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Qn an Inequality of Gauss

HORSí’ AIZER

ABSTRACT. In <his note
due to Gauss.

we prove a new extension and a converse oían inequality

The following theorem whietu is irnportant in Statisties (see [1, p. 183 and
p. 256]) is dueto CF. Gauss:

lff:[O,oo)—3~ isa decreasing funetion, <hen we tuave for alí real nurnbers
k>O:

(1)42ff(x)dx=-41- ¡ x2f(x)dx.
A

lnteresting generalizations of <luis result were given by y. N. Volkov [3] and,
reeently, by J. E. Peéarié [2].

The aim of this paper is two-fold. On the one hand we establish a new
extension of inequali<y (1) and on the other hand we present a converse of(I)
which provides (under the additional assumption <bat fis nonnegative) a
lower bound for

dx.

First we prove <he following proposition:
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Theorem. Leí g:[a, b]—. R be s¡ríctlv increasing, convex ami di//eren-
hable, and let /‘: ¡ — ~ be decreasíng. Pien

f(s (x)) g’ (y) cix=f f(x)dx=f/’(t (x)) g’(x)dx (2)

g(b)—g(a

)

s(x)xx ~ (x—a)+g(a)

and

¡ (.v)xxg’(x<>) (v—x0)+g(x¡¡) . x0c[a, b]

(lC”A ¿y mí interval con¡aíning a, b, g(a), g(b), t (a) and ¡(b).)

fi’ eí¡lzer g is concare <“insicad o! con <‘ex) or 1’ Lv iízereasíí¡g. 1/jet? ¡Iu>

reversed inequalkíes holcL

Proof. Let g be convex and let j’ be decreasing. We denote by h <he
lun e tio n

Ii (x)xxf(g (x));

<hen Ii is also deereasing. Since g is convex we obtain for alí xe[a, /4:

1(x)=g (x)=s(x).

This implies

g’’
t(t(’x))=x=g< (s’(x))

and

b (g—t (í (x)))=b (x)=h (g1 (s (x))).

where g—t designates the inVerse function of g.

Because of ¡=0 we conelude

h(g—’ (t(x))) g’(x)=b(x) g’(x)=h(gt (s(x))) g’(x)
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ami integration yields

f ¿z(g”-t (1 (x))) g’(’x)dx=f
=fhúrl(s(x)))g’(x)dx. (3)

Finally, frorn (3) and

h (wt (y)) ‘¡yh<ív) g’ (x) dic

(which follows imrnediately frorn the substitution v=g(x)) we’ get

g(b) Ji

fíú<”xt g’ (y) dx f(’x) dv> Jhs (x)) g’ (x)dx.
gÑ) a

Similarly we can verify, if either gis coneave (instead of eonvex) orjis
increasing, then in <he last inequalities we have to replace “=“ by “=1This
completes <he proof. E

An application of <he Theorern leads <o a new prool and to a converse of
ineq uali<y (1).

Corollary. 1ff: [0, oc) — IRis decreasing, ¡ben tve ha re ¡br alí real posifire
real nurnbers It:

k2Jf(x)dx=-~- J x2f(x)dx.

and. under ¡he addí¡íona/ assumpflon thai! is nonnegatíve tve obíain

e r4 x?f(’x+ k) dx=k=jf(iv)dx (4)

u’lzete ¡he cons¡aní 3 cannot be replaced bí a greater number.

Proof. Let axx0,b> voxxk/
2t ~and g(x)=(l/kflx

3+k.
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Then we have

¡Úv)(3/4 3)x

and frorn the right-hand side of (2) we conclude

A ‘/,‘ 4 /i 34 4’f f’<~Qdv< ~ fx~í’(3xÍ4 i’’~> clxxx —1— ¡ x2f¡’x) dx.
a 9*2

lf b tends <o oc we obtain inequality (1).

In order to prove (4) we set axxO, bxxk and g<’x)xx(l/kflx3+k.

Then we get

s (x)= y + k

and from <he first inequality of (2) we obtain

5 Y

42 fx~J’(iv+ A’)dx=jI’(”x)dx.
ti A

Since fis nonnegative we conclude

2.4

ff(x)cLv=J f(x)dx

such that (5) and (6) irnply inequality (4).

lf we put

then equality

(5)

(6)

holds in (4). Thereforc, <he constan< 3 is best possible. E
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