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On Multilinear Mappings of Nuclear Type

MaRIO C. MATOS

"Dedicate to the memory of L. NACHBIN"

ABSTRACT. The space of muitilinear mappings of nuclear type (s:r,,...,7,j between Banach
spaces is considered, some of its properties are described (including the relationship with
tensor products) and its topological dual is characterized as a Banach space of absolutely

summing mappings.

1. INTRODUCTION

In [15] A. Pietsch remarked that the attempt to classify the nonlinear
operators between Banach spaces should have its starting point in the
study of the different classes of multilinear mappings. See also {4] and
[19]. On the other side the research in the Theory of Infinite Dimensional
Holomorphy has dealt with several topological vector spaces of n-linear
mappings. See [1], [3], [5), [6], [7], [8), [10], [11], [12], [13] and [14]
among other articles. Motivated by these facts we introduce in this paper
the class of n-linear mappings of nuclear type (s:ry,...,r,,). We may think
them as the mmltilinear counterpart of the (n,+oo,g)-nuclear linear
operators of Pietsch (see [16], Chapter 18) as well as the natural
generalization of the n-linear mappings of nuclear type considered by C.
Gupta in [10}). Naturally we cannot forgive that the nuclear linear
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operators were introduced independently by A. Grothendieck in [9] and
A.F. Ruston in [17] and [18). The spaces we are studying will lead to the
consideration of new examples of the holomorphy types conceptually
introduced by L. Nachbin in [13] and S. Dineen in [7]. In section 2, after
defining the vector space of n-linear mappings of nuclear type (s;ry,...,,,),
we consider a natural complete metrizable topology on it determined by
a (quasi-)norm. In the presence of the bounded approximation property,
we show that this topology can be generated by a simpler (quasi-)norm
when restricted to a convenient dense subspace (that of the finite type n-
linear mappings). In section 3 we consider certain (quasi-)norms on tensor
products and their connections with the spaces of absolutely summing
mappings. These results are a preparation for the proofs and results of
section 4, which characterize the topological duals of the spaces of
multilinear mappings of nuclear type as spaces of absolutely summing
mappings. These characterizations might be important for a further study
of convolution equations on certain spaces of entire functions on Banach
spaces. See remark at the end of this paper.

I would like to thank professors K. Floret and J. Mujica for some
remarks and suggestions made during my seminar exposition of these
results at UNICAMP.

Now we fix the notations used in this paper. For Banach spaces
E,..E, and F over £ (R or €) we denote by £(E,.....E,;F) the Banach
space of all continuous n-linear mappings from £, X ... x E, into F, under
the natural norm

ITHh = sup |T(x,,...x)I.

x€ By,
k=1,..n

Here B, denotes the closed unit ball of E, centered at 0. If @, is in the
topological dual E, of £,, k = 1,...,n and be F we denote by ¢, X ... X @,b
the element of L(E,.....E,.F) defined as being ¢,(x,}...9,(x,)}b at the point
(xy,-...x,). These mappings generate the vector subspace $(E,,...E ;F) of
the finite type n-linear mappings.
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If s € (0,400) we denote by 8,(F) (or {, if F = K) the vector space
of all sequences (y;)7., of elements of F such that

o0 1
IOl = (2 AT < veo
j=1

If s =1, [l, is a norm and, for s < 1, it is an s-norm. In any case we
have a complete metrizable topological vector space. We denote by {7(F)
the vector space of all sequences (y)7_, of elements of F such that

1072l = sup @Gl < voo
QB

(0CF), I,y is a complete metrizable topological vector space. If s=+eo
we consider ¢_(F) = 02(F) as being the Banach space of all bounded
sequences (y;)7_, of elements of F under the norm

1)L =N, . =suply

jEN

2. MULTILINEAR MAPPINGS OF NUCLEAR TYPE (s;r,...,5;,)

We consider s € (0,+0], r, € [1,400], k = 1,...,n such that
1 1 1

IS—“ +—,- +... +--’r-
ry r

n

2.1. Definition. A mapping T € HE,,...E F) is said to be nuclear
of type (s,1,,....r,) if there are (M), € (€ co if s = +0), (y)7_, € £(F}
and (97, € C.(E[),, k = 1,...n such that

T(x,,...,xn)=); Ao, (x)-9, (x,)y, (D
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The vector space of ail such mappings is denoted by
e (FGEF) and it is a complete metrizable topological vector
space under the f,-norm

n
IlTll\n'.(.r:rl.....r_) =inf] (l});; L | (yj);zl HmH '((‘Pk,j);l “w,r[
k=1

where the infimum is taken over all possible representations of 7 as
described in (1) and 1, € (0,1] is given by

1 1 1 1
—=—+-—/+___+—/
In M r r

n

If r, =..=r=r we replace (s;r,,...,r,} by (s;r) in the preceding notations.

If t, = 1, s can be writen in terms of the r;s and we say that T is of
nuclear type (ry,...,r,). In this case (s;r,,...,r,,) is replaced by (r,,...,r,) (or
r,if r, = ... = r, = r) in the above notations. We simplify these notations
in the case r=1 by ommiting the letter  in the notations.

The following result can be proved easily:

2.2. Propeosition. If T € S5 "YE,....E ;F), A, belongs to ¥(D,E,),

k=1,...nand S € & (F;G), then S oT o (A,,..A,) is of nuclear type (s;
ry,...r,) and

1SeTe(A, e Ay SISTIT N, T 1A
k=1

Another characterization of the n-linear mappings of nuclear type
(s;ry,...,1,) Uses the following exampies.

2.3. Examples.

(1) It is clear that L(E,,...E;F) € LF""(E,,...E;F) and
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0% X@,bly s, ., =19, 1... 1, MBI

for o, € E,, k= 1,..,n and beF.
(2) An easy application of Holder’s inequality shows that

I7I<IT}

FLARH S

for every T € L "(E,,....E;F).

(3) We consider (0)7_, in { for s € (0,40) and in ¢, for § = +eo.
Now we consider the "diagonal” mapping

- € L0l i0)

@)

defined by
D(cj);[((E-i]J);:l ’“"(gn,j);l)=(0j&i‘f‘"§n,j);1

We note that this mapping can be represented by

Dy, =2 G(mX..XT)e,
-

where (&, ,)n)) =& fork=1,.,nand j&€ Nand ¢, = = (0,.. L0,1,0..),
with 1 in the ] -th component. Since (n)7, € £ (0) < (8,0 (stric
inclusion for r,( = +oo0) with ll(n)} 1!IW. 1 fork =1,..n and I\e =1 for
all j € N we have D(G)W of nuclear type (s Tiseens,) and

LN N (G |

2.4, Theorem, For T € HE,, . E F) the following conditions are
equivalent:

{a} T is of nuclear type (s; ry,....,r,).
(b) There are A, € REGL), k=1,..n,Y e HI,F)and ()7, €
¢ (€ c, when s = +o0} such that
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T=YeD (u,-);'-.°(A peenddy)

In this case

IIT"N,(S;FI,...J") :inf" Yll g nAk " '" (GJ,);] H_f

where the infimum is taken over all possible factorizations as decribed in

(b).

Proof. By 2.2 and 2.3 (3) we have that (b) implies (a) with

Tl ST 1ARAG)L,
k=1

Now we assume (a). For each € > (0 we consider a representation of
T as in 2.1. such that

LOORTNCHATE ) LIS EOTE LV

If we define A/ (x)) = (¢, ()7 for x, € E,, then A S.E(Ek;ﬂr:) with
jA Ll < u((ij),:le,r:’ k = 1,...n. Now we consider Y € $({;F) defined by

Y=Y Ep,

for ()7, € 4. Thus [Y] < [(b)7.,]... If follows that
T=YoD,, . o(AyA,)

=1

with
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ez T 4 =a My,
k=1

Now we consider some inclusion results.

2.5. Theorem. For s,t € (0,40, r,,p, € [I,4+0] such that s < t,
rnn<p.k=1..,n

and

I 1 1 1 1 1

— ot e S— b —

r, r, S_Pn p, !

then S677NE,,...E :F) < P E,, .. E;F)} with

"TﬂN,(r.p,,...p,)SlTlN.(s:r......r,)

for every T of nuclear type (s,r,,...,r,).

Proof. We consider

Hence u < 1. For T of nuclear type (s;r,,...,r,) and € > 0 we choose a
representation of T in the form
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T=}; CP; X e X P,
=
such that ; 2 0 for all j € N and

LCHRIN ) (IO N TR Ty

=3, GJ{GJQI‘PJ X X [qu"(anJyf
i

We can write

and have

IOl <l ol 1)1
(APl IS [C A (ISl W
SCHRIR A

for k = 1,...,n. Thus T is of nuclear type (£;p,,....p,) and
Iy, ST,

for each & > 0,

2.6. Corollary. (1) If r, < p,, k = I,...n every T of nuclear type
(ry,...r,} is of nuclear type (p,,...,p,) and
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” Tl‘N,(pl...-,P,.)SHTHN.(rl....,rn)

(2) if s < t, every T of nuclear type (s; r,,...,r.J is of nuclear type
(L1, 1) and

"Tl'!\.f.(r;rl,...,r")S " Tu Ndsir )

3)If r, 2 p. k = 1,...n every T of nuclear type (s;r,,....r,) is of
nuclear type {s;p,;....p,) and

I <IT

L (S N(sr....r)

2.7. Remark. It follows from the definition that $(E,,....E;F) is
dense in L\ E,,...,E,;F). Since every T of (E,.....E;F) has a finite
representation of the form

T=) 60, % . X ¢, b, €5

ng ol
i~

with g, € K, ¢, € E,k=1,.n b€ F,j=1,.,m, itis natural to ask
when it is possible to have

(| =T

Nisiri..r) No(sir,.r,)

where

Iy o,y =AY M@ N, B
k=1

with the infimum taken for all representations of T as in (2). It is clear
that we always have

“ Qi N.(s;r,:...,r,)s‘“ T“N,..{::r,.....r”)

It is natural to hope that equality might take place when E, is finite
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dimensional for k = 1,..,n. This is indead a fact as we show in the
following result.

2.8. Proposition, If E,.. E, are finite dimensional and Te
HE,, .. E F), then

(H

Nf,(:;r“....r”) = 'THN,(s;rI....,r‘)

Proof. In this case $¥(E|,...E;F) = $(E,,....E;F) and this is a
complete space for both ¢,-norms | * |y, ., and | * |y ., By the
open mapping theorem these ¢,-norms are equivalent. Hence there is ¢20
such that

(i <ciT|

N',,(s;r,:....r,)"' NASH et}

for every T of finite type. For £ > 0 we choose a representation
T=§ CP,; X .. X,y
such that

b)) TT Ko )i, <A+l
k=1

There is m € N such that

CIZ Gj(pl,j X ... X Iq)i'l.)'yj'1’\1.(5;r|,...,1r")sE IIT|‘.'\’,(.r;r'|,...,r“)

fom

We have
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UThy g, ) SUO@ X e X @ 9hy ()
=1

I
+([|Z SP,; X . X Q, JyjlleUi’w'--ﬁ.])

jm

<(1+e)-(4TY

In
N,(J:r,..._.r,))

f, i
U0, X e X Oy L)
m

4( l+e )r" +8'~]( “T"N.(:‘.r,.u-"',.))r.

2.9. Proposition. If T € $/""(E,....E,;F) and S, is in $(DE,),
k=1,..,n, then

”TO(SI ""’Sn) ”N!,(s;rl....,r”)suTHN.(.v:rI,...,rn)H ”Sku
k=1

Proof. If J, is the natural injection from S(D,) into E, we can write
Sy = J, o S, with S, = IS, ¥ = 1,..,n. Hence T = (J,....J,} is in
LAS (D) ),....5,(D,);F). Now we apply 2.8. and 2.2. in order to have the
result.

2.10. Theorem. If E,,....E, have the bounded approximation property,
then
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ITly =171

NSir e, NASl)

for every T € (E,,.. E F).

Proof. First we consider n = 2. The proof for other n’s is analogous
as one can note easily. Since T, € SLAE;S(E,;F)) for T,(x,)(x,) = T(x,,xy),
X € E, k=12, for each ¢ > 0 there is §, € L(£:F)) such that T, = §,
=T, and ||S,} < (1+2)A, (because E, has the A,-approximation property
for some A, > 0). Hence

T(S,(x)x)=T(x,x,)  (Vx€E, k=12)

By the same reasoning T, € SEJ(EZ;%E(Ei;F )), given by To(x;)(x,) = T(x,,x,),
with x; € E,, k = 1,2, is such that there is S, € ${E,;E,) satisfying T, ©
S, =T, and |S,]| < (1+&)A,. We have

T(x 5,00 ) =T(x, ,x,) (VxeE, k=1,2)

Thus T =T ¢ (5,,5,) and, by 2.9,
"T"Nr(s;r,.r_,)="T0(Sl’SZ)IINI,,(s;rI‘rZ)

=0 N N [ G W N N

Therefore

7 <A AT

N(5ir.r,) N.(8ir5)

Now with the same argument used in the proof of 2.8 we have

T, . <ITH

N,ts;r,.rz)
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3. ABSOLUTELY SUMMING MULTILINEAR MAPPINGS AND
TENSOR PRODUCTS

We recall the concept of absolutely (s;r....,r,)-summing n-linear
mapping from E, x ... x E, into F (See Pietsch [14] for scalar valued

mappings).

In this section, s, r, € (0,4+ec], k = 1,...,n are such that
11 1

—S— o —
s rl r

n

3.1. Definition. A mapping T € SH/(E,,....E;F) is said to be absolutely
(s:1,....F )-summing if there is ¢ 2 0 such that

TegE R i B | (L TCA0 1 W G)
k=1

forme N x, e E k=1 .,nandj=1,..m

We denote by SU7"AE,,. .E.F) the vector space of all these
mappings. The smallest possible value of ¢ in (3) is denoted by
T llass:r,. - This gives a s-norm (for s € (0,1)) and a norm (for s 2 1)
making LO7"YE,....,E;F) a complete metrizable topological vector
space. When r, = ... = r, = r we replace (s;r,,...,r,) by (s;r) in the
preceding notations. In the last case for s=r we replace (s;r) by r in the
above notations. When » = | we do not write it.

An interesting special case of absolutely (siry,...,r,)-summing
mappings is obtained when we have

In this situation the mappings are called (r,,...,r,)-dominated and we
denote the corresponding vector space and s-norm (or norm) by
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L HE, .. EF) and |, ., Tespectively. If r) = ... = r we replace
(rl, .+,) by r in the preceding notations. When r = 1 we do not write it.
The use of the word "dominated” is justified by the following resuit
mentioned by Pietsch in [14], for scalar valued mappings.

3.2. Theorem. For T'e SE,,...E ;F)and s, r, € (0,.+], k=1,..n
such that

1 1
— =t
s r

R

the following conditions are equivalent
@) T is (r,,....r,)-dominated

(b) There are ¢ 2 0 and regular probability measures p, € W(B E‘,),
k=1,....n such that

n 1
175 le] | [fﬂ "*°‘”"‘“*“‘°T @
k=1 34

foreverx, € E k=1, .n

In this case

inf c=min c=|T}

@ @ ey

Here W(B_.) denotes the set of ail regular probability measures
defined on the Borel o-algebra of By , with the weak-star topology.

Now we are going to introduce some special f,-norms on £, ® ... &
E, ® F in such way that the topological dual of this metrizable
topological vector space is isometric to a space of F’-valued absolutely
summing mappings on E, x ... x E .
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3.3. Definition. For r € (0,+0), k= 1,....,n and s € [1,+] such that

1t 5)
s F r

1 n

we consider t, € (0,11 such that

1 1 1 1
—_——— h— ]
tu rl rn sl

and define

8(_;;,_"...’,"’.,“)(1’;) =inf‘H(A'j);ZL Ilyg " (ka);ZL Il w‘rku(bj)j"ll l,,,

where u € E, ® ... ® E, ® F and the infimum is taken over all
representations of u of the form

u=-21 ).}xu ®..0®x, ®b
-

withme N x,e E,k=1.nkel beF, j=1.,m

When we have equality in (5), ¢, = 1. In this case we have a norm
denoted by §,, .. ...,

3.4. Proposition. 8, .. isat-normonE, ® .. ®E ®F and
£<9d where £ denotes the injective normon E; ® ... @ E, ® F.

(8,5t FaFoo)?

3.5. Proposition. If s <t, r,<p, k=1,.nand
1 1 1 1 1 1

— it S— s ——

r r. s p P, t

then
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8

et
R

Proof. It is an adaptation to this case of the proof of 2.5.

3.6. Remark. It is a consequence of 3.5. and the fact that §_, ...,
= [1 (the projective norm) that all norms &, . ..., are reasonable cross-
normson £, ® .. QFE & F.

3.7. Theorem. The topological dual of (E,® ...®E, & F, 3., , .)
is isometric to &3 NE, @ ... @ E;F’).

5

Proof. (1) If T e 5" (E, ® ... ® E;F’") we consider the linear
functional f, on E, ® ... ® E, @ F defined by

Fw=30 AT, e, )(b)

for u with a representation of the form

”=Z iju ® .., X, ® bj
=1
where me N AeK, x,, € E,, k=1,..,n b€ F,j=1,.,m Hence
|f; (2 ISII(Kj)ﬁl ll.. ||(T(lea-AAran))_?il (i (bj)ﬁl l..

< I AT, TT I G
e =1 T

Thus f; is §, +e-CONtinuous and

i1l
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|[f;,-||5u Tlla‘f;(_r;r”,,,,rn)

(2) Now we consider a continuous linear functional fon (£, ® ... ®
E . ®F,3,, ... and define the n-linear mapping T, from E, X ... X E,
into F’ by

T(xpx JO)=flx; ® ... ® x ® b)

forx,e E,,k=1,..,nand b € F.

We considerme N x,; € E,, k=1,.,nand j=1,..,m. For each £>0
there are b, € F, [bll = 1, j = 1,...,m such that

,5.3 ITCx, e, MP<e +J21: T, ek, J(B) =8

For conveniente A, € K, I?LJ-I =1, j=1,..m we may write
®=e+|Y A f(|fix, ®..8x, ®b)| iy, @..8x, ®b)

J=

<e+|Al -8”;,{‘_”?_',&)(2 Alfx, ©..8x, ®b)|"'x, ®..®x, ®b)
=

n 1 »n
se ALY i, ®..8x, @) |1 TT I, ) b, 4Bl
j=1 k=1

1

<e +IAIT e o, D [T W
k=1

Since £ > 0 is arbitrary we have
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VT, e, D SIATT B DR,
k=1

Hence T, is absolutely (s;ry,...,r,})-summing and

“Tf“a.r,(:;rl,....rn)sm

4. CHARACTERIZATION OF THE TOPOLOGICAL DUALS OF
THE SPACES OF MAPPINGS OF NUCLEAR TYPE

In this section, 5,7, € [1,+o0], k = 1,...,n and

1 1 I

[€— gt +— (6)
S Ty

If we consider £, ® .. ® E, ® F with 8., ..., it is clear that it
is isometric to LLE,,....E;F) with ||, . through the mapping taking

—): Ao, ©..®¢, ®b,
into

T A9, % . X @b,
=1

This fact, Theorem 3.7. and Theorem 2.10 give the following
characterization result.

4.1. Theorem. If E,,....E, have the bounded approximation property,
the quologzcal dual of L E,,...E,; F} is isometric to .
SES v (E, iy ,En ') through the mapping
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B9, @ )B)=W(P, X ... X ¢.b)

forallbe F, 9, € E, k=1,.., nandV in the required dual.

In particular the topological dual of &;"(E,,....E,;F} is isometric
to €7 "NE,,...E:F’} [under condition (5) with s 2 1].

A result of A. Defant and J. Voigt (see [2] for a proof) state that
£ (E,,...E,;K) is identically isometric to S(E,,...E;K). If n = 2 it is
proved in [2] that &, (E,...E;F) is identically homeomorphic to
$L(E,,...E,;F) when E, has the Orlicz property, k = 1,...,n. These results
and Theorem 4.1 allow us to state the following results.

4.2, Theorem. If E,,... E, have the bounded approximation property,
the topological dual of the space of scalar valued n-linear mappings of
nuclear type (+eo;+00) on E, x ... x E, is isometric to HE,,...E ;K).

4.3. Theorem. If E, is either ¢, or ¢, p € [2,+%0), for k = 1,....,n and
n 2 2, then the topological dual of &*\(E,,....E,;F) is homeomorphic
to SAE,,...E;F’).

Remark. When s < r, s € (O,4oc] and r € [I,+eo] it is possible to
consider the n-homogeneous polynomials from E into F of nuclear type
(s;r) canonically associated to the symmetric elements of L (E....E;F).
Analogous results as described in this paper are still valid for the spaces
of polynomials. Now the use of the idea of homomorphy types (see [13]
and [7]) allows us to consider holomorphic mappings of nuclear type {(s;)
from open subsets of E into F. See [10] for the case s = r = 1. A careful
lecture of the result of [10] shows us that we can define a complete
metrizable space of entire functions on £ of bounded nuclear type (s;r),
with topological dual isomorphic to a natural subspace of "absolutely
{s’,r’)-summing" entire functions on E’. Again following the routine of
[10] we can show that convolution equations on the space of entire
functions of bounded nuclear type (+o0,400) have always solutions and a
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Malgrange type approximation rtesult holds for solutions of the
homogeneous equations. Theorem 4.2. is a key lemma for the proof of
these facts. A hard open problem is to know if results of this type for
convolution equations can be proved when (s;7) is different from (1;1)
and (+oo;+e0), Another problem is to check if the results of Dinnen’s
paper [7] are true in this case.
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