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Abstract

Lecture en sorne aspects of the research output of Baltasar
Rodríguez-Salinas, given at the Meeting en Matbematical Analysis
in Isis homage en the occasion of Isis seventieth birthday.
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Professor Baltasar Rodriguez-Salinas Palero, whose seventieth birth-
day we celebrate here in Avila, published lis flrst papers in 1942 wheu
he was 17 years oíd aud still in secondary school in Alcalá de Henares.

Since tíen he has written more than one-hundred and fifty mathe-
matical works. It would be impossible te give an account in a one-year
caurse of all tIc beautiful results with which he enriched mathematics,
and it is even more so rn a one-heur lecture. 1 will therefore present only
samples which are simple te state and easy te understand, omitting of
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necessity many of bis most profonud theorerns. During bis whole career
Professor Rodríguez-Salinas has shown an uncemrnon ability te assími-
late quickly new theories. His creativity Tanges from algebra [55], [118]
aud projective geometry [431,[88] te mathematical economics [142], from
Fourier analysis [15], [97] te oceanography [12]. la connection with the
last work let me mention tliat he has also a degree of “ingeniero ge-
ografo”. He also wrote a number of essays on the history of xnathemat-
ics. From the rich variety of flelds in which don Baltasar has done
research, 1 selected three: 1) asymptotic expansions, 2) topological
vector spaces, 3) mensure and integration.

Professor Rodríguez-Salinas has written thirty joint papers, most of
them since 1973. He is a generous collaborator who willingly ahares his
ideas with others. With ene exception his fine co-authors come from
the more than twenty doctoral students he has had at• Zaragoza and
Madrid.

In what fellows, the numbers lii square brackets refer te the works
of Rodríguez-Salinas and the numbers in curly brackets te the works of
other authors listed at the end.

1 Asymptotic expansions, moment problem,
quasi-analyticity

Baltasar Rodríguez-Salinas wrote lis doctoral dissertatien (19] en dif-
ferential equations under the direction of Tomás Rodríguez Bachiller in
1954. However, already at that time he was interested in questions re-
lated te asymptotic expansions whose study was initiated in Spain by
Ricardo San Juan Llosa.

Before presenting the results of don Baltasar it is necessary to iñtro-
duce sorne notation and te recail sorne classical facts. Wc shall denote
by A~, the angular domain 6l < a~ of the plane of the complex variable
z = x + iy = ~ or of the Riemann surface of the function log z if
os> 2. The power series 2kcN (tkzkis an asymptotic expansien at the
point z = O of the function f analytic in A

0 if for every n 6 iv ene has

I2

If(z) — ZakzkI o(IzI~) (1)
k=O
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as z .—* O in A0. It is very important te observe that this condition has
nething te do with the convergence of the series, in spite of the fact that
the initiators of the theory, T. 3. Stieltjes and Henri Peincaré, called
them “semi-convergent series”.

The functien f determines the ceefficients a,, but conversely distinct
functiens can have the same asymptotic expansion. F’or instance
and 4~- + e1

1Z defined in A
2 have Z~~wt—1)~z~+’ as asymptotic

expansien at O. Te investigate the uniqueness of the functien with a
given asymptetic expansien it is necessary te introduce explicit beunds
for the expressiens en the left hand sideef (1). This leads te Watson’s
Problem: Let (ma) be a sequence of strictly positive numbers. Let fi
and 12 be two analytic functions in A0 and asgume that there exists a
sequence (aa) of complex nmnbers such that fer certain constants A > O
and k> O, depending en f¡, ene has

si— 1
¡f~(z) — E a1z~ =Ak~m~¡z¡”

1=0

fer si c 1V, z E A0 and j = 1,2. Under what condition en (mn) can ene
assert that fi(z) = 12(Z)?

Clearly the problem is equivalent te the fellewing: Let (mn) be a
sequence of strictly pesitive numbers and g an analytic function in A0
which satisfies the inequalities ¡g(z)I =Ak~m~IzI~ for si E 1V and
z E A0. What conditiens en (mn) imply that g = O?

In erder te state the solutien of tlie problem, let us introduce the
functien

9’
sup—, r=O.
nclN V2~

Furthermore, let ir be the highest convex polygonal lime below the points
(u, logm~) of the enclidean plane. Let logm~ by the y-coordinate of
the peint en ir with x-ceordinate si. The sequence (m~) is called the
¿ogarithmically cosivex regularization of (rn,.) and is given alse by

om..=suPyp siEN.

Tben we liave the fellowing theorem, which fer a = 1 is due te T. Caríe-
man and A. Ostrewski and fer a general a is the special case of a result
of 5. Mandelbrojt:
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The inequalities Ig(z)I =Ak”mnlzl”, si E 1V, z E A0 imply that
g(z) O if and only if the following equivalent conditions are satisfied:

f~ logTQ-) 1/a
(C0)j 1dr=oc, =oo.

This solution of Watson’s Preblem is applied te prove the Denjoy-
Carleman theorern concerning quasi-analytic classes. Let again be (rnn)

a sequence of strictly positive numbers and denote by C{mn} the set
of all inifinitely differentiable functiens f in a given interval which with

sorne constants A > O and k > 0, depending en 1, satisfy

for si E IV and every t. Ihe class C{mn} is quasi-asia¿ytic if frem
156 C{m~}, j 1,2 and <(o) = <(e) for ah si ~ 1V at a point e

of the interval it foliows that 1’ and 12 are equal la the whole interval.
The theorem la question states that C{mn} is quasi-analytic II and only
if condition (Ci) is satisfied.

It is an immediate consequence of the solution of Watson’s Problem
that (Cí) isa su.fficient condition. Indeed, ifthere exists a nen-identically
zero function f E C{mn} with f(~)(c) = Ofor al) si E IV, then ene can
censtruct an inflnitely differenti~b1e, net identically zere functien g en
[0,1]such that g(fl)(t)j =m,, and g(fl)(Q) — g&’)(1) — O for si E IV.
Censider

F(() = y(t)etC dt.

Integrating hy parts si times we obtain

F(() = —1--
and thus FMI ~ mnlCI~. Since F is analytic for Re( > 0, the change
of variables C ~— 1/z shows that ir (C1) is satisfied then F = O asid
therefore g(t) 0.

Watsen’s Problem arises alse in the theory of mements. Stieltjes
asked. under what cenditions en the sequence (mn) of strictly positive
pmnbers does there exist an increasing funetion p en jO, ‘~) such that for
every si E IV the moment fj” t’dg(t) is equal te tu,.. Let us observe that
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a necessary cendition is m~ <m,.im,.+i fer si > 1 i e_ that m~ = tu,.

for all si e iv.
Already Stieltjes himself gaye an example of two increasing, non-

eqnivalent functions which lave afl their mements equal. We are thus
lcd te the problem of ¡miqueness which can be stated as follows: What
cenditiens on (tu,,) irnply that, if ji is a functien of beunded variatien
en [O,oc) which satisfles

jt”ds(t) = O and f t”dbuI(t) =m,,, n 61V,

then ji is equivalent te a constant?
In order te answer this question, ene introduces the Stieltjes trans-

form of ji:

F(z) = ¡7 ÚÚ~

.

From the identity

1 1 1 tn

z—t z + 0’ z”(z—t)

it follows that

F(z) = J t44t

)

and so

jF(z) =fi;
in the region where jz — t¡ > 1 for O < t < oc.

We are essentially in the case a = 2 of Watson’s Problem, hence the
theerem stated aboye iruplies the result due te Carleman (bnt contained
implicitly in an earlier werk of Marcel Riesz) according to which the

Stieltjes moment problem is “determined”. if (assuming licitly that tu,, —

j-oc> logT(r) = oc, or >3 (mÁi) =

After this leng introductian 1 arrive at the theorems of Rodríguez-
Salinas and the first enes 1 want te mentien are related te the Stieltjes
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preblem [17]. He preves that if 1 is an integrable ftrnctien en (O, oc)

such that

f”t”f(t)dt= 0 (2)

and

=tu,, (3)

fer si E 1V and the sequence (tun) satisfies conditien (02), then 1(t) = O
for almest every t. Cenversely, iffeo logT(r) dr <oc

then there exists a non-identically vanishing continueus function 1 ñ~
(O, oc) which satisfies cenditions (2) and (3). He preves furthermere
that if instead of (2) the moments

a,. = ¡ t~f(t) dt, si EN,

satis~’
limsup “ Kl = p <00,

n—. eo

then (3) and (C2) imply that 1(t) = O fer t> p.

Let us denote by K{rn,.; A0} the dass of analytic functiens 1 in A0
fer which there exist a sequence (a,.) of complex numbers aud constants
A> O, k > O such that

[f(z) — >3 ajz’[ =Ak”tu,.jz[~ (4)
¿=0

for z E A0 aud si E iv. Following San Juan we say that K{mn;Ao} is
a semi-ar¿alytic class if every f E K{m,.; A0} 18 uniquely determined by
the sequence (a,.). The theorem quoted aboye asserts that K{m,,; A0}
is semi-analytic if and enly if (C0) is satisfied. As a generalization
of Lion’zIlle’s theorem Rodríguez-Salinas preves <44] that K {m1,; A0}
contains enly censtants if aud enly if ene has

liminf-~~=O if Oc a =2,

if a > 2.
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San Juan and Rodríguez-Salinas censidered the analogues of quasi-

analytic classes and of mement problerns when the functiens are analytic
in an angular sector A0 aud are not defined only en the real half-axis.

Let us denote by C{m,.;A0} the class of functiens 1 which are an-
alytic in A0, have angular derivatives of nil orders at the poSt O and
satis& the inequalities f”(z)¡ =Ak”rn,, for z E A0, si E iv and sorne
A > O, /e> O, depending en 1. We say that C{m..; A0} is quasi-analytic
if frern 1 E C{m,,;A0} sud f&O(O) = O for si c iv it follows that f
is identically zere. The theorem of Rodríguez-Salinas [441states that
C{m,,; A0} is quasi-analytic if aud enly if (tu,.) satísfies (C0+i). Fer
C{m,,; A0} te contain enly constants it is necessary and sufficient to
have

n—.oo

(C01) if a> 1.

Let 1 be an analytic function iii A., aud suppose that its absolute
mements en the real axis

b,,= j x”I1(x)Idx

satisfy an estimate b,. =tu,,. San Juan, FerrAn Sunyer 1 Balaguer and
R. P. Boas initiated the search for conditions en (m,,) which insure that
1(z) O. Rodríguez-Salinas preves [21J, amneng others, the following
theerems, where the erdinary moments are denoted by

a,, = ¡ x”f(zr)dx.

1. Let f be an analytic functien in A0, a < 1, such that

legjf(z)Ilirnsup oc.
z—,oo

If
_ si

hrn sup =0 and >3 —~= oc,vb,,

then 1(z) 0.
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2. Let 1 be aix entire aualytic function of expenential type =p, í.e.

leg If(z)I
hmsup =p.
z-.~ IzI

If

limsup = o- <± and >3 fiL. z00,

si ep nelV ‘~

then 1(z) 0.
3. Let 1 be an analytic functien in A0 such that

z—.J H(¡z¡) —

where fi is a positive increasing function of r> O satisfring

P’iiúdr<oc.
If (tu,,) is a sequence of positive numbers such that

ay,,, —

liminf
n—oo si

and b,, =tu,,, then 1(z) 0.
4. Cenversely, if

liminf > O
n—’oc ~

then there exists a non identically zero beunded analytic function in A.,
for which b,. =tu,..

5. Let 1 be an analytic functien in A0 such that

leglf(z)I <h <oc.

[z¡’I~—

If (tu,,) is a sequence of pesitive numbers such that

(legn) aym,, ir
hmsup < —

n—’co 2eh

and E,,, =tu,,, then 1(z) 0.
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6. Let f be au analytic function of exponential type =p iii A0.
Assume that (a,,) satisfles the condition

hin =0
fl400 fl

11~5~poo~siYv/rs;i[ ir jf ~= 1,
n—*oo si

2ep

limsup ‘ ¡ant < ces[(2 — aF&] if 1 < a <2,ep

1
Iimsup ‘~ ¡a,.¡ < — ¡f a >2.

n—*oo ep

Let (~,,) be a sequence of strictly positive numbers wbich satisfies con-
ditien (C

2). lib,, =tu,, for si E iv, then 1(z) 0417].
7. Let 1 be an analytic functien un A., of order less than 1/(a + 2),

¡.e.
[1(z)!=Ae¡ZIO

for z E A0 and sorne A > 0, a c 1¡(a + 2). Assurne that

limsup la,,[ < oc.

Let (tu,,) be a sequence of positive numbers fer which

llininf ,.a+2 =

If b,, =mm, for si e iv, thcn 1(z) 0 [17].
8. If (tu,,) is a sequence of strictly positive numbers such that

liminf > 0,n—’eo siú+

2

then there exists a non identically zero beunded analytic function in A.,
such that a,, = O and E,,, ~ tu,, fer si E iv [17].

Let C{m$,’~} and C{m$,2~} be twe quasi-analytic classes. Carleman
asked whether from th¿ hypetheses f’ E G{mn$P}, 12 E C{mW} and
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Í17
0(c) = .fá~~(c) fer si E iv does it follow that the fnnctions, fi and 12

are identically equat It was a trininph of Spanish mathematics when
in 1936 San Juan gaye a negative answer te this question. A little later
Mandelbrejt preved, using the method

0f San Juan, that every infinitely
differentiable funetion is the sum of two inflnitely differentiable functions
which belong te quasi-analytic classes. II 1 is net identically zero such
that f(~)(c) — O fer siE iv and 1 = fi —12 where fi and 12 belong
te necessarily distinct quasi-analytic classes then 1~”>(c) = .4”kc) for
si E iv but 1’ # 12. lix his doctoral dissertation 121 Th. Bang improved
Mandelbrojt’s theorem by proving the following result: Let C{tuU~}
and C{tu$.2)1 be two classes of inflnitely differentiable functions defined
en the whole real Une. In this case ene may assume that each sequence

is logarithmically conx’ex. Let 7r~ be the convex polygonal une
with vertices (si, logmít). Every function of C{tu$P ±m$?>}is the sum
of a function in and of a function in if and only if the
highest minorant of ir1 and ~ ~ cenvex.

San Juan aud Rodríguez-Salinas fornid analogues of Bang’s theorem
for semi-analytic classes. lix particular, don Baltasar studied the case
of angular demains 144]. For twe sequences (,41>) and (>42)) of strictly
pesitive numbers he introduced the fellowing hypetheses:

(Hí) The sequences (zÁ9) and (~42)) afe logarithmically convex.
(H2) The highest minorant of the two polygonal Unes, wbich have

the points (si, log¿
41)) and (si, logzS2>) as respective vertices, is convex.

Ihen we baye:

1. Case a = 2. Let tu,. = + mt~. If (tu,,) does not satisfy
((12) and tlie sequences (ni$P) and (~$?~) satisfr (Hí) and (112) then

there exist two distinct analytic functions f~ and 12 belonging te the
classes K{mU>; A

2} and K{mn$t ; A2}, respectively, which have the same
asymptotic expansion at O.

(1) (2)2. CaseOcac2. LetO<6<2—aandtu,.=tu,, +tu,, . Assume
that (ni,.) does not satisfy (C0) and that the sequences (~~~~g>) and
(si6ntu$~)) satisfy the hypotheses (H1) and (112). Then nne can flnd func-

tions fi # 12 belonging te K{mÑ’~;A2} and K{mW;A2}, respectively,
which have the same ásymptotic expansion at O.

Rodríguez-S~linas has a theorem sIso un the case a > 2 aud results
abeut regions which are not angular sectors.
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Bang asked whether there cau exist two distinct functions belonging
te two qnasi-analytic classes which coincide in a whele interval and are
analytic there. Rodríguez-Salinas gaye a positive auswer te this question
130]. He preves first the fellowing theorem:

Let (m$P) and (tuU>) be twe sequences of strictly positive numbers,
a>O,andtu,.=(tuU> +niQ>)/(asi)! where (asi)! = r(asi + 1). Assume
that (tu,.) does not satisfr (Ci) and that the sequences (rn$P/(an)!) and

satis~i (¡fi) and (ff2). Then there exists a pair of~fnnctiens
11 # 12 defined for —oc -ct < oc, analytic for t # 0, equal for t < O and
belonging te the classes C{msiÑ’~} and C{n.Ñ~~}, respectively.

Then he shews that the bounds m$t (i — 1,2) can be chosen in sucb

a way that the classes C{rn$t} are qnasi-ana¡yt¶c.
It was abc Carlemau whe pesa) the problem of equivalence of classes

of infinitely differentiable functions, that is, te give conditions en (tu,,)

and (fn,,) which ensure that C{tu,,} = C{~,.}. The solution was given
in 1940 by Henri Cartan aud Maudelbrojt who introduced for this pur-
pose new kinds of regularizations of sequences, distinct from the loga-
rithmically convex regularizatiun and depending en the type of interyal
en which the functions are defined {19}. For instance, in the case of a
finite epen interval they introduce the function

S(r)=zmax—, r>O,
n=rtu,,

and define the exponential regularization of (tu,,) through the interine-

diary of legarithms by

o 9’
tun = ~ 7261V.r=n5(r)

Rodríguez-Salinas considera) [27] the same preblem Lcr the classes
K{tu,,;A<,} and later for classes K{m,,;fl} of analytic functions de-
final un certain general regions 1? aud satis5’ing inequalities of the type
(4). He auneunced his result la 1961 in a feur page long note 136] but

published the details enly un 1987 un six articles [lOfl-(112Jwhose total
length is 89 pages. Te obtain lis theorem Rodríguez-Salinas had te in-
troduce aix even more refined kind of regularization and study questions

related te conformal representation and te the bounds of deriyatiyes of
polynemials. Here is the statcment of the theerem:
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Let SI be a beunded cennected set in the complex plane which con-
sists of more than ene peint and such that the erigin O belongs te the

boundary OQ of SI. Let fi be the unheunded component of (15) and w =

w(z) the conformal representation of fi ente the exterior {w ¡wj> 1} of

the unit disk such that w(oc) = oc and llmz.eow’(z) = c¿~> O. Define

the functiens

o}r) = sup log tv(z)¡

and

r>O r
Forp> ‘,o(t) = mf

Glet 5)p be thecomponent of £2fl{z: Iz¡ <p}whichcontains0on
its boundary and let n,~,, «p, Yp be the analegeus functions corresponding

te SI,,.
Suppose that there exist two constants b > a > 1 such that

a <a(2r)/a(r) < b Lcr 0< r ~ sup{¡z¡ z C SI}. The point O is said to
be senil-regular if there exist twe positive numbers A and po such that
ap(r) =Au(r)/a(p) for 2~ <p <po. The point Gis regular ifthere exists
furthermore a sequence (P,}z)) of polynomials such that IPk(z)I < 1 for
z E SI and

________ k
=q*Zp(....)fl

si! si

for k/h =si =h, where O < q =1 and h = h(Q) is sufllciently large.
The regularization (leg tu~) of (log tu,,) by means of log~(t) is de.-

final by

S(t) = ~
n=t tu,,

and
• ____

ni,, =sup
a>,, 5(t) -

110 is a regular point, then K{mn;fl} = K{ñz,,;SI} iL and only if
there exist two positive constants a aud b such that

Lcr siEiv.
tun

Rodríguez-Salinas has a similar result Lcr unbounded domalus.
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Te cenclude tbis sectien 1 weuld like te mentien without details three
other centributions of den Baltasar:

1. Convexity inequalities for the bounds of the derivatives [23} and
for the ceefflcients and bounds of asymptotic expansiens [24] of a fune-
tien analytic un A.,.

2. A generalization of a Phragmén-Lindelóf type theerem of L.
Ahlfors and M. Heins [16].

3. Aix analegue for several variables of the Denjey-Carleman-theerern
en quasi-analytic classes [22].

2 Topological vector spaces

Foflowing the terminology intreduced by A. Grethendieck {12}, a Ba-
nach space E is said te have the Dieudosiné property iL fer every Ba-
nach space F every continuous linear map T : E —. E, which maps
sequences that are Cauchy fer the weakened topology a(E, ~ unte
«(E, F’)-cenvergent sequences, also maps beunded subsets of E inte
«(E, F’)-cempact subsets of E (i.e. T is weakly compact).

Rodríguez-Salinas ebtains [101] a large class C of Banach spaces such
that iLE E C, then the space C(X; E) of centinneus functiens defined en
the cempact space X with values un E, equipped with the topology of
uniform cenvergence, has the Dieudonné property. Te define C he says
that E has property (A) if for sorne nerm equivalent te the original nerrn
en E there exists a Suslin snhspace fo of E1V, consisting of Cancby
sequences fer «(E, E’), such that fer each e’ E ~ there exists (e,.) E B

0
with henil < 1 + ~ for si E iv and lim,....eo(e’, e,,> = Iie’hl.

The space E belengs te C iL every separable subspace of E is con-
tained in another separable subspace which has property (A).

If the topological dual E’ of E is separable, then E belengs te C.
This implies a theorem of Fernando Bombal and Pilar Cembranos {5}
according te which iL E’ is separable, then C(X; E) has the Dieudonné
preperty.

The class C has strong stability properties:
1. If E~ e C for 1 <k <si, then [

1%~~E,, E LX
2. IL E is the image of E E C under a surjective continuous linear
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map, then F E C.

N. Beurbaki intreduced barrelled lecaily cenvex spaces te character-
ize those apaces fer which the principle of uniferm beundedixeas holda.
It is a simple but important result that every Baire locally cenvex space
is barrelled. Later new clasaes between Baire and barrelled spaces were
introduced with the purpose te fluid new ciesa) graph theorerns, stability
theerems, and te distinguish between (LF)-spaces. Most of them are
diacusaed in the Research Note of Michael Kunzinger {16}.

A locally cenvex space E is said te be suprabarrelled by Manuel
Valdivia {24} and a (db)-s pace by W. J. Robertson, 1. Tweddle and
F. E. Yeernans {21} if ut satisflea the fellewing conditien: If (Ej~,) is
rncreaaing sequence of subapaces of E auch that U,,EIVEk E, then
there exista p E iv such that E~ (hence also E~ for k =p) is d ense m
E and b arrelled.

Rodríguez-Salinas [80] refined this classffication. He saya that a bar-
relled space is barrelled of class 0. Then he defines barrefled apaces of

a =1 by translimite inductien. IL a has a predeceasor, then E is
barrelled of clasa a if, given an fflcreasfflg sequence (E,,) of subapaces of
E such that U,,~ivE,, = E, there exists p E iv such that E~is dense
in E and barrelled of clasa a — 1. Thus the suprabarrelled spaces are
precisely the barrelled apaces of class 1. If ais a limit ordinal then E is
barrelled of cInas a iL ut la barrelled of class fi fer every fi < a.

Fer a limite si there is a direct description of barreledness of clasa 72

[81], {17} which establiahes a remarkable link with M. de Wilde’s apaces
with webs. Aix si-web is a collection {E,,1~} of aubspaces of E where
Icj 61W for 1= i =p and 1 =p <si such that (E,,) is an increasing
cover of E and for each (p — 1)-tuple ~i, .. . ~ (2 =p = si) the
sequence (E,,1 ~ is aix increaaing cover of E,,1 k,,,t. Ihe space
E is barrelled of class n II given an si-web there exists sorne n-tuple

r,. of integers such that En ,~.,rn is dense un E nuid barrelled.
Thia descriptien leads te superbarrelled spaces introduced by den

Baltasar in a recent article [146]. A web ja a family {E,,1 ,,,} of sub-
spaces of E as aboye, except that new p may take any integral value
> 1. The apace E ja superbarrelled if given a web {E,,1 ,,,,} there exista
a sequence (rp) of integera such that each suhspaee En. np ~ dense un E
aud harrelled. He preves that a superbarrelled apace is barrelled of class
a for every a, aud that a barrelled apace is superbarrelled if and only iL
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it is barrelled of clasa w1, where a>1 ja the first unceuntable ordinal.
On the other hand, E is the totaUy barrelled {25} (or o--barrelled

un the terminelogy of don Baltasar [84J)if, given a sequence (E,,) of
aubapaces of E such that U,,~ivE,, = E, there exists p E iv such that
E~ is barrelled and ita closure E,, has limite codimension la E. We have
the following implicatiena for a > ¡3 =1:

Baire =~ tetally barrelled =~- auperbarrelled => barrelled of clasa a =>
barrelled of clasa fi =~- auprabarrelled => barrelled.

Let 52 be a «-algebra of subsets of sorne set X. Denote by 18”(X, E)
the vector apace generated by the characteristic functiens XA of the
seta A belonging te E, equipped with the maximum-norm
II! ¡¡ = maxr~x ¡f(z)¡. IfX = iv and 52 is the «-algebra 2~ of alí subaeta
of iv, then ene usually writes t~ matead of t3~’(N, 21V). J. Dieudonné
preved that $ ia barrelled and Grethendieck that so is £&(X, E). Val-
divia {23} prova) that £W(X, 52) la auprabarrelled asid Rodríguez-Salinas
[81] that it ja barrelled of clasa 2. 3. C. Ferrando and Manuel López Pel-
licer {9}, {17}, {11} prova) that £3”(X,S) is barrelled of clasa si for
every si e iv, aud Rodríguez-Salinas peinta eut un [146] that López Pel-
licer actually prova) in {18} that 18<’(X, E) is auperbarrelled. However,
3. Arias de Reyna {1} preved that t~”(X, E) is net totally barrelled.

A locally convex apace F is aaid te be Fr by Valdivia and infra-s
by N. Adaach if it has the follewing property: Fer every barrelled apace
E every linear map T: E —. F, whese graph is closed, la continueus.
Theae authers gaye varleus intrinsie characterizatiena of Fr-8PM~ { 15}.
Rodríguez—Salunas [80] calla the Fr-spaces also ríO>~srrn~ and presents
the following inductuve definitien: II the ordinal number a > 1 has a
predecessor, then a -apoce is a unien of aix increasing sequence of
F$~~>-aubspacea. IL a is a limit ordinal, then E is a 1’$§-space provided
tbat it ja a it

3~-space for sorne fi < a. He then preves the following
theorem: Let E be a barrelled space of class a and F a r$.~~-apace. Ii’
T : E —. F is a linear map with clósed graph, then T la centinueus
and there exista a subapace E

0 of E auch that E0 is a Fr-space and
T(E) c E0.

Analogoualy te the aboye definition, given a fixed lecally convex
apace E ene says that E ja a F,4E)-space if every linear map T : E —* E
wuth clesed graph la continueus. Rodríguez-Salinas saya <80] that the
linear map T : E —. E is subcentinueus iLfor every series >kQlPÍ xi, in E
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which is subseries convergent (i.e. fer every strictly increasing sequence

of positive integers the series ~ X¡~3 converges) the series
2kcIAT Tx,, converges unconditionally in F and ene has T(2,,~~ x,,) =
2keiv Txi,. He obtains, among others, the following theorems:

1. Let E and F be twe locally convex spaces. Assume that F is
aequentially ceñiplete, is a Fr(t~)-space and dees net contain a aubspace
ísemorphic te t~. ¡IT: E —* F is a linear rnap with clesed graph, then
T is aubcontinueus.
• 2. Let E and F be two locally convex apaces and let (E,,) be an
increasing sequence of subapaces of F auch that u,,~

1V Fi, = E. Assunie
that fer every /e e iv there exists a topelogy Ii, en F,,,finer than the
topelogy induced by F and such that E,, equipped with 23, is a sequen-
tially complete space, is a P,.-apace and centains no subapace iaemorphic
te ¿eo• II T E —* E is a linear map with closed graph, then there is a
p 61W such that T(E) C E,, and the map T : E-. F[23,] is subcentinu-
oua.

The beautiful preefa employ the map 8 £~<‘ —* E defined
by (a,,) —* Ea,,xi, fer a given subseries convergent series Ex,,. IT E
ia a Fr($)-apace, then T o 5 is continuoua and tu(A) = T(S(XA)) is a
beunded measure with values in E te which the theerem of 3. Diestel and
Barbara Faires {8} can be applied. Inspira) by theae resulta, Ferrando
ami López Pellicer { it» prova) anether ciesa) graph theorem whoae
cenclusion is that a certain linear map ja subcontinuous.

De Wilde’a theory of spaces with C-webs is widely knewn newadays
{15}. One of the basic theorems of de Wilde states that ifE isa EYéchet
apace ar aix ultrabernelogical apace and E a space with a C-web, then
every linear map E —~ E with closed graph ja continueus. Rodríguez-
Salinas (85] ahowa that iL E is a metrizable totally barrelled apace and
the C-web en E is abselutely convex, then the same cenclusion halda.

The Austrian mathematician E. Helly was the flrat te preve the the-
orem en the extensien of linear forma which new beara the name of II.
Hahn and St. Banach {7}. He used in hia proef the fellewing fact, the
particular case fer si = 1 of hia fameus theorem en convex aets: If [a.,, b.,]
is a farnily of finite ciesa) intervais in R, such that any twa have a point
in common, then fl.,[a.,, I>«] # 0. Replacing tbe intervala by baila, L.
Nachbin characterized the real Banach apaces E which have the fellow-
ing property: Given an arbitrary real Banacli apace E, a linear aubapace
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E0 of E and a centinueus linear map fo: Lo —+ F, there exista a linear
map 1 : E —. F auch that 1(x) = Io(x) fer a’ E Ea and ¡¡f¡! = IhIoIi.
A. W. Ingleten prova) an analegeus theorem for ultrametrie norma)
spaees. lix this case the canditien can be atated as followa: Every family
of clesed halla, totally ordered by incínsion, has a non-empty untersec-
tien. Indeed, la an ultrametric apace iL twe baUs have a point in conmien
then ene is contained un the other. lix collaboratien with L. Bou O~r-
cia [641don Baltasar prova) a general principIe from which the three
mentioned resulta fellow easily:

Let E and F be twe vector apaces over an arbitrary conunutative
field K. Let A be a non-empty callectien of subaeta of F which has the
feilowing properties:

a) A is invariant with respect te tranalatiena;
b) iL 8 is a collectien of seta belonging te A, auch that two seta un E

have a point in cemmon, then the interaectien of all the sets belonging
te 8 is not empty.

Let ~ be a map from E unte A auch that 1) ~(z+y) G ~‘(x)+4’(y) Lar
x,y E E, 2) ip(az) = azb(x) for osE K, a’ E E. Let E0 be a subapaceof
E and fo: Lo —~ F a linear map such that Io(x) E 4’(x) for each a’ E Eo.
Then there exista a linear rnap 1: E —* F snch that 1(x) = fo(x) Lar
a’ E Eo and 1(x) E ~b(z)Lar every a’ E E.

Rodríguez-Salinas was very intereated in the problem of extension
of linear mapa. He wrete aix excellent expository account [61j which
sunmiarizes lila own research and that of ethers, and has a very extensive
list of references. He lectura) en it lix 1966 lix Namur [52] and wrote a
monograph [60] en the cennectian between the extension of additive
mapa and of measurea. 1 would 111w te relate ene of bis nimieraus resulta
which is interesting alse froin the peint of view of abstract algebra [41).

Let X be aix additively written commutative greup. A real-valued
Lunctien f defined en asubgreup D(f) of X la additive un X ifl(x+y) =
1(a’) + f(y) fer a’, y E D(f). A functioix p: X —+ ¡E? is subaddítive on X
ifp(x + y) =p(x) +p(y) fer x,y EX. A set P of subadditiye functions
en X isa (Z1) sét ifLar every tetally erdered subaet Fo of P the functien
inf{p : p E Po} alse belenga te P.

IT fi aud 12 are twa additive Lunctions lix X with domaina D(11) aud
we write 11 CE 12 if D(fí) CE D(12) and f1(x) = 12(Z) for every

a’ E D(f3). A set E of additive functions lix X la a (Z2) set if for every
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subset Fo of F, which is totally ordera) with respect te CE, the least
upper beund of F0 belenga te F. Given a set P of aubadditive Lunctiens
en X and aix additive function f lxi X, we denote by P(f) the set of ail
the functions p E 1’ auch that the funetien f[p] defined by

i[p](x)= mf [p(a’+y)—1(y)]
yED(f)

belenga te P.
Let new 1’ be a (Zi) set of aubadditive functiens en X and F a (22)

set of additive Lunctions in X.: IT po E P, lo E F aud p<j E P(fo), then
there exiat functiens p E P ami f E E’ such that

1. a) p=po,
b) ifqEP(1o)andq=p,thenq=p.

2. a) foCf,
b) f(y)=p(a’+y>—p(y) fera’EX, yED(f),

c) ifg CF, p E P(g) and f CE g, then g = f.

Frorn this abatract extensien thearem Rodríguez-Salinas deduces the
following Hahn-Banach theorem for modules. Let A be a net necessarily
cominutative ring with unit elenient and r : A —* E? a non-constant
hemomorphism of ringa. Let X be a leLt A-module. An additive functien
1 lix X defined en a submodule Y of X la A-modular iff(aa’) = r(a)f(x)
Ler a E A, a’ E Y. We chose aix (r).-generating semi-ring A+, i.e. a aubaet
A+ oLA auch that A+ + A+ c A+, A+.A+ c A+, r(A+) c (O, oc) axid
A A+ — A~. A subadditive funetien p en X is A~-semimodular uf
p(osa’) =r(a)p(x) for a E A~, a’ E X.

Theorem LeL P be the set of alt A+~semimodular subadditive funetiona
oit X asid E’ ihe set of oíl A-modular additive funetiona itt X. II po E P
asid fo E E’ satisfy fo(a’) =po(a’) br a’ E D(fo), then there exist p E P
asid 1 E E’ such that:

1. p =po asid fo CE 1;

2..J(y)=p(a’+y>—p(y)=p(y)fora’EX,yED(f»

8. ifq E P satisfies fo(a’) =q(a’) for every a’ E D(fo) asid q =p, ihen
q =
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4. jIg E E’ satisfies g(a’) =p(x) br every a’ E D(g), then y CE 1.

We are thus faced with the preblem te know when is 11(1) the whele
greup X. Te answer this queatuon Rodríguez-Salinas untroduces a gen-
eraluzatien of solvable greupa. He saya that a greup (1 is perfect if given
aflnitefamily {ai,...,am;fií,...,fin} of elementa oLa there exista an-
ether finite family {Eí,...,¿r;qí ~ sud a bijective map ~ ftem

{(p,p) 1 =p =r,1 =ji =m} ente {(a,v);1 <o < s F< u <si}

auch that for ‘p(p, u) = (u, u) ene has ¿posp = ~ Obviously every
abelian greup is perfect. A gronp (1 is accesszble iL it has a, pessibly
tranafinite, normal series (a>) such that sil the quotient greupa are per-
fect. With this definitian don Baltasar preves that D(1) = X iL there
exists a multiplicative subgronp a of A+ which satiafies the following
condutiona:

i. G is an accessible group;

2. Every element a E A+ can be written in the form a =
where the e1 belong te the center of A±and a~ E G.

1 have neither the time nor the cempetence te repert en the papera
den Baltasar has written lii ceilaberation with Ftaucisce L. Hernández
[1131, [117], [128j, [131], [139] en the geemetry of Orlicz apaces. Fertu-
nately they have published aix expository lecture [120]which summarizes
sorne of their resulta.

The subdivision in three parta ef thia lecture is artificial since znany
cencepta discuased un this section have a close relation te measure theory.
Fer inatance, the algebraic dual of 13’>(X, E) is identified with the apace
of finitely addituve measures ni defined enE by meana eL ni(A) = <f,XÁ>
fer 1 6 f~(X, E) and A E E. Rodríguez-Salinas ¡60] investigates te-
gether with the extension of linear mapa siso the extensien of a measure
defined en a Boele algebra.

The Diendonné-Grethendieck theorem {8} atates that if ni : E —* E’
is a measure delined en a «-algebra E of aubaeta of a set X with values ixi
aBanach apace E’ and if fer a” belonging te a total subaet of E” the acalar.-
valued measures a” o vn, defined by A u-. <ni(A), a”>, are beunded snd
linitely additive, then vn is a beunded vector nieasure. Rodríguez-Salinas
[821preves that the theorem is true iL and anly if E’ is a I’r(18”(a’, s)Y
space.
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3 Theory of measure and integration

Tbis is the largeat and poaaibly the most impertant part eL the oeuvre of
Baltasar Rodríguez-Salinas, snd 1 will be able te cover only a very amail
portion of it. Furthermore, these werka cenaiat mainly of great theariea
and it is difficult te single out iselated theorems. 1 will concentrate en
describing briefly two of these theories: 1> Raden measures of type (it),
snd 2> Integration of Lunctiena with values in a lecally cenvex apace.

1) Until abeut 1964 there were eaaentially twe theories of measure:
1. Abstract measures as diacusaed e.g. in the book of Paul Halinea
{13}, and 2. Radon measurea en locally compact apaces developed by
Henri Cartan snd André Weil, snd codffied un the beak by N. Bourbaki
{6}. It became, however, apparent that, mainly because of their appli-
catiens te prebability theory, it is necessary te define Raden measurea
also en apaces thst are net lecaily compact, e.g. en inlinite-dimensional
topelegical vector spaces. lix 1964 Laurent Schwartz first un a series of
lecturea un Liabon and then in a caurse st the Paris University develeped
a theery of Radon measures en arbitrary tepelagical apaces {22}. In bis
definition a Haden measure en a topelogical apace E is un abstract mes-
aureM which, among ethers, haa the property that 14K) <oc for every
compéct subset K of E. Thus the coimting measure ji en R, Lar which
ji(A) is the ixumber of elementa in A ifA is limite and ji(A) = oc ifA is
inñuite, is net a Radon measure lix the sense of Schwartz.

Rodríguez-Salinas intreduced un cellaberatien with Pedro Jiménez
Guerra the concept of Radon measures of type (1<) [62], [68], [69], [76].
Let E be a tepelogical apace and ji a positive measure en E, i.e. a set
Lunetion defined en a o--algebrs E of aubseta of E such that O =ji(A) =
oc fer A E E snd ¡¿(UnA,.) = E,,¡¿(A,,) if (A,,) is a sequence of pairwise
disjoint sets in E. Asaume that E containa the «-algebra 8 of Borel
subseta of E. A aubaet 1< of E is asid te be g-comnpaet iL given a cever
(GflAEÁ of 1< by open seta and e> O, there exista a limite subset 4’ of
the index set A auch that ~4K n (U,tssC>)C) <<

IT there is a cellection U of clesed subseta fi of E which ‘verilies the
Lellewing conditiena:

1. every fi E U is p-compsct,

2. ¡¿(fi) c oc for every H E It,
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3. Lor every B E 8 ene has

¡¿(B) = sup{»(H) B c H E It},

then ji ja said te be Radon measure of type (It).

A poasible choice Ler It is the coilectien Y of sil limite aubsets of
E. Clearly the counting measure is a Haden mensure of type (Y) en
any topolegical space. Other poasibilities are: the ceilection’K of sil
campact seta (this is the choice of Schwartz), the collection Km of sil
metrizable cempact seta, and the coilectien Y~, of sil closed subaeta with
limite niesaure. A Radon mensure of type (It) is net asamned necesaarily
te be locaily limite.

Let E be a net necessarily Hausdorff topological apace and ¡¿ aix
outer measure en E, that is a set funetien defined en the coilectien
P(E) of sil aubseta of E which satislies the feilowing conditiona:

1. 0= ~(X) <oc for Xc E,

2. ,?(0) = 0,

3. ,&(X) =ji(Y) ji X CE Y, X, Y E P(E),

and ¡¿ is countably subadditive, i.e.

4. ji(UnX,,) =Z,,ji(X,,) iL (X,,) la a sequence of subseta of E.

Rodríguez-Salinas and Jiménez Guerra ssy that p la a topologi cal
outer measure il furthermere:

a) every Berel subset of E is ¡¿*~measurable lix the sense of Carathédory,
i.e.

,?pÍ)=p(arnB)+,r(xnBc> Lor X EP(E),B EB,

b) ji is locally limite, i.e. every peint a’ E E has a neighberhoed y
such that p(V> c oc,

c) IL (O>) is an increasingly directa) faniily of open aubaeta of E theix

= sup ji(a4,
A

d) Lor every set X CE E ene has

= inf{ji}a) : X CE a E Q},
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where Q denotes the coilection of ail epen subaeta of E.

They cail the restriction ji of ~? te 8 (er te the ceilection of all ji-
measurable seta) a topological measure. They afro introduce the esaential
outer measure p asseciated with ¡¿ by setting

ji(X) = sup{¡?(X nG): a E Qo},

where go is the coilection of theae a c g fer which p(C4) < oc.
Let new ji be a lecslly finite Haden measure of type (It), where It

is aix iixcreasingly directa) cailection of cIesa) aubseta of E. For any
X CE E the authors set

= sup{ji(H) X j H E It},

and for H E U and X C 11 they deline

.¡t41(X) = ji(H> — u.(H flXc) = inf{j¿(B) : X C BE ~

Then ¡¿< us a tepelegical outer measure en fi and

= anp{¡4,(X fl 11): 11 E Ul

is the esaential euter measure asaeciated with the tepologidal euter mea-
sure

>?(X).= inf{p(a) : X CE G E Ql.
Uaing theae concepta and techniquea Rodríguez-Salinas asid Jimenez

Guerra generalize the reaults in the beek of Laurent Schwartz. Thus
where Scliwartz imposes the condition that the compact subsets ofE are
metrizable, they consider Raden measures of type (Km). They are able
te define the measure induced en any subset of E not just a measurable
ene. They prove the exiatence of a “cencassage” for a lecaily a-limite
Radan measure of type (It), furthermore a Lebesgue-Niked~’m theorem,
the exlsteixce of tensor producta, aud most impertantly theerems en the
existence of the projective limit of a famlly of measures.

Let ji be a limite Raden measure of type (1-1) and E a Hausderff
topological apace. Consider a sequence (Cn),,eiv of ceuntable sets, a
sequeúce (p,j,,~1V of surjective maps p,,: C,,+í —* (1,., and a sequence

of mapa ‘p,, C,,—* P(E). Rodríguez-Salinas saya that E is a
¡¿-Sushn spaee [71] if the follewing conditiona are satiafied:
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1. q’n+í(c) CE 9’,,(p4c)) Lor e E C,~+i, si E iv,

2. the sets
E — U{po(c) e E Col

and

cp,,(c) — U{p,,+i(d) : d ÉC,,+í,p,,(d) = c}, cE C,,, si E iv

have ji-measure zere,

3. let (e,,) be a ceherent sequence, i.e. e,, E (Lx,, and p,,(c,.+i) = e,,;

then the seta 95,,(c,,) converge te a peint a’ E E centained in each set
so,.(c,.).

He saya that E is a ¡¿-Lusin .space 11 furthermore:

(*) each p,, is injective and the seta p,,(c), e E C,,, are pairwiae dia-
jeint.

Each set ~o,«c) la then ji-meaaurable. The space E is setui-,u-SusLin u
(C,,,p,,, ‘p,,) satislies cenditions 1. and 2. aboye and furthermere:

O) each set ‘p,,(c), e E (1,,, si E iv, is ¡¿-measurable,

3’) iL (e,,) is a ceherent sequence aud a’ E fl,,~,.(c,,), then sosi(csi)
converges te a’.

The apace E la semni-¡¿-Lusin iL furthermore (*) is satiafied. We have the
following implicationa:

Suslin ==~. ji-Suslin : seml-ji-Suslina a
Lusin —~ ¡¿-Lusin . seini-p-Lusin.

Theerem [71]. Leí E be a Hausdorff apace asid ji a positive Borel
measure oit E such thai ¡¿(E) = 1. The following are equivalent:

1. E la ji-Suslin.

2. ji la a Radon mensure of type (Km).

8. There exista a sequesice (C,,,p,,, ¿p,,) such that eaeh ~n consiata of
compací, metrizable, pairwise diajoiní subseta of E asid p,, la tite

idesitity.
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4. E ja ¡¿-Lusin.

Let ~eo be the algebra of essentiaily beunded measurable fimctiens,
L~ the usual quetient apace modulo the functions ahnest everywhere
equal te zero, ami ir the canonical aurjection £~ .-~ Leo. Aix algebra
homomorphiam p : fl~ is a liftisig {14} iLit satiafies the foilowing
conditions:

(1) p(f) is ahnest everywhere equal te 1;

(II) iff ia almost everywhere equal te y, then p(f) = p(g).

Ihe name “lifting” ja due te the fact that p permita te define a sectien
o” : L”’ ~. ceo of ir by setting a(ir(f)) p(f). A lifting p la alvnost
stror¿g iL there exista a set A G E such that ¡¿(AC) = O and for alí
beunded continuous fusictiona f the restrictiena of 1 and of p(f) te A
are equaL Den Baltasar preves [71] that iL E la a aemi-p-Lusin apace
then every lifting is almeat atrong.

A Hadan measure ji of type (It) la sU-ict II Lar every Berel set B ene
has

¡¿(E) = inf{¡¿(G) : E CE a E Q}.

Let E be a uniform apace aud h a function whlch associates with each
aurroundiixg (= enteurage) U a strictly pesitive number h(U) such that
U CE V irnplies h(U) =h(V) and limuh(U) = O, where the limit is
with respect te the decreasingly directed set of aurroundiixgs. Fer a’ E E

let U[a’] be the neighbarhoed {y E E : (a’,y) e U} of a’ and write
LJ[A) = UxEAU[x]. Generaliziixg a result of P. Mattila {20}, don Baltasar
preves [91] the follawing result concerning the differentiatien of measures
en the uniform apace E: If ji ia a strict Haden measure of type (7<) en
E, the set A CE E has «-finite ji-meaaure and 1 6 LP(ji), then

hm h(U) L L1~ I~(~~— f(x)[~dji(y)djs(a’) = 0.

Rodríguez-Salinas aud Jiménez Guerra [90) preve Fubinl theorems
of which 1 quote the following: Let X and Y be twe tepelegical spaces,
ji a Haden measure of type (llí) en X, and u a Radon measure of type
‘(U2) en Y. Asaume that the tensor product ji ® u exista; this la for
instance the case when each (71 3(k = 1,2)is increaaingly directa) and
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every H E 71,, la quasiregular for the induced topolegy. Let f be a ji ® u-

integrable functien en X x Y. Then lx: y u--* f Qe, y) is u-integrable fer
¡¿-almost every a’ E X aud

y)d(¡¿ ® u) = 1? (J í(~~ Y)du(W) d¡¿(a’).

2) Let E be a vector space equipped with a lecally cenvex Hausdorff
tepelegy 7. Let me recail that a subset M of E is precompact iL every
ultrafilter en M is a Cauchy lilter. Denote by M the coilectien of ail
precompact subsets of E. Qn the tepolegical dual E’ of E the tepelegy
70 pelar teTis the tapolegy ofuniferm convergence en the seta M E M.
Ihe apace E la said te be polar semi-reflexive if the topolegical dual of
E’ equipped with ~O coincides as a vector apace with E. Por thia it is
necesaary and sufficient that every precampact subset of E be relatively
cempact {15}.

Rodríguez-Salinas constructa a theory of integration Lor functions
f : (SI, 5, ji) —~ E, where 5 la a «-algebra of subaeta of a set SI, and E
is a pelar semi-reflexive apace. He supposea lirst [~~1that the measure
ji defined en 5 is finite, and later [93] considera arbitrary measures.
Denote by So the apace of 5-measurable functiena 1 which asaume enly
flnitely many values un E, i.e. of the ferm f = Z~=i YiXA~, where A~ E E
and O # y~ E E. Let 5 be the apace which censiata of tlie uniforrn li¡nits
of neta ¿L functiena belonging te So. It la easy te see that iL 1 E 5, then
f(SI) is precempact in E. Let So denote the ceilection of thoae A E 22
for which ¡¿(A) <oc. Don Baltasar saya that 1 : SI —* E is ji-mensurable
if for every A E So there exista a net (1~)of functiens belonging te 5
which converges almeat uniformly te f en A, Le. for every e > O there
exists a aubset fi of A such that ¡¿(fi) =e and (fi) converges unifermly
te f en A fl fiC~ The function f la totally ¡¿-mensurable II the same net
(fJ can be usa) fer every A E So. Denote by M = M(S,,u;E) the
vector apace of ¡¿-measurable functiens, and by M~ = Mt(S, ji; E) that
of tetaily ¡¿-measurable functiona. Clearly ~oCE 5 CE Mj CE M.

The measure apace (SI, 22, ji) is strietly localizable if there ia a par-
titiening SI = U>EÁ% unto pairwise dlsjeint sets SI~ E So such that
for every set A E 5o there exista a ceuntable aubaet Ao of the index
set A Lar which ji(A fl (UAEÁOSIA)e) = O. Rodríguez-Salinas preves that
iL (SI, 5, ji) la atrictly localizable, then Mt = M. He is introduces twa
further concepta of measurability:
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The functien f : SI -~ E is 72-mensurable iL fer every A E So there
exista a net of ¡¿-measurable funetiona which converges te 1 unifarmly
en A. The functien f is totally 7¡-measurable if there exists a net of
totafly ¡¿-mensurable funetiena which converges te 1, unifermly en every
set A E So.

1ff is 7¡-measurable then f la esaentially w-precempact, i.e. for every
A E So and every neighborheed y of O in E therc exista a aubset Z of
A with ¡¿(Z) = O and a cauntable subaet N of E auch that ¡(A fl Z”) c
N+V.

For 1 = _ ?J1XA~ E 5o the integral en A E 5 la delined by

fd¡¿ = n A
1)

1=1

previded that 2V1 ¡¿(A fl A1) < oc, and 1 is said te be integrable if it
is integrable en SI, Le. if ~ ji(A1) < oc. For f 6 5 and A E >2o ene
delines

Lfdji = limjf¿d¡¿,

where (fi) is a net of functiens in ~owhich converges unifornily te 1.
The liinit exists and la independent of the choice of the net. One has

j fd¡¿ C ji(A) .

srnce 1(a) is precempact and E is pelar semi-refiexive the bipolar ¡(SI)
00

belonga te E and se does the integral.
A function 1 E 5 is integrable IL the feilowing cenditiana are satisfied:

1) There exista a subaet SIo E 5 of SI such that f vanishes outside
SI

0 and ho la strictly lecalizable, i.e. it has a partitiening (SI>)ACA inte
pairwise diajoint seta SI> E

52o with the aboye deacribed properties.

2) For every A E 5 the Lamily (fAnn~ 1d¡¿)>EA la summable in E.

The isitegrat of f en A 6 >2 la then delined by

L 1d¡¿ r JAflflA fd¡¿.

It is independent of the cheice of 5)o and of the SI>.
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At this peint Rodríguez-Salinas suppeses that the measure ji is es-
sential, i.e. that for every A E 5 ene has

¡¿(A) = sup{¡¿(A 11K): K E So}.

The functien 1 : SI —* E us said te be ¡¿-integrable (resp. totally
¡¿-integrable) II:

1) There exista a strictly lacalizable subaet SI0 E 22 of SI such that
f(t) = O fer t E SIS.

2) 1 is ji-rneaaurable (resp. tetaily ji-measurable).

3) f is Pettis-isitegrable, i.e. fer every a” E E’ the numerical function
t u-.. <1(t), a”> is ji-integrable and for alí A E 22 there exists mf(A) E E

such that
x’>d¡¿(t) = <tu1(A), x’>.

Ihen the integral of f on A is tuf(A).

Rodríguez-Salinas introduces furthermere the cencept of a 77-integrable
functian f : SI —. E by meana of the fellewing conditiona:

0) 1 is 77-measurable.

1) There exista a atrictly localizable subaet SIo E 5 of SI auch that
1(t) = O for t E SIg.

2) Fer every A E So the functien 1 is the uniform limit en A of a net
(fe) of ji-integrable fimctiena such that hm1 SA f«l¡¿ exista in E. Then
the limlt does not depend en the cheice of the approximating net and
ene sets

ffdji= umjííctw

3) IL (SIA)XGA is the partition of SIo which figures in the deflni-
tion of the strict localizabiity of SIo, theú for ail A E 22 the fainily

(fAnn~ fd¡¿)AEÁ is aununable in E.

lii thla case the 77-integral of 1 en A E E is, of ceurse, delined by

fd¡¿ =~ L~0~ fdji.
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Every 77-integrable function is Pettis integrable but there exista 77-
integrable functions that are not ¡¿-nieasurable.

Let 7> be the coilectien of ail centinueua aeminerma en E. Twe
functuens 1 and g fram SI into E are ¡¿-equivalesit (in symbol: 1 ~ g) iL

ji({t E SI: p(f(t) —
9(t)) # O}) = O

fer ail p E 7>. The essesitial rasige of f : SI —* E en A E 22 la defined by

er,4(1)={a’EE:¡¿({tEA:p(1(t)—a’)=1})#O, VpEP}.

Among the seyeral lifting theerems Rodríguez-Salinas preves in Part IV
of [93] let me quete the following:

Let (SI, 5, ji) be a atrictly lecalizable measure apace, p : 5 —. 5 a
lifting and 1 a ji-measurable function. Ihen there exists a ¡¿-measurable
functian y such that 1 ~ y, p(g) = y aud fer every A E

5o wíth ji(A) > G
ene has g(t) E erA(1) = erA(g) fer almost every t E A. Furthermore
g(A) c eTA(9) U {0} if p(A) 9 A.

Between 1980 aud 1984 Rodríguez-Salinas wrote a nuniber of ar-
ticlea en the Hadon-Nikod$’m theorem fer vecter-valued measures, alí
published lix the Revista of the Royal Academy of Madrid [771,[78],
[94], [96], [98], [99]. 1 cau enly give a amníl sample of his resulta. Let
(SI, 5, ji) be a complete measure apace with ji(SI) < oc. Let E be a lo-
cally cenvex Hausdorff space aud ni : 22 —* E a vector measure. Denote
by 52~ the cellection of theae A E 22 fer which ¡¿(A) > 0. Set

An(ni)= ~ :AES+}.

The measure ni is controlled by ji iL ni is ji-centinueua and An(ni) la
beunded. The apace E has the Raden-NikedS’m preperty IL Lar every
(SI,5, ji) and every ni : E — E centroiled by ji there exista a 77-integrable
function 1: SI —. E” such that ni(A) = fAI(t)d,4t) for each A ES.

The set A CE E is dentable iL for every neighbarheod y of O in E there
exista an a’ E A auch that a’ dees ixot belong te the closed cenvex huil
of A o (a’ + V)c. Theaet A CE E is «-dentable if for every neighborhaad
,V of O in E there exIsta a’ E A auch thaI a’ « «(A o (x + V)~), where
a(X) = {2,,~w A,,x,. : a’,, EX, A,.> 0, >§~~ ~ = ‘Y
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Theorem [96]. Leí E be a locally convea’ Housdorff apace asid asaume
thai ita dual E’ equipped with tite .strong topology ¡«E’, E) is quasi-
complete (titis la tite case e.g. tv/ten E la barrelled, asid it implies thai
~ la polar aemi-reflexive). Leí us furíhermore asaume thai br every
countable bounded subset fi of E tite closed aubapace E’ genero ted by fi
la infrabarrelled. Thesi tite following are equivolení:

1) E’ has tite Radon-Nikodñm properiy.

u) Everij eouniable bounded nosi-empty aubaet of E’ la dentoble.

iii) Every bouttded tton-empty aubael of E’ la a-dentable.

iv) Every equicositisiuoua ttosi-empty subael fi of E’ has tite property
thai for every neighborhood y of O iii E’ itere la att a” E fi such
that a” does not belong to ihe convez hulí of fi 11 (a” + y)”.

y) Por each of ihe aboye mesitioned subapacea E’ every bounded sz&baei
of tite atrong dual E” la w-precompoct.

The same conclusion holda IL E is supposed te be infrabarrelled [98]
(witheut any cendltions en E’ er E’).

Theorem [94]. Leí E be o quasi-complete locafly convea’ Housdorff
apoce. Tite followisig are equivalent:

1) E has tite Radon-NikodÑm property.

Ii) Every mortingale (fe, S~) with values un tite apace E, such
ihot tite f~ are usiiformly bounded, la a Cauchy ita itt tite apace
É’(SI, S,ji;E) of ji-integrable funetiona.

iii) Every martingole (f,,, S,,),,6p¡ mliii values itt E, ancA thai
tite f,, are uniformly bounded, la a Cauchy sequence itt tite apoce
Z’(SI, S,ji; E) of 77-integrable funetiona.

iv) Every countable bounded non-empty subset E la «-dentable.

y) Every,, bonsided non-empty aubaet E la a-dentable.
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vi) E’or every cousitable bounded r¿osi-empty subael B of E asid everij
neighborhood y of O itt E itere ezisis a’ E B such 1/tal a’ does nol
belong lo lite eosina’ huí 1 of fi n (a’ + y)”.

vii) Por every bouttded sion-empty .subsel B of E asid every neighbor-
itood y of O itt E itere ezista a’ E fi auch 1/tal a’ does not belosig
lo tite cosivea’ hulí of fin (a’ + y)”.

viii) Por every bousided sion-emply subsel fi of E asid every balanced
cosivea’ closed neighborhood y of O itt E tite set irv(B) la denlable
(os equivolesitly, a-desitable), witere lrv denotes lite cosiosilcal sur-
jection from E otilo tite quoliesil apace E/ ~»o AU.

Rodríguez-Salinas has written abeut twenty more w¿rka en the the-
ory of integratien. Ten of theae papera were written un ceilaberation
with José L. DeMaria. Sorne of their resulta are aumniarized un the
expositery lecture [1191which introduces such concepta as Spaniah a-
algebras and Spauish seta. Besidea the papera referred te aboye, den
Baltasar wrote ether papera en integratian with Pedro Jiménez Guerra.
One of the papera written jeintly with Femando Bombal Cordón [103]
is reláted te the topica discusaed aboye. Let me observe that Bombal
develepa) a parailel theory of integratien fer funetiena with values in a
vector apace {3}, {4}, which, however, la net asamned te be topelogical
but bernelegical.

Den Baltasar is stiil very active and bis mathematical eutput has net
dirniniahed. 1 wiah bim many mere yeara of healthy, happy mathematical
activity.
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The Mathematical Works of Baltasar Rodríguez-
Salinas

1 ahail abbreviate the name of. the “Revista de la Real Academia de
Ciencias Exactas; Físicas y Naturales de Madrid” by “Rey. Acad. Ci”.
Otherwise 1 use the abbreviations of Mathematical Reviews.

[1] Deterininasite que da ¡(a’ + y) en función de ¡(a’) y de ¡(y). (A
deternilnant which yielda ¡(a’ + y) in terma of ¡(a’) and of 1(y).)
Euclides 2 (1942), 159—162.

[2] Resoluciósi de la ecuación funciosial: (Selutien of the functienal
equation:)

E’[a’ + 2E’(a’)F’(a’)(1 +E’(a’) = — 1 + 2E”(a’)

Euclides 2 (1942), 349—351.

[31 Usia demostraciósi sobre la integral de Dirichlet. (A preof en
Diricblet’a integral.) Euclides 2 (1942), 425.

[4] Modo de sumar algunas ea’presiones. (A methed te sun certain
expreaaions.) Euclides 3 (1943), 343-348.

[5] La inversión en el orden de la derivación. (The inversien of the
order of differentiatien.) Rey. Acad. Ci. 42 (1948), 37—70.

[6] Sobre la teoría de la medida. (Qn the theery of measure.) Rey.
Acad. Ci. 42 (1948), 465—491.

[7] Sobre una fusiciósi meromorfa y sus aplicaciosies a la suma de
series. (On a meromorphic function and its applicatiena te the
aunmatien of series.) Gaceta Mat. 3 (1951), 6—17.

[8] Sobre la determinación de una¡unción analítica conocida su parte
real. (Qn the determinatien of an analytic functien when ita real
part la knewn.) Gaceta Mat. 4 (1952), 44—46.

[9] Sobre el comportamiento asintótico de la aplicación reiterada de
una sucesión de funciones. (Qn the asymptetic behavior of the
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iterated applicatian of a sequence of functiena.) Gaceta Mat. 4
(1952), 81—90.

[10] Sobre la región de valores de una función lisa. (Qn the regien of
values of a achlicht function.) Rey. Mat. Hispano-Americana (4)
12 (1952), 223—228.

[11] Sobre usia generalización de Las fórmulas de Taylor, Darboux y
Luler-Maclaurin. (Qn a generalizatien of the formulas of Taylor,
Darboux and Euler-Maclaurin.) Rey. Mat. Hispano-Americana
(4) 12 (1952), 281—289.

[12] Sobre varias formas de proceder en la determinación de periodos

de las mareas y predicción de las mismas en usi cierto lugar. (Qn
varleus procedures for the determination of the perieda of tides
and their predictien at a particular place.) Rey. Acad. Ci 46
(1952), 441—457.

[13] 2Yasisformadas de Laplace de algunas funciones integrales.

(Laplace transforma of sorne entire fu.nctions.) Gaceta Mat. 5
(1953), 157—158.

[14] Sobre ciertos desarrollos asintóticos de integrales de Laplace
curvilíneas. (Qn certain asyrnptetic expanaiens of cunrilinear
Laplace integrals.) Rey. Mat. Hispano-Americana (4) 13 (1953),
120—127.

[15] (with Ricardo San Juan) Exposición sobre algunos teoremas cono-
cidos y otros nuevos sobre convergencia ordisiaria y uniforme de
la integral de Fourier. (Expository account of theorems, sorne
known, sorne new, en the orclinary and the unlform cenvergence
of the Feuruer integral.) Rey. Acad. Ci. 47 (1953), 495—510.

[16] Complemento a un teorema de Ahlfors-Heisis sobre funciones sub-

armónicas. (Complement te a theorem of Ahifera-Heina en aub-
harmonic functiena.) Rey. Acad. Cienc. Zaragoza (2) 9 (1954),
119—125.

[17] Funciones con momentos nulos. (Functiens with zero moments.)
Rev. Acad. Ci. 49 (1955>, 331—368.
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[181 Los problemas de unicidad en la teoría de series asintóticas.
Expresión de funciones semi-analíticas mediasite algoritmos de
Borel y Stieltjes. (Uniqueneas problema un the theory of asymp-
totic series. Expression of semi-aixalytic functions by meana of
algorithms of Berel and Stieltjes.) Rey. Acad. Ci 50 (1956), 191—
227.

[19] Sobre la ecuación diferencial: (Qn the differential equation:)

d2y fao+aices2a’ _ ni(m—1) _ si(si— — o.
+ Lbo + b

1ces2a’ cea
2a’ sen2a’

]

Rey. Mat. Hispano-Americana(4) 15 (1995), 31—47, 121—135,
182—208; 16 (1956), 49-11, 122-150, 229—263.

[20] Sobre una ecuación diferencial. (Qn a differential equatuon.)
Memorias de Matemática del Instituto “Jorge Juan”, No. 18.
Consejo Superior de Investigaciones Cientificas, Madrid 1956.1 +
145 Pp.

[21] Momenta de fotictiosis analytiques et probléme de Watson. (Mo-
menta of analytic functions and Watson’a problem.) J. Math.
Pures Appl.(9) 35 (1956), 359—382.

[22] Ceros de las funciones de una clase no cuan-analítica en R”.
Prolongación no cuasi-analítica. (Zeros of the functiens from a
non quasi-aixalytic clasa un R~. Non quasi-analytic continuation.)
Collect. Math. 9 (1957), 65—77.

[23] Usia desigualdad entre las cotas de las derivadas de una función
analítica en un ángulo. (Aix inequality betweeix the beunda of
the derivatives of aix analytic fnnctioix un mi angle.) Las Ciencias,
Madrid 23 (1958), 533—539.

[24] Disuguaglianze tra limiti e coefficienti dello sviluppo asintotico
di una funzione in un angulo. (Inequalities between bounds and
ceefflcients of the aaymptetic expansion of a function un aix angle.)
Aixn. Mat. Pura AppL (4) 48 (1959), 147—159.
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[25] Sulla stabilitd delle soluzioni per l’equazione differesiziale del sec-
osido ordine a coefficiesiti periodici. (Qn the stability of the so-
lutions of the aecond order differential equation with periedic
coefficients.) Rend. Circ. Mat. Palermo (2) 8 (1959), 206—224.

[261 Aproximación uniforme de una función continua por un conjunto

convea’o de funciones continuas. (Uniforrn approximatien of a
centinneus functien by aconvex set of centinuous fnnctiens.) Col-
lect. MatE 11 (1959), 175—202.

[27] Equivalenza di classi di funzioni con sviluppo asintotico in un
angolo. Funziosie caratteristiche. (Equivalence of clasaes of func-
tiena with aix asymptotic expansion in aix angle. Characteriatic
functiens.) Boil. Un. Mat. ItaL (3) 14 (1959), 525—531.

[28] Sobre la estabilidad de la ecuación funcional (Qn the stability
of the functienal equation) ¡(a’ + y) = 1(x) + 1(y). Rey. Acad.
Cienc. Zaragoza (2) 14 (1959), 5—7.

[29] Variación de las raices características de una ecuación diferencial
de segundo orden con coeficientes periódicos. (Variation of the
characteristic roeta of a aecend order differential equation with
periedic coefficients.) Ann. Mat. Pura Appl. (4) 52 (1960), 107—
161.

[30] Solución de un problema de Bang de la teoría de clases cuan-
analíti cas. (Selutien of a problem of Bang un the theory of quasi-
analytic clasaes.) Las Ciencias, Madrid 25 (1960), 257—261.

[31] Sobre el cambio de variable en las integrales miUtiples. (Qn the
change of variables un multiple integrala.) Coilect. Math. 12
(1960), 139—153.

[32] Una fórmula asintótica para algunns transformadas de Laplace.

(An asymptetic fermula fer sorne Laplace transforma.) Rey.
Acad. Ci. 54 (1960), 177—187.

[33] Un desarrollo asintótico de ciertas transformadas de Laplace. (An
asymptetic expansion for sorne Laplace transforma.) 11ev. Acad.
Ci. 54 (1960), 167—176.
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[34] Funciones que verifican en cada punto de un intervalo a una
ecuación diferencial variable con el punto. (Functiona which aat-
isfr at each peint of an interval a differential equation which
vanes with the point.) Rey. Acad. Ci. 54 (1960), 301—311.

[35] Estabilidad y ceros de las soluciones de una ecuación diferencial
de segundo orden con coeficientes periodicos. (Stabiluty and ze-
res of the selutiona of a second erder differential equatien with
periodic coefficienta.) Rey. Acad. Cienc. Zaragoza (2) 15 (1960),
5—9.

[36] Soluci~si del problema de equivalencia de clases de funciones de
desarrollo asintótico. (Selutien of the problem of equivalence
of clasaes of functions with asymptetic expansien.) Rey. Acad.
Cienc. Zaragoza (2) 16 (1961), 47—51.

[37] Existencia de puntos de Weierstrass de funciones reales.
Máximos y mínimos en espacios casi-numerablemente compactos.
(The existence of Weierstrass peunta of real functiens. Maxima
and minima un quasi-coimtably compact apaces.) Rey. Acad.
Clienc. Zaragoza (2) 16(1961), 5—10.

[38] Conjunto de valores de un coeficiente diferencial. (The set of
values of a derivative.) Collect. Math. 13 (1961), 3-13.

[39] Crecimiento de una función analítica en un ángulo. (Growth of
aix analytic function in aix auge.) Collect. Math. 13 (1961), 197—
217.

¡40] Existencia de máximo de funciones reales continuas en espacios
casi numerablemente compactos. (The existence of a maximum of
real continueus functiena un almost ceuntably-cempact apaces.)
Ann. Mat. Pura Appl. (4) 55 (1961), 375—413.

¡41] aenemlizaciósi sobre módulos del teorema de Haitn-Banach y sus
aplicaciones. (A generalizatien te modules of the Hahn-Banach
theorern and ita applications.) Cellect. Math. 14 (1962), 105—151.

[42] Sobre el último teorema de Fermat y la ecuación (On Fermat’s
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last theorem and the equation:)

0% 0% 0~u
_ +a~ 0y~ Oz~

Rey. Faculdade de Ci¿ncias Lisboa (2) A9 (1962), 35—43.

[43] Una generalización de los teoremas de von Staudt y .DarbouM.
(A generalizatuon of theorems of von Staudt and Darbeux.) Rey.
Faculdade de Ci&nciaa Lisboa (2) A9 (1962), 77—86.

[44] Clases de funciones analíticas. Clases semi-analíticas y cuasi-
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