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Opurnal Control of Quasilinear Elliptie
Equations with non Qfjéreníiable

Coejficienís al the Origin

EDUARDO CASAS and Luís AIBERIo FERNÁNDEZ

ABSTRACI’. 1 n Ibis paper Wc síudv sorne optimal control preblcms of systems
governed hy qoasilincar elliptie equations fi d ivergence forrn with non d iffereníiable
cocífie e nl s ¿it 1 he o rigi fi. Wc p rove existefice of sol u ti ons a nd denNe í he o pi i malily
cond ilion s hy ce nsid ering a peri u rbalion of 1 he d iffere fi t al ope rat<> r cee lic en ís ibal
rernoves ihe singnlarity al Ihe orígin. Regu~anty of oplimal conireis is ¿Use deduced.

1. INTRODiICIION

Wc will be considering optimal control problems involving the differenlia!
eperator

— div«p(x, ¡Vv¡)Vv) + ¡‘(xv) (1.!)

witb~: f1N(0,+~)—(0, +~) ané @: flx ~—.fi, where U isa beunded open
subset of fiv witb Lipsehiíz con[inuous boundary 1’.

A ut he rs haxe stud ied control preblems associated with q ucisilinea u dli pi ie
operaleus it] [2, 3, 5]. ‘[he novelly of [bis work is [hal 1 he non d iblerení a bi 1 itv
ofy (y,.) at O is a!!owed, which causes ihe non differeníiabiliiv of síate with
respecí lo ihe centre!. This is fiel cm ebstacle te prove exísíence of optirnal
centrols. buí it becomes complicated lo derive ihe opuirna!iiy conditions. Te
overcome ihis éifficulty. we introduce a family nf approximating conirol
problerns thai bali la Pie elass of problenis treated in [3,5].

Ihis resc¿arcl, was parliallv supporzcd hy DG íCYI (Madrid).
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Operater A intreduced aboye is less general iban these enes studied in
[2. 3, 5] Ncvertheless, rnost of the known q uasilinear ellíptie opcrators helong
[e this elass. Next. we establish the hypotheses en A.

Leí h: ti x [0, + ~) —[0, + ~) be Pie funcilon defined by

h (y, x) =y (vs) s

Wc will assurne the follewing conditiens

(¡.2)

I
b ( .,s) is a measta rable fund ion en 11

í/J(x.) belongs te <Y (A)
(1.3)

A> (A + ~)o—2 ~ éx (y, s)=A2 (A + x)>—2

Oh (y. x) =‘~2 (A + x~’—
2x

1=1 dx,

Vs E ~R

h(x, 0)= 4~í(x, 0)=O

Vs e (0, + oc)

VSE (O, + oc)

ter soine A E [0, 1]. sórne a E (1, + ~, sorne stricily positi\’c constanís A>, A,,

sorne positive ané non dccreasing funetion f and a. e ..VE fi.

Leí us consider dic boundary value problern:

f
Aí’= a

i’=0

in Él
(1.8)

013 1’

Wc rnake the fe!lowing adéitional assurnptien en a

a> N~2 (!.9)

¡ n i he scq ucí. W—~~ (1 fl xvi!? denote t he dual of ihe usual So boiev space
IB,’, ( 1) ( + 1 = ) and (...) iheir d ualitv prod ucí. Also. D (fi) xviii denote

fi
ilie spacc of ínfiníie?x’ differcl]iiable fuaictions ~x’ííha coo]padt suppoii in 11.

(!.4)

(1.5)

(1.6)

(1.7)
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Wc will prove that problem (!.8) has a uniqne solution í’,,E
Wta(O) A L’~ (fi) for each ve U(O). Hypoihesis (1.9) is essential te deduce
ihe boundedness of the solution y,.

Re mark:

Hypoibesis (!.7) can be weakened in ihe following ben:

In this case it is enough te de ihe ehange

Leí us give sorne examples ob [he principal par[ ob operaiors A ibat satisfy
previous hypotheses witb b~ O (Ox[0,+%):

Examp!e 1.—(Case a=2,k!=O)

‘p(x, s)= X(x) ±sin(mx) +s”2

with XE (‘1(0) such thai 2<X(x) VxEfl.

ENample 2.—(Case a<2, 4=0)

~ (s) =

Example 3.—(Case a<2, 4!=0)

y (x, s) — sin3 ¡ lns¡’ 2.exp (—x) + X [e) (4 +s<2

with Áe (“(fi) such thai 0<X«<X(x) Vxefl for a subficienílv large
constaní A».

II a> 2 ané A = O, it follows easily frern (1.2), (1,5), ( ,4) ané (1.7) tbat
Oh

b EC’ (Ox [0,+ oc)) with —
5—(x. 0) = O. iherefore, [he operator A satisfies ihe

hypotheses of papers [3. 5], as we will see !aier (lemnia 2.2).
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Leí us introduce ihe fellewing optimal control preblern:

I
Minirnize J(v)

(1%) (1.10)
pEibf

where 31 isa non ernp[y. convex ané closed subset of 1) (fi) and J: L2 (ti) —

is ihe funetienal defineé bv

.1 (v)= 1 ¡¡1% ~,¡2 dx + g (1.1!)

with
thai ‘~ a bixed clernent ob L2 (ti) and p a non negative cens[ant. Let us remarkthanks to (1.9). it is verified ihe continueus imbedding

flema rk

lf we supprcss (¡.9). it is possible te carry out the study of (P,,),
substit uting (1 .6) by condition

fez ¿¡II xEti ané ¿ilí sER

2N
Nevertheless. fez ! <a= ami N=3, we musí formulate ( E,,) iii a

N+ 2
sí ighí differení forrn. Variations are rnot ivaied bv [he fací thai in [his case
W,’,”(fi) is ¡mi irnbedded in 12 (Él) (see Casas ané Fernández [2]).

The plan of t he paper is as follows: iii ncxt seetien, Wc siate sorne auxiliary
lernmas aboui [he d ifferential operator amé state eq catien; in Section 3, wc
prove existence of soluíions and forrnulaíc ihe optiínality neeessary cendiiions
or ( E,); Secticus 4 ané 5 are devoted te ihe p roef of these eptirnaluy

conditiens: in lasí section, we obíain fi’ (fi) regularity (resp. U”” (fi) ifa <2)
ter eptímnal cení ros.

2. SOME AUXILIARY LEMMAS

Ji~ ibis sed ion. WC prore ex sience. u níqueness amé con tinucus dependence
of selutiens of l)irichlet probleni associated with eperator A as wcll as sorne
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periurbeé operators A~. We begin showing sonie properties abou the coebfi-
cienis:

Lenima 2.1. Leí tís suppoxe (1.2), (/4) aud h (x, O)= O. ihen, Mene are
/>osiiiro eonstauís A2 atid A4 dopendfizg ouA’ en a, A, and A, sueh 1/za!

A3 (A + y)”—
2 < .p (xx) =A

4 (A + x)«2

Proof

Using (1.2) and ihe bací ihal b(x,0)=0, we gel

VxGfi, Vse(0,-4-oo)

tP(xs)x=b(xx)={ ~ (x,í)dí

In viríue of (!.4), wc have íhat

A~ j(k+ÓÚ—2/1=
Ob (y. fldí=A,

Ifa =2.it is elear that

(A + í)a—=dí= A
(A + s)fl—i —A

a— ¡

A (A +s)a—2 — A”—’ ±s(/c±s)Ú—2
= a— 1

lb & =2,applying ihe rnean va!ue theorern, it bol!ows tha[

(A + x)”—’ — A”—
1

a—’
— A(k + 0s)>~—2s=A, (A +s>’—~s

because 06(0, !).

In any case, we obtain that

¡nf

A
3(k+s)o

2=so(x,x) VxEfi. VxE(O.+ZC)
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A>
with A,= (II a=2)ané A,zzá¡ (iba=2)

a—l

Fer the upper beund. !et us rernark thai if a =2.it is verified that

A 2 ¡(A + tY>—2 <~< ¾(A + s<2 5

uncí if a=2,

A, f (A + it2 <It = A,
a— 1

1,
- (k + x)a—2s

a— 1

A,
Rus, we deduce that A,= (ifa =2)ané A

4 = A, (if cx=2)..
a— 1

Next. we introduce the perturbed diffcreníial operator cecfficienis ¿md
statc u he ceercivitv and growt h cot]d itiens.

Lemnia 2.2. Leí tís xuppose (/2). (¡.4), (1.5) a’zd b (y, O)= O. Eor each
e =O, leí jis introduce a” : ti x 3~ ‘ — 3\ “ <¡cfmcd /,1’

a” (y, ,j) = g [e,e + ¡ ) r~

¡‘betí, a” E Cl (fi Y ~N) 1/e> O aud a”E (‘~1 >< ~M fl (“(lix (3R~\¡O¡))

Aloreo yen, 1/icie exívi a /305/ii ye <oízxiatu í A< ch’¡euzcIuzt~ <ñu/y ouu A’. a. A, ituní
A2 ~ ~ i Iuat

.V 8a~
V

¿Él -~~—<~ n)tt>A;(k+e+~n¡)’
2W2

,~) =A
5(A+e+¡1¡)’ 2

Y,’7)

8W.
‘‘Y4~ —U,

~‘ 8a~
‘5

¿ ¡ ‘

Ion cílí ,v 9 1. ¡o, ciii ¿ e !R ‘ auzcí br ah ~jE R~ (¡es,’. i~ c IM\¡ O 1/u = O).
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Proní.

Given i. jE { 1,..., N¡. it is imrnediaie ío verify ihat

da? dy
____ (x, n)=y(x. e+ n¡)&¡+ (y e+ ¡~) (2.1)
en, Ox

Therebere, we have that

da’?
(x. ~)EC(I1x3V) ib c>0 (resp. C(tIX3N\¡0 j)) ib crO) ané

~ da” Oy

ffi— [e. n)t,t,=so(v, c+ ¡~~2+ (y. c+ ¡nl)
Leí us suppesc ihaí (y. e + ¡n¡) =O. Henee.

dv

“‘ da’?
,¡=í di)>

ihanks te ¡emma 2. ¡

dy
Oi herwise. if (x. e + )<0. usi ng ihe Catíchy — Schwarz inequaliiyOs

ami (1.4). xve gel

da’? dg
—L(x, n)e>t¡=(gcv, e + ¡n¡ ) -l-—y—- [e e + ¡nl>! n¡ )¡st¡2 =

Oh
(y, e + n[)[~2= A> (1< +e+ n¡)” 2t~t2= \3(/< + e + ¡~it )>‘• 2m2

Be fe re p revi ng secojí d i ncq ua ¡ i ty of 1cm nia. leí iís n ele thai 1roni (1 .4) a aid
¡emma 2.1. 1 lollows

0/’
(.v.x)x = —(x.s)—y(.v,x) =(A

2+A4)(k+s)’ ?VveII Vs.U) loo)
Os Os

New. eombining tl]is expression wiih formula (2.!). xve dedtace

N da’? / c
3y

j~ -—‘-(x.n) =¡V~y(.y, c4 ¡n¡)¡ + ¡n¡ —j——(x.e-l In¡)



234 Ii. < ~a,va,v—1.. .4 1,1t0%ide:

< .\5(k 1-e + ¡~¡)o2 wheie A5 = N(2A4-i- A,)

Lasí inequalilv of !crnrna folloxvs directlv frorn (¡.5)..

Lemnia 2.3. Leí us xuppose (/2) — ( ! 4). (1.6) atid (1.7). ¡‘ben. Ibere
e.vÑ posilive <onsiatvx A6 atid =7 depetzding on/y on A’, a, A uncí A, xueb
1/zar

a)X (aÍ(x, n)—a~(.y. n’))(n¡—n»=.M, (1 + ¡n¡ + ¡n’¡ )O—

2¡~~~’¡2 if&=2

Ii) ~ a~(x, i~)~ =A
7(k+~n~)

2¡n~
.1

lÁír!Iuen,u zoro,

e) (¡k(v.s)— ík(v.x94~—s’)=0

ci) zf¡ (v,s)¡ =lx¡/(¡~~)

¡br e =0,~r alí xE Él. alt xx’ E IR anc/ al! n <E IR

Proal

Fez a) ané b). see !ernma 1 of Tolksdorf 13]. Conditions e) and d) follow
mmcd ialclv fron~ the hypotheses. u

Lemma 2.4. le! ox xuppoxe (/2) (14) auzcí 1’ (á, O) = O. A xx¿aíze & < ~
liten, fon eac/z e =O no lía í’e

<¡) (~ VI—al ~iVa ‘))(Vt—Vv’)dx=

Moteoi’er, fuete oyi,si poxfi tve couuxí cuz!.’ \,< <tunl A clepetzcliuzg oízlí mí A’
n, A, ciuzcí A síu It 1/za!

.\~(¡~[ ¡nP
¡bu u=0, lot al! y E Él aun! al! ~jE IR’.
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Proof

a) It is a simple consequenee of Lenima 2.3-a) amé I-Iólder’s incquality
applieé with p = 2/ & and p’ = 2/(2 —

Ví’¡” dx=

= ¡Vy—Vi’’¡2(¡ + Vy~ + ¡Vi’’I)í>—2dx) 2(~ + ¡Vv¡ + Vv’¡Y¡dx) 2

b) It is eneugh te take into aeeount Lemrna 2.3-a) again, hypothesis
<¡.7) and te distinguish [he cases ¡r¡¡ =1and ¡~H <1..

New, we are reaéy te derive existence ané uniqueness of so!utien fer the
Diricblet problerns. First, fez each e>0, let us introduce the perturbed
differential operator

and [be correponéing Dirichlet problems

{A~v=v (2.2)

SI,
Utilizing previous lemmas 2.2 — 2.4. we can apply the resu!t of Raketosen

[!0] [o deduce that. given vE L2(fl), there exists a unique íJr)E
1V,’

1” (fi)fl L’
0(=1)solution of (2.2) for each e>O (resp. there exisis a unique

E W,’,> (=1)1?L>~ (fi) selutien of (! .8), ber e = 0)

In die fol!owing result. we show ceniinuous dependence wiih respect te
ihe da[a bor [his iype ob equations.

Lemnia 2.5. Leí Lis xuppoxe (/2)— (/4), (1.6)— (/7) atid (1.9). Giveuz

e =0,/eí ½E W¿’> (fi) be the selutien ob

I
A~i:¿ in fi

en 1’

au¡c/, frr cae/u ni E IR. leí í~ E ¡44’ (fi) sal ixfi

I
/l~I ¿y, in Li

y=0 en
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íviíh A = A. A sxunze 1/ial u,,, — u iteak/i bu L(tl) as u/u — + oc

¡‘heiz, ít> — í’,. ~ ~ 0 (11) cus un — + oc

Proof

First, leí us rcrnark th¿,í u,,, — u in FW’~ (fi), hecause /2 (=1)C W—’(’ (fi)
with cernpaet irnbcdding (Adarns [1]).

Frem [he relatiens saiislicd hy ½ané iQ. it follows that

(~fr(1. Vi’) — ~‘(v. .t’~)) (VJ’ —‘y) dv+j, (a’}.x, Vfffl—

a” (y. Vv, )) (Vtt’ — V”j dv = (u,,, — u, s’~’ v~)

Suppose cr=2. Applying a) ané e) of Iemma 2.3. we get

Finallv. usi ng the equivalen no rm in W,’1 “(fi) (see [1]) a né i lic hypotl]eses.
~vcobtain

Jo½— I~ II] n’¿” O

[u the e¿íse a<2. argufi]ealtaiion is similar using emma 2.
4—a>. .

3. LXISTICNCE OF SOLUTION ANt) OPTIMALITY
CON D!’l’IONS

Wc begin showing ex istence of so luí io fis of pro 51cm ( 1’,,) defined iii

Theorenx 3.1. Leí ¿ix sitppoxe (1.2)— (1.4), (1.6)— (1.7) aízc/ (IP).

Axsuuzze (lucí!

¡¿aher Ji ,x ho¿auc/oc/ in ¡.~(1I) or p>0.

lizo,u. Huero evl?sís (a loa’i) olze solía fiuuu of (1>,).
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Proof

Leí ~ CM he a miflimizing sequence ¿md fl,,},,~ ube .sequence of
asseciaied siates. By the hypothesis, diere exisis 77EM ané a subsequence
(again deneted by {u,,}) such iha[

u,, —77 weakly in 12 (fi)

31 is a cenvex and clesed subset of L2 (fi). Fhereforc, 31 is wcakly c!oseé
in L2(fi) ané T7EM.

Leí y be the asseciated s[ate of ñ. Prorn lernma 2.5, we obíain thai

in W¿” (II)

The lower sernicentinuity of J in the weak topology ob L2(f.I) and ihe
imbedding W¿”’ (fi) C L2 (fi). compleies the preef.

Optiniality conditions for preblem (P,,) can he fermulated as follows:

Theorcm 3.2. leí ox xupposc (/.2)—(1.7) auzd (1.9) n’iih k!=0 a>2.
Assunuú ¡ha¡ 31 ix a haunded ,vuhse/ of L~<I». Leí 27 be oso/abon qfUtj 7
ilue axso<iaied siaté’ azzd f1« = vE fi: VV (x)¡ >0 j ¡‘lien. ilzoro oxisis
p e í4 (fi) (rexp. ¡4’,’,’, (11) 1/ & <2) suc/u ¡Izar

—div (y (x, ¡VTUVV))+ ql (x, ~=77 iii fi
(31)1

v=0 mu 1’
—div ((q(v, ¡Vii) ,~ ~P (x VV) N~7(t )v~) +

+
Ox — ~ in fi,, (3.2)

<p+ pii)(v—77) <Ly=0 VvEII (33)

u’hero ¡ dc¡zoíex ¡he idenril y matnix A’x N ancí VY . V3’ T </ofloits ilzo N x N
dv av

uuuazniy uit/u <oef/uients —<-—. 1 < i j=A’.Ox
1 dvi

Proof of 1 his theercm red uires a raí her long develop riení arid u wil 1 he
carry eut in Sed icos 4 ané 5.
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Remarks

1) Rcmem ber that i f a >2 amé A = 0. it follews fron] thc hypot heses that
a,,

hEC’ (fix[0,+oo)) with —(y, 0)=O and v.e apply dic resulus of [3.5].
Ox

2) 1 n the case & <2 a aid A = 0, xve can ohtai n sorne adé itional inbo rrnat ion
about t he adj oint siate 77:

VJY(v)=0 ¿i.e.v Efi\=1«

See the ené ob section 5 ter the proef.

3) !ntroduction of set fi,, was suggested hy thc work [6] of A. Friedman.

4. AN APPROXIMATING FAMILY OF PROBLEMS (~)

Let 17 be a solution of (E,,) (see theorern 3.!). In erder te derive the
optirnality system bor U. we introduce the following farnily of control
preblerns: { Mininiize J~Ó’)

wherc the cost functienal is given by

Ju00 —~-j, ¡lÁv)—i’íKdx+ jj, v¡2c?y+

ané í~ (ti) is thc solution of (22).

Followi ng resull can be preved argu ng as in theorem 3. 1 , with the aid of

lemma 2.5

Theorem 4.!. Leí os suppose (1.2)— (/4), (¡.6)— (1.7) and (1.9). Ibeuz,

frr em/u e> O, 1/zere oyíxis (ai leas!) oíze soljílon of (~t)
Before dcrivi ng the opt i mauitv cené it cris fez ( i~), we need te define sorne

funct ional spaces.

O ixeny e Ii’~”(fi). ¡ct ff{r(fl) be [he space completed of D(fi) respeez te
¿he norní

Li¡ttk’{tt>=(~f(l —b IVtD¡¡—2P~ri2c/x)’ 2
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It may be easily verified uhat HWY(fi) is a Hilbert space with [he inner
product

(z ,:,) =f (1 + Vy )¡>—2 Vzí Vz, ¿[y

Mereover. we have

JI¿(fi)C JIB.L(fi)GI ¡4/
1l,¡(fi) if a=2

with continuous irnbeddings.

Mere general spaces of this type have been stuéieé by Murthy and
Stampacehia [9]. Coffrnan ci aL [4] and rrudinger [15].

Since operator A~ sazisfies [he bypetheses ob [3. 5] (see lernrna 2.2), xve
deduce the following resu!ts whicb are ana!ogue te [5. theorerns 3.2 and 3.7].

Theorcm 4.2. Le! jis suppose (1.2)— (¡.4), (1.6)— (1.7) and one of ilze
fbllowing couu/iiions:

U cv=2.&>N/2 ji) a<2andNzzI

Eon cae/u e >0, lot u~ ho a so/uuion ~f (E,) azud ½E W¿ ‘(=1) ¿he axxociaiod

suzie. ‘¡lien 1/zote e.yisís a unique p~ E H~’ (11) xuob thai
(— div (a~ (x, Vi’~)) + ql(v, í’j= ji, in 11

1 (4.!)i’~ =0 en 1’{ —div (y, VIL) V13r) + 17(.v, ½)p~ ‘~ —“j in 11

en 1, (4.2)

f(pc+Pur+ttc—.17)(ti-ur)dx=0 VvEM (4.3)

Theorem 4.3. ¡ci ¿ix xuppose (1.2)— (1.4), (1.6)— (1.7) azud otie of ílzo
/olloiting <otiduiiOiiV

i) /<&<2 and N=2 Ii) ~tI~<cv<2 atud N=32
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¡¿en cadí e >0, leí u~ he a so/u/ion ql (E,) atid v~ E W¿ “(fi) Mo axsoeiaíed
siale. llípíz ibero eyixix p~E Wj<’ (O) xa!ixjí’in~ (4/)— <‘4.3) arud

f V/4— (y, VíjVpy/’ _____ (x .í’t)p~ dv=f(“~ — y,,) pt dx (4.4)

Remark s

1) Thcre exists a unique solution in J¡¿3~ (fi) of problem (4.2): it is
enough te censider the hilinear ferrn defined in HJ>” (11) by

da” 1

fi(z>~:z)=f V,T ~t ~jV7dy+ 1
v~. ½ 2j,> Ox (y. i’Jzí z2x

ané te app!y the Lax-Milgrarn theorem.

2) In thcorern 4.3 (case &<2 amé N> 1), we can only prove that p~
be!ongs te W¿ <‘(fi) and satisfies the eq uation in the d istri bution sense. 1 n
general we can net guarantee the uniquencss of p< In relatien with this
question see Serrin [II].

Bebore stating in what sense thc problern (E,) is approxirnatcd by ihe
problenis (E,) we need te prove two previous lemmas:

Lemma 4.4. Leí os xuppoxo (/2)— (/4). (1.6)— (1.7) and(I.9). Eor em/u
c>0. leí (a’. (¡‘3. ti~) helong re (W¿” (fl)fl L’”(fi)) x L

2(fl) atid xaíiyfv

div (a’}x, Víy(vJ) + ql(.xjy (ti~)) = z’< in fi

i’~(u.’,) =0 en U
(4.5)

Leí ox asxunze 1/ial {ía ¡t>II ix I3owzdoc/ iu U (O). ilzeuz ihere eyLvís C’> O
smb 1/za!

¡i~ ÓI)I¡ ,í~’’>’>, + ¡L”~ (~3L in’> < C fbr a// u >0

Proof

[he heunded ness of Iíy ( ¿‘¿L>, in lE’ “(11) is a si nipíe consequenee of
lcrnmas 2.3 ¿md 2.4.
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Wc wiII prove thai ¡‘y ( ej L>o is beunded ¡u 17(11).

Firsí. given r>O, we consider

max fly(v~.)—r, O} aud 4Jr)~( .vc(1 :¡‘~(vj(.v)=r

Wc have c<(vj¿ W0 “(11) aud

Vi¿ (~~> ( = { Vy(a) ifxcAJr) (4.6)

ifxC .A~ (r)

br almosí every x in 11.

Using Hólder’s inequality aud lemma 2.3 or lemma 2.4, wc deduce from
(4.5) and (4.6) thai

C(IIVl”(Vr)II<i~a<i<rn — in (A~(r)) I’¡¡V.íj(v~)~I /~(A~(r>) ) <

=c(¡ivy (Mil?~>,1 rl) — IIVg(vjII r ‘~fl) ~

y (x. e + ¡Vi’ (~~) ) Vi’’ (ej ¡2 ¿/.v f (r) ~, (x, IL. (e)) ~U (~~) cix =

y (x, e + 1 V’y (~~) ) V’i (Vr) V’~ (ej dx ~í (x. ¡y (~~)) ¡< (ej dv=

vi er.¡~(vr) ‘~~‘Jirr ~~‘‘‘(~~) dx=II ¡‘JI ,=,1>,>~ IIg(¡’r)II ¡t•¡LíÑ¡

Thus, by the cont¡nuity of ihe ¡mbedding W¿” (11) G LP (11). w¡th p =
a

(¡fa< ¡Y) or p>2a(ifa= ¡Y), see Adarns ¡ji]. aud ihe hypoíhcsis. we gel
a-

¿A fi) I~’’II ¡—II Ir))¡h:(vj¡¡ ~ \~t IU¿,’d1C >U W
1r (y))1 =C~ ¡IVA Oil

=Q m(Ajr))’ 2—1 <¡ ¡r(¡’)~¡ ¡P)) iru C
2fl>(ÁrO))’ 2—1 p¡¡ yr(e) ¡~‘“

and hence,

ej kl~)r)) =C3n¡(A~(r))’ ~—> ~ (4.7)

N ow. leí x y >0: hen A r (s) G
4r (y) and morcover

(v,•) tít (Ab. (u))’” = II’’(vjII pfl•lrku =¡I¡’<¡’j¡¡ ¡“¡lcr>) (4.8)



242 E ( asa~— 1. tI , /Q’r,,¿,,c/¿’:

l~Om (4.7) aiid (4.8) it fulluws

C4 ~í
¡u (Á~ (s)) = ni (tt~(r))

(A•— K) ~

Finallv, app¡ying [emma 4.1 uf Stampaeehia [12] tu the unetion
~~(¡)¡4Á~Ó)) for i>O. ant] iiúting that thanks tu (¡.9)

it 01 kIW’S t h<2 ex istenee uf a cunsí ant ~ < + ¡ ndependcnt of e s ueh <¡ial
¡ir) (x) =(~ a.e C ~.

ay. taking (e ) — mli <he sanie xv in {iy ( u) —4- 1, 0¡. we derive the ex istenee
uf (~ > —~ such t hat ½(eh.) Cv)=Cj a.e. vG br everv e>O. u

Lemnia 4.5. Le¡ us st¡ppose (¡.2)— (1.4). (1.6)— (/7) aud (/9). /I.VVW)Ie

¡¡¡<it ti~ — it íeuk Ii it, U (11) os e O. lijen, ½(eJ — u,, in I’V/ “• (11) oS E — O.

Pronf
[-mm preVicus 1cm ma we derive that h. ( v~) S is bounded u <Y (~ 1).

Ib iís. t here ex st a su bsequeííce (again denoted ¡Ir (>r) Fr>O ) and íG W& « (~ 1)

.stíeh tliat

½( ~ — u weaklv ni ~“<Y’(fl)

Fu rt hernio re..íy (e) is tlíe solni ion uf (2.2) xvii h u = v~ aíid then we líave

f y Cv. c + V’< (M ) Ve, ( u~)V~ <Lv —f—f 4i (x, ½•( uL.fl~dv p~ d.v (4.9)

POr provr¡ig that v= it is sufficient tu pass lo tic Iimit in (4.9) ase—O.

lo y rt tic uf b). d) uf ‘e ni ma 2.3 and [cm ma 4.4 we have

f ¡0(x. 2+ ¡V<y(u~)¡)Viy(v~)IÍh/.v=(~i (k+e+ jVix(ujjtcLv= O

f ift (-‘. <7 ( p))J/1 <iv <
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Therefore, we may infer that there exisí a subsequence (denoted iii the
same way) and xG(L~(fl))N sueh that

so(x, 2+ ¡Vy~(vJI) VY~(u~) x weakly in (LO(fl))A

~‘ (x, Yc (ve)) — ~fi(x, u) weak[y iii L1~ (11)

Let us introduce the element L of UW’’~(fl) delined by the lormula

L (~) x V~ dx

Letting ctend to O in (4.9) we deduce

L (k) (u — i4r(x, y))~ ¿Lv (4.10)

for aL qe W&a(ffl. Moreover, by (4.10) and <he strung convergence of v<(v~)
to y in L2(fI) and La(a)

íimsup (f s~(x,c+ IVvÁv~)I) IVJtO>c)I2dx)=

= lirnsup (f v~ v~ (~~) d.x ~ (.v, ½(ve)) .w (~~) dx) =

(u — ~¡ (x. u)) “ ch — LO)

Since <he operator ~/: W¿Ú(f1)~. W’~(f1) defined by

(~/V, w) EL q’k. Vi.I)Vu Vn’ ¿Ix

satisfies M-property (Lions [8, pp. 171-187]) and 0~’íy(v~) L weakly in
WA.t3 (fi), it is verified that

f ~p( y. Vil) VrV~ ¿Lv +frk (x. vb~ dx u~ ¿Ix v~ e wyÓ (11)

1-lence, = u,, aud then

ir (“e) — u,, weakly in W<~ «(O)

Finally, from <he aboye results and lemma 2.3, we conelude in the case
&=2tliat

limsup .X<, IJVi~(uj—Vi,L7<
0,=

2
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=í¡rnsupJ (‘o (x,2 + Vít (tic) ) Vv. (tic) —y (x, 2+ ¡ Vu,,l )Vi~,) (V.v~ (v~) —Vi;> ¿Lv =

limsup J v~ (ty (tic) — y,) ¿Lv —j 14 Gv, ji (pr)) (•íy (tj — u,,) d.v O.

In Ihe case a<2, the argument is the same. utiliz¡ng [emma 2.4.

Hence. ½(ti) —.í’ strongly in W¿” (fi). as e—O..

Theorem 4.6. Leí os suppose (1.2)— (1.4). (1.6)— (1.7) ¿aid (1.9). Leí ue
lic a so/itt lot? of (~).Sel Y = ¿mn¿I .u~ = <y (u). Then, wc’ huye

u ja ¡44’ ((1) (4. 1 2)

— í(Tt) (4.13)

(15 2 0.

P roof

Applying prev¡ous ¡emma <o v~ =11 Vc>O. we deduce

y <‘t) y iii Ji’’” (1 ~)

Since nc 31. it íolloxvs that br ah c>O

2 uU u¡¡IhL)=j(uC)~.4(u)= C~ (4.14)
It us. ¡u~ ¡u.->,> is bounded ¡ u U (fi) aííd selecí i ng a su bsec~

necessary. we may infer that there exists acM such thai

‘‘u ~ weakly iii /(11)

U sing unce mure [emma 4.5. we obíain

— u, in W&

¡—<uní (4. [4) aud <he lower semiconí iííuitv uf .4. we gei

2 P ~ + ¡ ~2 2
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1 ~ <2 s 11—1=[imsupJrÓ¡r)=lim -4 (‘ji)— iif—.Yii¡=< 1
c e 2 ~ —~ <lii,

Siríce 77 is solution of (P<,), we know <bat J(ñ)=J(u).<bus ¿¡=77 and

J~(u~) —J(77) as

Moreover. u,, converges strungly towards 77, because

1. [inísup ¡u~ — U¡~
12<01 S limstip (ir (uJ — ¡Lii <iAL <<tui — ¡~ tiJ¡,=<0>) =

2e

5. PROOF OF TI-IFOREM 3.2

[ti <líe preceding seedon, gíven 77 a solution of (P,,), we have ubtained the
optimality cund¡tiuns fue the solutiuns of tbe perturbed prob¡erns. Herealter,
our purpuse is tu pass tu <he limit in eonditions (4.1) —(4.3) With the aid of the
last resul<s. Wc will dist¡nguish tWo cases:

5.1. Casecx=2andk#O

Let lPrIr>uíC Hg
0~(fl)C ¡-¡¿(11) be given as in theorem 4.2.

App¡ying (4.2) tu p~, we derive

acír
fVr¿-~— (x, Vi;) Vg cLv+f =~

it asir) />? ¿Lv =f (iy — u) Pr ¿[Y
By lenínía 2.2, ([.6) and Hé[der’s inequal¡ty, we tuve

A
3k”— 2f ¡Vp~¡

2dx=Mf (k+c+ ¡V’yIY’2 IVPrI2¿¿Y=CIIPrlIr:<u (5.1)

¡ u particular. since k !=0.it ÍoI[uws miii (5. 1) thai ¡Pr K
0 is a bou uded

sequeííce i n !I¿(fl) and there exís< a su bseq uence (agai u deno<ed p~) aud a u
elemen< p~ II¿(f 1) such that

i>~¡> weakly in fl,í,(fl) (5.2)

[t is ininíediate lo obtain (3.3) <aking ¡1<0 accourít (4. 1) aiíd paSsiiig <o
t[íe ¡¡mit iii (4.3) as e — O.



It reniains tu verify that P satislies equatiun (3.2):

Since ue3iC L~c(fi) and thanks <o ¡emma 2.2. we can apply a Tolksdurf’s
resulí [13] aud deduce thai dic optimal síate Y belongs Lo C’”(f2) br sorne
O<p< 1. Tberefore, fl<>=¡xcfI: IVY(x)l >O¡is an open set of ~X

Let ~e D(fl0) and Ictus denote sup 4=T1’C fi. Our purpose ¡Sto pass tu
the lím¡< as 2—O in the folluw¡ng expressiun

Oc
(.vjVv;)Vp~ dx+f (.Y.Vr)Pr14 dx=j (<—ít) ‘/‘ ¿Lv (5.3)

Util¡z¡ng again <he Tolksdurf’s result [3], it fulluws the ex¡stence of
cunstants C< and <7, depend¡ng unly un N.a, A1. A2, d(f1’. E). ¡¡uj¡p’«~ aud
lIYrlI ¡.“ucn such that

IVI’r(X)I=Ci VxEfl’

Ey byputbeses, 31 is bounded u L~(fl). Furtbermure, we knuw tbat
,~<> is unifurmly buunded ½a constant independent ube (see lemma

4.4). Thai, we can apply Ascoli — Ari.elá tbeorem to deduce tbe existence uf
a subsequence (denoted ¡n <he same way) such that

VVrCñ~VY(X) un¡formlv in YI’ (5.4)

By ulber haud. in virtue of lemnia 2.2 and taking cE(O. 1) Wc ubtain <bat

Cx. Vr) < \5(k + e + ¡Vr~It
2=A

5(k + 1±Q<’~
2 V.veIl’

Iak i¡ig i ito accuunt (1.6) and [emma 4.4, it fulluws <bat

~y Vr) =f(¡l~y II )=C~ V vG(1 Ve> O

Ihanks <o <he hvputhcsis ([.3), emma 2.2. cunvergeuce (5.4). (4.12) aud
<he I)orninated Cunvergence Theorem. we deduce <hat as e—O

614 014 tUI)
—Cvi’)— Cvi) inOs Os

dar Oa<>
_____ (.v, Vi’) — y— (x, Vv) ¡u (¡<<£1’)) NY A’

br al]

Nuw. we can pass tu <he ¡ ¡ níit ¡ n (5.3) w¡t h the aid uf (5.2) and (4. [2). a



Op finial Cotítía! of Qítasilinear El/iptic liqíun btu.’ <tít/u uoí u Ifl¡/¿”c’nt ¡a/u/e... 247

5.2. Case a<2

Let jp~}C W1
1;a(fl) be given as iii theurem 4,2 (II N= 1) ur thcorem 4.3 (ib

N> 1).

Using tbe same argument as in tlíe prouf uf leníma 2.4—a) and the
conclusiun uf [emma 4.4, we gct

II VpJI j<~=c, (f< (k +c 112 dx) (5.5)
+ IVIrI)2”’

Combining [emma 2.2—a), ([.6), (5.5) and taking into accuunt that ~ is
sulution uf (4.2) ¡1 N= 1 ur using (4.4) II N> 1, Wc deduce

IlPrllt<t..«
1> =<72 (J~vpi—y’- 9) 9 aq~ ES, .¶OÑ ¿Lx)=

=<72 f (j’ú — .V~t) Pr d.x’=Q lIj’~ — .giIl ¡2 j~ <>11/4=1111~.‘ 1

Remiud ‘¿bat W¿<’ ((1) C L
2((1) thauks tu ((.9).

Thus. [prlr>u is buunded ¡u W&’<(I)) and i< is possible tu chuose a
subsequence s (n) —O such tbat

ProuíP weakly in W&<’(II) (5.6)

for sume pE W<Y” (II).

Rest uf ‘¿he theurem fu[lows exac<¡y as in <he previuus pruuf..

We curiclude ‘¿bis sectiun prov¡ng thc fullowing addi<ional pruper<y abuut
pin the case a<2 and k=O:

Vp(x) O a.e.x E fl\f1<> (5.7)

Let K be a compact subse’¿ of tI\fl
0. Thai, we knuw <ha<

Viy(x)—.Vit(x)0 uniformly in A’

Olverí b>O. <bern exis<s e’>O such <bat

(c+ IVi’~(x)I)
2”<<5 Vc<c’ VxE A
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Nuw. tbanks tu (5.5), we deduce

Vnj~dx=( 9,4.12 ¿i.v=c~+1k A <~ + V½!k”

and we can cunclude tbat

— VP weak [y iii (¡‘2 ( A))5

Hence, we bave

IR IV/t2 dv<n~inf1K Iwi~~,<Pdx~ C~a
wbich imphes Vp(x)=0 a.e.x e K.

Since 1I\f1<, can be writ<en as a cuuntable uniun uf curnpact sets (except

a set uf measure zero). asser<iun (5.7) hulds.

6. REGULARITY 01$ THE OPTIMAL CONTROL

In this Iast section, we deduce sume qualitative pruperties abuut uptimal
cun’¿ruls. using the upU niality cund it ¡ons.

Thcorem 6.1. Les <ix suppose thai p is siria/y positive ¡ti (1.11) ant]

M=lvcL2¼fl:ni=v(x)=/14a.e.xefll

II’ (=1) jf ~ = 2
wi¡h—~<m< M<+OQ. lijen. 77E

U a < 2

Pruol

Jnequality <3.3) charac<erizes 77 as ilie projecilon of—2 un 31. Henee, it
folluws tha<

iii (x) = rnax {n,. níin {~~L 71(x). Al fi a.e.x cfi

Wc conclude dic pruuf nuting <bat funetiun /: 3\ — 3R defined b

f(s)= mas jm, íiíin { st!
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is unifurm[y Lipscbi<z, using lemnia 28.1 uf Beyes [¡4, pg. 261] aud ‘¿he fact

I 14(n)
<ha< 716

W¿c<%1) ibcx=2

Remarks

1) U Oe [ni.Al], moreuver we obtain tha’¿

2) II p=O, it folluws frum (3.3) ‘¿bat

¡ti] ib p<’x)=0I x9=rn ifp(x)>O

E[in
ib p(x)<0

Wben p(x)#O a.e. xefl, we have that 17 is «bang-bang».

In the conditions ubtbeurem 6.¡ and if N= 1, líe Hólder cun’¿inui’¿y olzi
<ri fi is a cunsequence ob the Sobo¡ev imbedding theorení. In general (N> 1),
assuming ‘¿hat £tE Lti (t1~) with p’>N/2, we can apply Theurem 14.1 uf
Ladyzhenskaya-Ural’tseva [7, p. 201] and deduce thatp is Hóldercun’¿inuuus
in (1« (and theri 17 too). see [3, 5].
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