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: On an Inequality of Gauss

HORST ALZER

ABSTRACT. In this note we prove a new extension and a converse of an inequality
due to Gauss.

The following theorem which 1s important in Statistics (see [I, p. 183 and
p. 256]}) 1s due to C.F. Gauss:

If /:[0,0c) — R is a decreasing function, then we have for all real numbers
k>0
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o

ef rmast [ @ ()
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Interesting generalizations of this result were given by V. N. Volkov [3] and,
recently, by J. E. Pecari¢ [2].

The aim of this paper is two-fold. On the one hand we establish a new
extension of inequality (1) and on the other hand we present a converse of (1)

which provides (under the additional assumption that fis nonnegative) a
lower bound for

2 j Sf(x)dx.
I

First we prove the following proposition:
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Theorem. Ler g:[a, b]— R be sirictly increasing, convex and differen-
tiable, and let f:1— R be decreasing. Then

b T ogth h
jf(b‘ (x)) g (xjdx= J‘ fix) 0'-\’5]‘/'(’ (x)) g (x)dx (2)
where
s(x)= —f”i,)%(‘” (x—a)+g(a)
and

1(x)=g"{x) (x—xp) T g (). xpela b].
(IC R is an interval containing a, b, g(a), g(h). 1(a) and 1(h).)

If either g is concave (instead of convex) or [ is increasing, then the
reversed inequalities hold.

Proof. Let g be convex and let f be decreasing. We denote by A the
function
hx)=r(g(x));
then /1 is also decreasing. Since g is convex we obtain for all x€la, b]:
Hx)<gix})<=s{x).
. This implies
g () Ex<g" (s(x))
and
hig='(1(x)))=h(x)=h(g"" (s(x})).
where g—! designates the inverse function of g,

Because of g"= 0 we conclude

R(g="(1(x)) ) " (x)Z R (x) g (x)Zh(g=" (5(x))) g (x)
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and integration yields

fh(g—'(r(x)))gf(x)dxzfh(-v) g (x)dx

> [ e 69)) ¢ (v, ()
Finally, from (3} and
h uth)
j h{x} g’(x)dx=f hig="(v}))dy
a 1fu)

(which follows iminediately from the substitution v =g{x)) we get

gth)

[rawigmacz| reac= 16008 s,

rlu}

Similarly we can verily, if cither g is concave (instead of convex) or fis
increasing, then in the last inequalities we have to replace “=" by “<<”, This
compietes the proof.O

An application of the Theorem leads to a new proofl and to a converse of
inequality (1).

Corollary. I f:[0,0) - R is decreasing, then we have for all real positive
real numbers k

= o

k2 j f(x)clxi—g- J <2 f(x)dx,

I3 0

and, under the additional assumption that [ is nonnegative we obtain

&

3 f N (x+kjdx=k? f J(xidx, (4)

1] 4

where the constant 3 cannot be replaced by a greater number.

Proof. let a=0.h=x,=k/2' Y and g(x)=(1/kDx*+ k.
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Then we have

rfx)=(3/4" Hx

and from the right-hand side of (2) we conclude

Aedht it

K g

3

Il # tends to o we obtain inequality {(1).

In order to prove (4) we set a=0, b=k and g(x)=(1/kHx + k.

Then we get
s(x)=x-14k

and from the first inequality of (2) we obtain
h 24
3 f 2 x4 kydx< f fe)dy
k* A
Sinee [ is nonnegative we conclude

fﬁf’(x) dx= ij’(x) dx

such that (5) and (6) imply incquality (4).

If we put

L, 0=xy<2k,
flx)=
0, 2h<Tx,

then equality holds in (4). Therefore, the constant 3 is best possible.n

h
f f(-")d-\’s—3—fx%}"(S.‘(,M"-‘) de=2_ fof(.x‘)d.\‘.
942

(5)

(6)
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