrst

drawbackcould be overcomeby consideringtite Relvin trausformation
(see [1, Chapter 4]); but if xve do so the boundary condition is not

preservedand it chaugesslightly. Por example, if now y denotestite
Kelvin transformof u aud

S={x=(xi,x
2,xa)ElR

3:x~+x~+x~=1}, (2)

then it can be proved (seo [24]) that (1) is equivalent fo

inside 5,

(3){ (
0±Éti)2~. <S7~vI2 = y

2 on 5,

where bu/bu is f he outer normal derivative of u aud \7~v denotestite
tangentialor surfacegradientof u.

At titis point it should be noted that the problem

Au=0 in D, VitI =gon 5, (4)

where D is tite interior of a closedsurface5 hasno special relevancein

Geodesyat best of our knowledge,aud it is completelydifferent fo (1)
(see Remark23 in Section 2). This interior problem has beenstudied

by someauthors(see,for example,[20] aud [21]).
As faras the authorsknow titere is not yet aglobalexistencetheorem

for (1). Some local existence theoremsare known (seo [6], [15] aud
[29]): roughly speaking, if y is close enough (ir a convenientH5lder

space of functions) to sorne go sueh that go = S7uot mi 5, where no
Ls a giren, regular at infinity, harnwnic fundían ¿u £, then Mere Ls a

funetionu e/osetoll
0 solution of (1). (Hereafter,by a solution of (1) we

meana function u C C
2(Q) flC’(fl), vanisbingat inilnity, audsatisfying

pointwiseboth fhe Laplaceequationaud tite boundarycondition).

The following uniquenessresult for problem (1) is well known (seo
[2], [17]): Mere is al mosí oneso/alían of (1) whosenormal derivative
is strictly negative (or strictly positive) al eachpoiní of S. Tu Section
2 of titis paper we generalizetitis result to functions with nonpositive
(or nonnegatíue)normal derivativo. Although ocr approachis tite same
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as that followecl by Backus (via tite rnaximum principie). otir general-

ization comesfrom a slightly more careful exarninationof the boundary

condition-
Tu Section 3 we present a possible way of proving existenceof so-

lutions of Problem (3). Tite key idea of the approachWc propose 15

basedin the following simple rernark: if (3) Itas a solution which satis-
fies ú±¿9v/Dn > O titen necessarilx’

Do
= —

Titis ieadsto tite considerationof tbeassociatedobiiquenonlínearbound-
ary problem (see (7)). Tu Section 3 we statea uuiquenesstheoremfor
titis problem (7) aud study tite relationship betweentuis problem and

tite problem (3).

Throughout this paper we sitail denote by 71(Q) the real spaceof
harmonic functions in art open subset (2 of 11W. For unbouitded (2,

91~ ((2) will denotethe subsetof 7/(Q) consistingof functions vauishing
at infinity. If 8 is a ciosed surface in IR3, we sitail use tite notation

C±(S)= fi¡ E O(S) Ñ~) =GV: E S}.

2 Sorne resnlts about tite nniqneness of soN-
tions

Iri titis Section we sitalí often use tite following

Lemma 2.1 Let 8 be o elosedsuoface ¿u MI.3 aral Jet (2 be ihe ‘auboanded
counecíedcompone-nloflR%S. Leí u E R~(Q)nC1(Q), u ~ O, be such

thai lim~>.
4~ u(x) = O. Titen

min(m, O) < ¿4:) < max(M. 0), Vx C (2

where tu. miits u mrd JVI = max8 u.

Proof. Witbout bus of generality ive can ausuinethat O « (2. Let

8(0, 11) denote an open bali centered at tite origin of radius 1? and
containing8. Since t?R = Qn 8(0,11) is connectedancl u is not constaut

1~I Qj-~ by real anaiyticity of harnronic fiinctions (see, for example, [1,
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Tbeorem 1.24], then by tite maximum principie for harmonicfunctions
(see [7, §2.2, Corollaire 3]) we have

minu<u(x)<maxu VxEf?R,

where 09R = SU 08(0,1?). In addition,

rmn u = min(m, m(R)) and rnaxu = max(M,M(R)),

where

m(R) = ruin u aud M(R) = max u -

8B(0,R) BB(0,R)

Letting 11 —* ~ aud observingtbat both m(R) aud M(R) convergeto

zero, weobtained the desiredresult. o

We also recalí tite ffopf boundarypoint ¡emma(see [10, Lemma3.4])

Lemma 2.2 Leí (2 be a dornain in IRIV aud u E 71(Q). Leí xo E 0(2 be
suc/t Mal

(a) u Ls continuousal x
0 ;

(b) u(xo) > u(x) for aH x E (2

(c) 0(2 satisfiesan interior spltere condilion al x0

Then, tite onler normal derivative of u al x0, if it exisís, satisjies tite
siricí ínequcdzty

Oit
>0.

We arenow in position of proving our first theorem. We sitall assume

that 5 is regular enoughas to apply Lemma22, aud by 0/On we sitail
meanthe derivative along tite normal of 8 pointing to tite exterior of 8.

Theorem 2.3 Leí u, ‘u C 7¡%((2) fl U ((2) be sacA thaI

(a) 0u/0n, 0u/0n ~ 0 omS;

(b) S7n¡ = Vv! omS.

Titen u E y.
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Proof. Since ¡Val = [V’u~oc 3. titen on 8 we have

+ Ys?~l2 2(bu) 2 (S~) ~V0I2

wi¡ere V~a audV
5r, are tite surfacegradientsof u aud u respectively. Let

ir = u — u. and define tu = mins ir and Al = maxs iv. Let xo, ±oE .5
be such tbat Al ‘¿v(xo) and tít = ‘w(io). Since u, E JI(Q) then V8w

must vanish at xo aud á%. Then a ibese points wc have

(bu 2 (bv>2

bn) kan)

aud since bu/Dn. Du/e9n < O then at both xo anó ±0 ve have

Oir
—=0. (5)
Vn

Now we can prove titat ir E 0. lf ir does not vanish identically, titen

by Lemma 24 we líave

min(rn, 0) < w(x) < max(A’I. O) Vx E (2.

lf Al > O titen w(x) < ‘w(xo) for ah x E (2. aud Uy Hopf’s Lemnma
we have b’w/bn(xo) < O. contradicting tite hvpothesis (5). If on tite

contrary A’! < O then ni < O and ‘w(i0) < w(x), so Uy IIopfs Lemnia
we infer that bw/bn(±o)> 0, contradicting again (5). u

Remark 2.1 Alternatively, we can prove tl]at there is at most one so-

lution of (1) vitose normal derivative is nonnegative.. E

Remark 2.2 Compare. titis Theorem ‘2.3 with [25, Theorem 1(a)~ aucí
[26, Coroilary 1]. wbere uniquenessresuhishave beenobtained for the
pro bie ms

Aa=—2 in DClR~. Vu¡=g=OonbD,

aud
Au=f(u) iODGIRN, Vu~=g>0onOD.

where D is a bounded domain in IRA anó f satisfies

f’(s) =0 (f’(s) ~ 0), f(O) = O. u
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Remark 2.3 Observe tbat for tite interior problem (4) tite assumption
bu/bu ~ Con 8 for tite solution has no sense,since if u E 71(Q) ÑC’ (Q)
titen

J bu
ds= O

s bn

azul so ¿9n/bnnecessariiychangossign on 8 unless u is constant. o

Example 2.1 Let 5 be the unit sphere in IR3. Let e be an arbitrary
positive constant. In titis case, the functions +c/r, witere r = x¡, are

tite radial solutions of (1). Let u = dr. Since bu/br = —c es O on

8, then by Theorem 2.3 titis u is the unique solution of (1) with g = e
witicit satisfles Ou/On < 0. o

Wititout any restriction on the sign of tite normal derivative of tite
solution, it is clear that if u is a solution of (1) then —u is a solution
as weli. We titen conid wonder if these functions u and —u are the

only soiutions of the probiem. Tu general tite answer is negative as it
was proved by Backus (see [3]). Tu fact, let 71~(Q) be tite subset of

74O(~) Pi C1(f=)consisting of functions z not vanishing identically ami
sucit titat the obiique boundary value problem{ ¡Sir O outside 5,

<S7w,S7:> = O on 8, (6)

w(x) —*0 as x —* oc,

has a nontrivial C2((2) fl C’(Q) solution. Since ¡Vu¡ = Vv¡ if and only
if -

<V(u— v),V(u+ ~)>= O,

we tben itave tIte foliowing

Proposition 2.4 71$(2) # 0 if arel mi/y if ibere exisí tiro funetimis
u,v c R~<j(2) nC’® (u ~ +v) sueh thaI ¡S7u¡ = Vol miS

Proof. Let z E 7t,¿4(2) aud let te be a nontrivial solution of (6). Define

u = (te + :)/2 and u = (te — :)/2. Titen u,v C 71~((2) nC’(<~) and

¡S7ul2 ‘ (1S7w12+ S7:~2) =
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on E

On tite otiter haud,if u and ‘u (u ~ ±v)are such that Va~ =

mm ~<titen u + ‘u E 7l~(~fl. Titis completestite proof. u

In the case of a spitere, Backus proved (see [3]) tbat R~<~3

13(0,11)) # (A. lo fact he fonud non trivial solutions of (6) lw choos-
iug : = xs/’r3 e 71=JIRA\ {0}). See[1.6]for a related topic.

Remark 2.4 lf 8 is srnooth enougim. it sitouid be observedtitat if : E

R~4(2) titen Sl: is tangential to 8 in sorne set T c 8. lii fact, if
fi = (A titen it foilows timat the only solution oF (6) isa’ O (see, for

example, [23]). lo the aboyeexampleof Backus time tangentialset ‘1’ is
tite equatorof tite sphere. ~

Remark 2.5 The following question, posed by Backus ([3]), seemsto
remain Ol)Cfl up to date: let ‘u E R~ ((2) Pi C~ ((2); how rnany functions ‘u

are titere in 71~,.}(2) O C’(Q) titat bave [Vc~ = ¡57u¡ on 8? o

3 A possible way of proving existence

As tve said in tite Introduction. in titis Section we propose an approacit
to prove an existence resimit for (1). 1½ sitall restrict ourseives to tIte

simpiest case of a spitere (2) aud we consider tite equivaient problem (3).
the basic idea •,y~ propose is to consider tite boundary value

1)robteiu{ Av=O in(2=.B(0i),

~+ = (y
2 — ¡V

5tj

2)± on 0(2 (7)
On

wlmere

(g2 — IS7
8c!

2)~ = max{ <92 — S7
5’u1

2). 1)]-

0,
(Hereafter ve sitalí excli¡de tlme case y E , since if q O. by Theorem
3.1, the only solution of Problem (7) is ~vE O). Our first result in titis

direction is tite foilowing uimiqueness result for tite problem (7):

Theorem 3d Tite probiem (7) itas al mo-st o-nc solution ‘u e C’2((2) o
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Proof. Let ‘u aud w be two solutions of (7) and let : = ‘u — tu. Since

: E 71(Q) ci C
1(~2), it takes its maximum value at some point xo c 0(2

aud its minimurn value at sorne point 4, c 0(2. Moreover Sl : — O at
x
0 and 4,, so it follows that at :0 and 4, we have

: + 0:/On O.

Nowwe infer titat :(xo) =O aud :(io) =0, and titis of course implies
E 0. In fact, if z(xo)> O titen 0:/0n(xo) es O but titis is not possible at

a maximum point; on tite otiter haud,if :(±o)< O titen O:/On(±o)> O
witich is not possibie at a minirnurn point. Titis completes tite proof of
this Lemma. o

Tite relationshipbetweentite problems (7) aud (3) is madeclear in
tite foliowing

Leinma 3.2 Leí ‘u be tite so/ution (assurneel lo exisí) of (7). ¿1

jSl~’uJ =g on 0(2, (8)

titen u Ls tite mr¿que so/ution of (3) such thai ‘u±O’u/On =O o~n 0(2.
In adáition, if ‘u does nol satisfy (8) titen tite boundary value problern

(3) has no .so/utions .satisfyir~g ‘u + O’u/On> O o 0(2. o

Remark 3.1 In tite llrst part of titis Lemma, tite uniquenessof ‘u is

clear from Titeorem 2.3. In fact, tite function ‘u in (3) is tite Helvin
transformof u, that is to say

‘u(x) Ñu (~jjx)
so we itave on 0(2

‘u + 0v/iOn= —du/On,

and then ‘u + 0v/iOn> O if and only if bu/iOn =0. o

Remark 3.2 Por an arbitrary positive constant e, if g(x) E e titen

‘u E e is tite unique sointion of (7). Since V~’u E O, by Lemma 3.2
we titen conciude that ‘u E e is tite unique solution of (3) satisfying
‘u + 0v/iOn> O on 0(2. Comparetitis result witit Example2.1. n
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Therefore, what we want to prove is that indeed the problem (7)
has a solution and we have (8) for the solution of (7). Then we could
conclude an existence theorem for (3). We have still not proved these
things but we state the following
Conjeture. The problem (7) has a unique solution v E C2(Q) nCl(ñ).
In addition, v satisfies (8).
This conjecture is based on the remainder results of this Section and on
some additional work of the authors (see [8]).

With respect to the condition (8) we have the following result:

Proposition 3.3 Let 9 E C+ (fJQ) and let v be a classical solution (as-
sumed to exist) o/ (7). Then

{x E fJQ: IV svl < g} # 0.
Proof. Assumed on the contrary that IV svl ~ 9 on fJQ. Then we have

v + fJv/fJn = O on fJQ.

With the same argument used in the proof of Theorem 3.1 we now
conclude that v := O in ñ, and this would imply that 9 := O. The proof
is complete. o

Remark 3.3 If 9 > O the conclusion of this proposition directly follows
from the fact that if v E C1 (ñ), as we are assuming, then the tangential
gradient of v vanish at the points of the boundary where the harmonic
function v reaches its maximum and mínimum values. o

We now introduce the following sets

A- = {x E fJQ : IV svl < g}

and
\

A+ = {x E fJQ: IV svl > g}.

In order to obtain some more information about these sets, we shall use
the following identity which can be infered from an integral identity due
to F.Rellich ([28]); see als9 [27, (2:14)J: ,.c

Proposition 3.4 Let v E 1l(Q) n Cl(ñ), where Q = B(O,l) in ffi,N
(N ~ 2). Then,

(N-2)LIVvI2dx=~n (IVsVI2-1~12) ds. o
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Lince by Green’sflrst identity we have

J v=vdx+
Q 12 IVvI2dx =

if ‘u G 11(Q), titen

12
Dv‘ug—ds=jIN7’uIdx =0.

By Proposition34 we then itave (N> 2),

¡ I~!1 ds= N~’2jtCVs’u!
2

iOn ) (9)

Lince on tite otiter itaud we can write

¡ (Dv 0&\> ds

Jar
2 k ¿9 ~n ) =12 t

(23+

2
+— 1 cts

On)
2

—‘u
0131

‘u— cts
On j

2
— cts
On)

(10)
combining (9) and (10), we Laveproved tbe following inequality:

Carotlary 3.5 Leí ‘u E 71(Q) ci C’(Q), witere (2= 13(0,1) n 11{N (N >

2). Titen,

( jV5v~
2 + (N

2N
— fU —

iOn
cts = ¡ (‘u OcX

iOn ¡

2

cts. o

(11)

If N = 3 aud ‘u is a solution of (7), titen from (11) we get

12 IV
5vk cts es

!V5v1
2 cts +

2

E? — S7~vI2)+ cts -

I\7s’u12 cts <

12+

f(g2~

12‘u! 2

¡v<2) cts, (12)

g2 cts -

Oc
‘u — cts

On

Titen

aud itence

1V
5v!

2 cts +
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Since

.1+ stvkel¿s>f4±fi
2 cts,

titen we can state tite foiiowiimg

Proposition 3.6 Leí y E C(0(2) oral leí ‘u be a elossieaisoíui¿on (os-
surned lo exisí) of (7). Titen

ib y2 cts> y2 cts, (13)

anel, in particular meas(Aj > 0. Moreo’uer

meas({x E 0(2 : S7
3v¡ =24) >0, (14)

ariel

~V<r[
2d~ es JI9~I72~n=-fl (15)

(Here rmieas(C) de~iotes tite surfoce-area measure of a set C C 0(2.)

Proof. That measQ4j > O comesfrom (13). To prove (14) we use time
descompositionA = ~1 u B

2 vitere

~1 = {x E

aud

= {x

0(2: es Itu~}

3

From inequality (12) we deducethat

LV~’u!
2ds =

— 2¡S7~o¡2)cts +

(~2 — 2!V
5ut

2) cts

(1(3)

JB2
(y2 — 2jV

5v¡
2) cts.

Cailing f(x) = g2(x)—2!V
5v(x)1

2 for x E 0(2. it is obx’ious timat f(mr) es O
on B~, whereasf(x) =O on 132. Then, u meas(13

2)= O we arrive to
a contradictionsince meas(Biu 132) = rneas(.4..)> 0. Inequaiity (15)

0= .IA+

= IB,

immediately follows from (12). Tite proof is conmplete. o
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Remark 3.4 lf y> 0, (14) alio follows from Remark3.3. o

Althougit we itave not proved titat A±= (A, tite Proposition 3.6 can
be consideredasa partial result ¿u this direction.

About tite existenceof soiutions of (7), it shouid be noted titat in

contrastto tite problem (3), tite problem (7) automaticaiiy is oblique
usingtite terminologyfoiiowed in [18]. In fact, for a generalformulation

{ i~’x7u?vu~ = 0 0(2, (17)

tite problern (17) is oblique if, at 2 = <9(2 x IR x IR3, tite followiug
inequality is satisiled:

x = <C~,,n> > 0, (18)

witere C~ denotestite (weak) partial derivative witit respectto p witen

C is expressedin dummy variables(x, :, p) e 2. Notetitat in tite caseof
the original Backusprobiem (1) G(x, :, p) = [p¡ aud titen C is obiique
if aud only if <p,n> > O (ie. tite condition depeudson iOu/On witicit is a

priori unknowu; tite sarnecan be said for problem (3)).

Lemma 37 Prob/ern (7) is oblique.

Proof. Tu titese variablestite bouudaryoperator in (7) is given by

C(x, :, p) = : + <p,n> — (g2(x) — Ipí!2Ñ (19)

witere Pi = p <p,n>nis tite taugeutialprojectiou of p. Differentiating

C with respectto p ive get that for any preseribed(x,z)

if P<l > g(x),~={2+ Pi if ¡p~¡ es g(x),
g2(x) — pu

aud titis provestitat x = 1. u

Altitougit C given by (19) is not regular enougit as to may appiy a
knowu existeucetiteoremfor oblique nonlinearbouudaryvalueprobiems
(cee [18]), it seemsposcibie to approachC by more regular fuuctious

Ce aud to obtaiu an existencetheoremfor (7) by passing to tite limit
(cee [8]).
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Remark 3.5 It Is interesting to note tite following property of the op-
erator (19). Let A > 0. Observing that

<p+An,n) =

aud since tite tangential projectiona of p and of p + Aa coincide, then
we have

G(z,z,p+An>—G(x,z,p)=A, (20>

for alt (x,z,p) E 1’. Frorn (20) we can conclude that the function
G(x, z,p) 18 strictly increasing with respect to p 1» tite normal direction
to Of? at x. G.Barles ([5]) has recently proved that non-linear boundary
value problems witb titis property have, under sorne otiter additional
conditiona, a unique viscositpsobajo»Óee ~5,§1]) in 0(Ú). o
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