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ABSTRACT. Leí 41 be a closed, connected, orientable 3-manifoid. Denote by
n (5’ >< 5<2) ihe connected surn of ti copies of 5’ z 5<2~ Wc prove thai if the homological
caiegory of 41 is three then faz sorne n=1. 11* (41) is isomorphic (as a ring) lo
¡1* Oz (5’ >< 52,)).

Let A’ be a topological space. The (complete) horno/ogica/ caíegory of A’
[1] is Ihe smahlest cardinal u sucb [bat [bere is a farnily .#eb open sets ob A’
wiíh [be following preperties:

O U~>U=x.

fi,) The caréina!ity of Fis u.

iii) For every Ue# i>0 and every ring ob coefbicienís R, ihe inc!usion
induced homornorphism 111(U: II,>— FIJA’: 1<). in singular bomology is
z.ero.

Wc denote by catb A’ [be homological ca[egery of A’. Let M be a closed,
connected, erientable 3-manifold. From tbe existence ob a Heegaaré spliíting
ob M, it is elear that catb M=4. Also, catb M=2 ib only it Misa homo!ogy
3-sphere [1]. Tberefore, it suffices lo charac[erize 3-manifolés M wi[h
catb Al = 3. Denote by u (SI >< 52) [he connected sum ob u copies of St x 52~
We wilI prove in Tbeorem 1 tha[ if cath Al = 3 [ben for sorne u=f, IP (Al)
is isomorphic (as a ring) lo 11* (u (‘5’

txS2)). We work in [be PL-category.
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1.. PRELIMINARIES

Leí A be a finiíeJy generated abchan group A. From new t>ti, we wiJ!
denote by ter A (resp. rank A) dic torsion subgroup of A (resp. ihe nuniber
of summands 2 in A/[or A).

The follewing Iemma is used in the proef of fheerem 1. We beel u has
ndepenéen[ interest; it can be oseé, bor example, te calculate [he homelogy
of [he cemplement of a l-complex 1< in a deseé orientable 3-manifolé in
terms of ihe cekernel of H~ (K)— FI, (M).

Lemnia 1. Leí K he a cotupac! proper 3-subrnanifoíd of ihe choxed,
conneeted and onieniable 3-maul/bíd M. Donote ti’ h> (rexp. b) Me i-tb hlcítí
nunuher of 1< (rexp. M-K,). Then

fI~ (M-K,)e 2b:~ QeZ&±”¿—í

where ~? is Mo cokeunol of ¡he ine/usion induced homomonphisun
hI~ (K)— FI~ (Al). Iii particular, tor FI, (M-K)~ior Q.

Reniark. Ihe cenelusion can also be siateé as

FI, (Al— ~O Qe 2t,,+i~;— 1—1/2 [ X (O~O 1

where, in case m<0, Qe 2”’ is interpreted as [he unique group A such iha[
A e 2-”’ cg

Proof. We have [or (FI1 (M-K)® ZbO~~~~tor I-1¡ (M~M~~stor f1
2(M, K)~

s=~stor ~ (Al, K)~tor Q~tor (Q(~ Zh,±b,Hl) The penultirnate isomorphism
being a consequenee of [he exact sequence

H, (K)— FI, (Al)— FI
1 (Al. K)— tI<>(K)

where If« (K) is bree abchan.

Also h=rank FI, (Al-K)=rank I-P(M. K)=rank Ih(M. 16),
rank FI2 (Al) = rank JI, (Al), rank JI, (Al, K) = b~ and [he al[ernating sum ob
ihe ranks of the groups in [he exact sequence

0—I-12(Al)—I-1441,K)—I-12(K)—H,(M)—I-12(Al,K)—FI>(K)—
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is zero. This yields l—h¿+b2+h~—h~—rank Q=0 and, [herebore,

rank (FIí(Al~K)OZb2)~b/+b2=rank Q +b¡ +h¿—l =

= rank (Qe Zb¡+ii—t)

Hence FI, (M-K)63 Zb2a~Qe 7!~+$.I This completes the preof.

me bollowing lemma is known ([4], p. 173, Corollarie VB).

Lenima 2. La ¡‘y he a compací, onieutah/e 3-manif¿/d wfi/u JI¡ (8 W) Z~.
¡‘ben. ¡he image of ¡he incluxion induceel hornomorphism H1 (.9W)— FI~ (¡‘Y)
has nanA g.

Leí Al be a deseé n-manibo!d. We folloxv [3] for ihe definition ané
properties of an n-filling ob Al.

Lenima 3. Leí IT¡1k be a 3-fWing of ihe eloxod, eonnce¡ed azud
onieníable 3-manfo/d Al. Let W he a regular ueighbeunhood ql F—W, a
¡‘ben. Me image qf H1 (d lE) — fr (lE) coulains br H, (W).

Proof. La E~= ¡‘9 T~ where 1í.bk~={I,2,3I. Let C, be a produet
neighbourhood of c9T, la 7T,.~ We may assume W—UL 6. WritecJ1 w= c1naw.
Wc have [he cOmmuta[ive diagram

1 1<‘~t\
1148 IY)—H1(W)

where the upper row is exac[ and the vertica! arrew’s are isomorphism. Since
FI (E. 6T)~ FI~ (Ea, dE1»~ II’ (E¡) is free, Pie image of Mi (8T~)— FI~ (E)
contaifis ter 11(E) ané, therebore, ihe image ob II, (d~ lE) — Ji, (lE) contains
ter It (lE) brem which the result follows.

II. MAIN RESULT

Theorcm 1. Leí M he a elosed, conneeted. onientable 3-manifbld. If
<a/li Al = 3 ihen ftn sonze ¡í= 1, 11* (Al) ix isomonpbie (as a ring) lo
FI*(n(5’lx 52))
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Proof. By [he argumen[s of [3] (see also [2]), [here exists a 3-filling
of 41, where fis acube wi[h bandíes and FI1 (T,)— H~ (Al) is trivial for

¡=1,2,3. Leí Wbe a regular neighbourhood of U _ 87$ in 41 ané leí Kbe a
c!osure of ‘VI— W. Tbus 16 is a éisjoini union ob three cubes wiitb bandíes
116<1%. Le[ g< be the genus of 8161 ané g=g~+g2+g,. Consider the
comniutative diagram with exact rows.

./

fo
JI2 (16. a w~ — FI (8W) — FI~ 16

From [be bac[ that [he right vertical bemornorpbism is trivial we obtain
lm iG Ini 1 ané, since [he lefí vertical homomorpbism is ente, lm jC lm 1k
Hence lm 1= Im i, which by !emmas 2 and 3, is isemorphie lo
te ter FI~(lE,). Since JI2 (Al, W)~ JI

1 (K)~ Zg, lm j can be generateé by g
elemenis ané, Iherefore, we musí bave ion 11(W) = 0. By Jenima J, it fo]]ows
that ter H~ M~tor 1I~ (W)=0 so [bat H

1 Mis bree abelian. The rank tu of
FI~ 41 must be positive since, o[herwise, cath Al woulé be two. Henee
FI<(M)~ 2” fez 1 1,2, [bat is tbe cohomolegy ob Mis aéditively the sanie as
[bat of n (5” x S

2).

Leí ¡a, ,..., aj be a basis of Hl (Al) and lel {h~ ,..., h
11} G H~ (41) be [be dual

basis; [bat is a1 h~= 6 ,,v wbere vE H~ (Al) is [be fundamental class. Fer
r = !,2,3, 11’ (Al)— FI

1 (7r) is trivial so thai a, is the image of an element
aQ)CH’ (41. ¡‘4 under H’ (41. ¡‘rH FI1 (Al). Tben,for any 1. 1k. a¡.-aí--a& is
zero sínce it is ube ¡mage, in 11~(41,), ofa(Q-~aí?Ñ-a7> dH~(M,T

1UT2U7y~
=0.

Moreover, br any ¿ j. a1~—a1=O because, ib we wri[e ap—a¡ =~¿ ~

then O=ak.—ar--a¡=uÁv se thai tit =0 ber Ar 1, u. This preves tha[ he
cohemology ring of Al is isornorphic te tbat of u (5’? x 52). Ihis completes the
proef of ihe theerem.
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