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ABSTRACT

We introduce Hecke operators on de Rham cohomology of compact oriented
manifolds. When the manifold is a quotient of a Hermitian symmetric domain,
we prove that certain types of such operators are compatible with the usual
Hecke operators on automorphic forms.
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1. Introduction

Modular forms, or automorphic forms of one variable, are holomorphic functions on
the Poincaré upper half plane H satisfying a certain transformation formula with
respect to an action of a discrete subgroup of SL(2, R). They can be extended to the
case of several variables by using holomorphic functions either on the product Hn of n
copies of H for Hilbert modular forms or on the Siegel upper half space Hn of degree
n for Siegel modular forms. More general automorphic forms can also be described
by using semisimple Lie groups. Indeed, given a semisimple Lie group G of Hermitian
type and a discrete subgroup Γ of G, we can consider automorphic forms for Γ defined
on the quotient D = G/K of G by a maximal compact subgroup K of G. The space
D has the structure of a Hermitian symmetric domain, and automorphic forms on D
for Γ are holomorphic functions on D satisfying a transformation formula for Γ.

Hecke operators play an important role in number theory, and they act on the
space of automorphic forms of various types. Hecke operators acting on other spaces
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have also been studied in a number of papers over the years. For example, Hecke
operators on group cohomology were introduced by Rhie and Whaples [7], and their
q-analogue was considered in [6]. Such operators were also investigated in [4] and
[3] in connection with modular and Hilbert modular forms, respectively. If f is an
automorphic form D for Γ described above, then f can be interpreted as an algebraic
correspondence on the quotient space Γ\D, which has the structure of a complex
manifold assuming that Γ is torsion-free. Such a correspondence is determined by a
pair of holomorphic maps λ, μ : Γ′\D → Γ\D, where Γ′ is another discrete subgroup
of G. The maps λ and μ can be used to construct a Hecke operator on the de Rham
cohomology of Γ\D.

The idea of Hecke operators on cohomology of complex manifolds of the kind
described above was suggested, for example, by Kuga and Sampson in [5] (see also
[3]). In this paper we extend this idea by introducing Hecke operators on de Rham
cohomology of compact oriented manifolds. When the manifold is a quotient of a
Hermitian symmetric domain, we prove that special types of such operators are com-
patible with the usual Hecke operators on automorphic forms.

2. Hecke operators on cohomology

In this section we introduce the notion of Hecke operators on de Rham cohomology
of a compact oriented manifold. Such an operator is determined by a pair of covering
maps of the given manifold.

Let M be a compact oriented manifold of dimension n, and let Er(M) with 0 ≤ r ≤
n denote the space of differential r-forms on M . If dr : Er(M) → Er+1(M) denotes
the corresponding exterior differentiation map, then the r-th de Rham cohomology
M , which is a vector space over R, is given by

Hr(M, R) = Ker dr/dr−1(Er−1(M)).

Let M ′ be another compact oriented manifold of dimension n, and assume that there
is a smooth �-sheeted covering map λ : M ′ → M for some positive integer �. Then
the associated pull-back map λ∗ : Er(M) → Er(M ′) determines the map

λ∗ : Hr(M, R) → Hr(M ′, R)

of de Rham cohomology spaces. According to the Poincaré duality, there are isomor-
phisms

PM : Hr(M, R) → Hn−r(M, R)∗,

PM ′ : Hr(M ′, R) → Hn−r(M ′, R)∗,

where (·)∗ denotes the dual space. Then the Gysin map associated to λ is the linear
map

λ∗ : Hr(M ′, R) → Hr(M, R)
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such that the diagram

Hr(M ′, R) λ∗−−−−→ Hr(M, R)

PM′
⏐⏐� ⏐⏐�PM

Hn−r(M,′ R)∗
tλ∗

−−−−→ Hn−r(M, R)∗

is commutative; here tλ∗ is the dual of the linear map

λ∗ : Hn−r(M, R) → Hn−r(M ′, R)

(see [2, §VI.4]). Thus the Gysin map is characterized by the condition∫
M

λ∗(ω) ∧ ξ =
∫

M ′
ω ∧ λ∗(ξ) (1)

for all ω ∈ Er(M ′) and ξ ∈ En−r(M). In order to discuss Hecke operators on Hr(M, R)
we now consider a pair (λ, μ) of smooth �-sheeted covering maps λ, μ : M ′ → M .

Definition 2.1. For 0 ≤ r ≤ n the Hecke operator on Hr(M, R) associated to the
pair (λ, μ) is the map

T r(λ, μ) : Hr(M, R) → Hr(M, R)

given by
T r(λ, μ) = �μ∗ ◦ λ∗, (2)

where � is the number of sheets of the covering maps λ and μ.

Remark 2.2. If M is a complex manifold, we need to modify the above discussions by
considering differential operators with complex coefficients instead of real coefficients,
so that the resulting de Rham cohomology will also have coefficients in C. Thus in
this case the Hecke operator T r(λ, μ) acts on Hr(M, C) and is given by (2), where
the covering maps λ and μ are holomorphic.

3. Quotient spaces

In this section we discuss some of the properties of the Hecke operators introduced
in Section 2 when the manifolds are regarded as quotients of their universal covering
space by discrete subgroups of its group of diffeomorphisms.

Let M be a compact oriented manifold of dimension n, and let D be its universal
covering space. We denote by Aut(D) the group of diffeomorphisms of D, and set

Γ = {γ ∈ Aut(D) | π ◦ γ = π},
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where π : D → M is the covering map. Then Γ is a discrete subgroup of Aut(D)
acting on D properly discontinuously, and we can write M = Γ\D. Thus we see that

Er(M) = Er(D)Γ

for 0 ≤ r ≤ n, where Er(D)Γ denotes the space of Γ-invariant r-forms on D.
We now consider a subgroup Γ′ of Γ with [Γ : Γ′] = �, and set M ′ = Γ′\D. Let

{ε1, . . . , ε�} be the set of coset representatives of Γ′ in Γ, so that we have

Γ =
�∐

i=1

Γ′εi.

If γ ∈ Γ, we shall use the same symbol to denote either the map

γ : D → D

sending z ∈ D to γz ∈ D or the map

γ : M ′ → M

which it induces.

Theorem 3.1. Let λ, μ : M ′ → M be covering maps. Then for 1 ≤ r ≤ n the
associated Hecke operator on Hr(M, R) is given by

T r(λ, μ)ω =
�∑

i=1

(λ ◦ εi)∗ω

for all ω ∈ Er(D)Γ = Er(M).

Proof. First, we shall determine μ∗η for η ∈ Er(M ′). By (1) we have∫
M ′

η ∧ μ∗(ξ) =
∫

M

μ∗(η) ∧ ξ =
∫

μ(M ′)
μ∗η ∧ ξ

=
∫

M ′
μ∗(μ∗η ∧ ξ) =

∫
M ′

μ∗(μ∗η) ∧ μ∗ξ

for all ξ ∈ En−r(M). Thus μ∗η is an element of Er(M) such that

μ∗(μ∗η) = η. (3)

Since Γ =
∐�

i=1 Γ′εi, for each γ ∈ Γ and 1 ≤ i ≤ � we have

Γ′εiγ = Γ′εiγ
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for some iγ ∈ {1, . . . , �}. Thus there is an element δi ∈ Γ′ such that

εiγ = δiεiγ
. (4)

We consider η ∈ Er(M ′) as a Γ′-invariant element of Er(D), and set η̃ =
∑�

i=1 ε∗i η,∈
Er(D). Using (4), we see that

η̃ ◦ γ =
�∑

i=1

(η ◦ εi) ◦ γ =
�∑

i=1

η ◦ (εiγ) =
�∑

i=1

η ◦ (δiεiγ
)

=
�∑

i=1

(η ◦ δi) ◦ εiγ =
�∑

i=1

η ◦ εiγ =
�∑

i=1

η ◦ εi = η̃,

which shows that η̃ is an element of Er(D)Γ. On the other hand, we have

μ∗η̃(z) =
�∑

i=1

μ∗ε∗i η(z) =
�∑

i=1

(εiμ)∗η(z) =
�∑

i=1

η(εiμz)

for all z ∈ D. However, μz is simply the Γ-orbit of z, and each εi is an element of Γ;
hence we see that η(z) = η(εiμz). Thus we obtain

μ∗η̃(z) =
�∑

i=1

η(z) = �η(z),

which implies that η̃/� is an element of Er(D)Γ = Er(M) satisfying μ∗(η̃/�) = η. By
comparing this with (3) we have

μ∗η =
1
�

�∑
i=1

ε∗i η. (5)

Hence, using (2) and (5), we obtain

T r(λ, μ)ω =
�∑

i=1

ε∗i (λ
∗ω) =

�∑
i=1

(λ ◦ εi)∗ω

for all ω ∈ Er(D)Γ = Er(M), and therefore the proof of the theorem is complete.

Lemma 3.2. (i) Let λ, μ : M ′ → M be covering maps of M . Then there is an
element α ∈ Aut(D) such that Γ′ ⊂ Γ ∩ α−1Γα.

(ii) If α ∈ Aut(D) with Γ′ ⊂ Γ ∩ α−1Γα, then the map α : D → D and the identity
map on D induces a pair of covering maps M ′ → M of M .
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Proof. If π : D → M is the covering map for the universal covering space D of M as
before, there is a unique covering map πμ : D → M ′ satisfying μ◦πμ = π. Since both
π and λ ◦ πμ are covering maps for the universal covering space D of M , there exists
α ∈ Aut(D) such that

π ◦ α = λ ◦ πμ.

On the other hand, since M ′ = Γ′\D, for γ′ ∈ Γ′ we have

π(α(γ′z)) = λ(πμ(γ′z)) = λ(πμ(z)) = π(α(z))

for all z ∈ D. Hence there is an element γ ∈ Γ such that αγ′ = γα. Thus we have

αγ′α−1 = γ ∈ Γ,

which implies that Γ′ ⊂ α−1Γα. Since clearly Γ′ ⊂ Γ, the proof of (i) is complete.
To prove (ii) we take an element α ∈ Aut(D) with Γ′ ⊂ Γ ∩ α−1Γα. If z1, z2 ∈ D
represent the same point in M ′ = Γ′\D, then z1 = γ′z2 for some γ′ ∈ Γ′. Since
αΓ′α−1 ⊂ αΓα−1 ∩ Γ, we have

αz1 = αγ′z2 = αγ′α−1(αz2)

with αγ′α−1 ∈ Γ; hence αz1 and αz2 represent the same element in M . Thus α :
D → D induces a covering map μα : M ′ → M . On the other hand, since Γ′ ⊂ Γ, the
identity map on D determines the other map μ1 : M ′ → M ; hence (ii) follows.

Proposition 3.3. Let λ, μ : M ′ → M be as in Lemma 3.2, and let π′ : M ′′ → M ′

be a smooth covering map with M ′′ = Γ′′\D, where Γ′′ is a subgroup of Γ′ with
[Γ′ : Γ′′] = r < ∞. Then we have

T (λ ◦ π′, μ ◦ π′) = T (λ, μ).

Proof. Using (2), we have

T (λ ◦ π′, μ ◦ π′) = �r(λ ◦ π′)∗ ◦ (μ ◦ π′)∗ = �rλ∗ ◦ (π′
∗π

′∗) ◦ μ∗.

If {δ1, . . . , δr} is the set of coset representatives of Γ′′ in Γ′, then by (5) we have

(π′
∗π

′∗ω)(z) =
1
r

r∑
i=1

δ∗i (π′∗ω)(z) =
1
r

r∑
i=1

(π′δi)∗ω(z)

=
1
r

r∑
i=1

ω(π′δiz) =
1
r

r∑
i=1

ω(z) = ω(z)

for ω ∈ Er(M ′) = Er(D)Γ and z ∈ D, where we used the fact that ω is Γ′-invariant.
Thus by using this and (2), we see that

T (λ ◦ π′, μ ◦ π′) = �λ∗ ◦ μ∗ = T (λ, μ);

hence the proposition follows.
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4. Automorphic forms

In this section we describe automorphic forms on a Hermitian symmetric domain D
for a discrete subgroup of the corresponding semisimple Lie group as well as Hecke
operators acting on the space of such automorphic forms.

Let G be a semisimple Lie group of Hermitian type, and let K be a maximal
compact subgroup of G. Then the associated quotient D = G/K has the structure of
a Hermitian symmetric domain and can be realized as a bounded domain in C

n for
some positive integer n (see e.g. [1], [8]). If g ∈ G and z ∈ D, we denote by j(g, z) the
determinant of the Jacobian matrix at z of the transformation g : D → D, z 
→ gz.
Thus we have

d(gz) = j(g, z)−1dz (6)

for all g ∈ G, where dz = dz1∧· · ·∧dzn with (z1, . . . , zn) being the standard coordinate
system for C

n. The resulting map j : G × D → C is an automorphy factor, which
means that it satisfies

j(g1g2, z) = j(g1, g2z)j(g2, z) (7)

for all z ∈ D and g1, g2 ∈ G. Given a function φ : D → C, a nonnegative integer w
and an element g ∈ G, we define the function φ |w g on D by

(φ |w g)(z) = j(g, z)wφ(gz) (8)

for all z ∈ D.

Lemma 4.1. Given φ : D → C and a nonnegative integer w, we have

(φ |w g) |w g′ = φ |w (gg′)

for all g, g′ ∈ G.

Proof. Given g, g′ ∈ G, we have

((φ |w g) |w g′)(z) = j(g′, z)w(φ |w g)(g′z)
= j(g′, z)wj(g, g′z)wφ(gg′z)
= j(gg′, z)wφ(gg′z)
= (φ |w (gg′))(z)

for all z ∈ D, where we used (7).

We now consider a discrete subgroup Γ of G acting on D properly discontinuously.

Definition 4.2. A holomorphic function φ : D → C is an automorphic form of weight
w for Γ if it satisfies

φ |w γ = φ

for all γ ∈ Γ. We denote by Mw(Γ) the complex vector space consisting of all
automorphic forms of weight w for Γ.
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Example 4.3. Let G be the symplectic group Sp(m, R) of degree m. Then the associ-
ated Hermitian symmetric domain can be regarded as the Siegel upper half space Hm

of degree m, which consists of the complex symmetric m × m matrices with positive
definite imaginary part. An element g =

(
a b
c d

) ∈ Sp(m, R) acts on Hm by

gz = (az + b)(cz + d)−1

for all z ∈ Hm, and the corresponding automorphy factor is given by

j(g, z) = det(cz + d)−(m+1).

Let Γ be a discrete subgroup of Sp(m, R). Then an automorphic form on Hm of
weight w for Γ is a holomorphic function φ : Hm → C satisfying

φ(γz) = det(cz + d)(m+1)wφ(z)

for all z ∈ Hm and γ =
(

a b
c d

) ∈ Γ. Such a function is known as a Siegel modular
form of weight (m + 1)w for Γ.

Given α ∈ G, we denote by Γ(α) the subgroup of Γ given by

Γ(α) = Γ ∩ α−1Γα. (9)

We assume that [Γ : Γ(α)] < ∞ and that

Γ =
s∐

i=1

Γ(α)δi (10)

with δ1, . . . , δs ∈ Γ. Given φ : D → C and a nonnegative integer w, we define the
function Tw(α)φ : D → C by

Tw(α)φ =
s∑

i=1

φ |w δi. (11)

Lemma 4.4. Given α ∈ G satisfying (10), the formula (11) determines a complex
linear map Tw(α) : Mw(Γ) → Mw(Γ).

Proof. Since the map φ 
→ Tw(α)φ is clearly linear, it suffices to show that

Tw(α)(Mw(Γ)) ⊂ Mw(Γ).

Using Lemma 4.1, for each γ ∈ Γ and φ ∈ Mw(Γ) we see that

(Tw(α)φ) |w γ =
s∑

i=1

(φ |w δi) |w γ

=
s∑

i=1

φ |w (δiγ) = Tw(α)φ,

where we used the fact that {δ1γ, . . . , δuγ} is a set of coset representatives of Γ(α) in
Γ. Hence we see that Tw(α)φ ∈ Mw(Γ), and therefore the lemma follows.
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Definition 4.5. The complex linear map Tw(α) : Mw(Γ) → Mw(Γ) in Lemma 4.4
is the Hecke operator on Mw(Γ) determined by α.

5. Automorphic forms and cohomology

In this section we establish a correspondence between the space of modular forms of
weight one and a subspace of the de Rham cohomology space and prove that the Hecke
operators on modular forms are compatible with a special type of Hecke operators on
de Rham cohomology under this correspondence.

Let G and D be as in Section 4, and let Γ be a torsion-free discrete subgroup of
G. Then the quotient space X = Γ\D has the structure of a complex manifold of
dimension n. We assume that X is compact. Then for each r ∈ {0, 1, . . . , n} the r-th
de Rham cohomology Hr(X, C) of X with coefficients in C has a Hodge decomposition
of the form

Hr(X, C) =
∑

p+q=r

Hp,q(X),

where the Hp,q(X) are Dolbeault cohomology groups with

Hp,q(X) = Hq,p(X).

Given p, q ∈ Z with 0 ≤ p, q ≤ r and p + q = r, we denote by

p,q : Hr(X, C) → Hp,q(X) (12)

the natural projection map. If Ωp(X) denotes the sheaf of holomorphic p-forms on
X, then there is a canonical isomorphism

Hp,q(X) = Hq(X, Ωp(X)).

Lemma 5.1. There is a canonical isomorphism

M1(Γ) ∼= H0,n(X), (13)

where n is the dimension of X.

Proof. We identify H0,n(X) with H0(X, Ωn(X)), so that each element of H0,n(X)
can be regarded as a Γ-invariant n-form

ω(z) = f(z)dz = f(z)dz1 ∧ · · · ∧ dzn ∈ Ωn(D)

on D, where z = (z1, . . . , zn) is the standard coordinate system for D ⊂ C
n. For such

ω we set
L(ω) = f. (14)
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Given γ ∈ Γ, using (6) and (8), we have

ω(γz) = f(γz)d(γz) = f(γz)j(γ, z)−1dz = (f |1 γ)(z)dz.

Since ω is Γ-invariant, we see that

L(ω) |1 γ = f |1 γ = f = L(ω);

hence we have L(ω) ∈ M1(Γ). On the other hand, given h ∈ M1(Γ), we set

ωh(z) = h(z)dz ∈ Ωn(D).

Using the fact that h is an automorphic form of weight one, we have

ωh(γz) = h(γz)d(γz) = h(γz)j(γ, z)−1dz = h(z)dz = ωh(z).

Hence ωh is Γ-invariant and therefore is an element of H0,n(X). Clearly, we have

L(ωh) = h;

hence the proof of the lemma is complete.

Let α ∈ G with [Γ : Γ(α)] < ∞, where Γ(α) is as in (9). If γ′ ∈ Γ(α), then
αγ′α−1 ∈ Γ; hence for each z ∈ D we have

α(γ′z) = (αγ′α−1)αz ∈ Γ(αz).

Thus it follows that α(Γ(α)z) ⊂ Γ(αz), and therefore the map α : D → D, z 
→ αz
induces a map μα : X(α) → X, where X(α) = Γ(α)\D. On the other hand, since
Γ(α) ⊂ Γ, there is another map μ1 : X(α) → X induced by the identity map on D.
Thus the maps μ1 and μα determine the Hecke operator T r(μ1, μα) acting on the r-th
de Rham cohomology space Hr(X, C) of X with coefficients in C (see Remark 2.2).
We denote by

Ξ : Hn(X, C) → M1(Γ)

the map determined by the projection map (12) with (p, q) = (0, n) and the canonical
isomorphism (13). Thus, if L is as in (14), we have

Ξ = L ◦ 0,n. (15)

Now we are ready to state our main theorem in this section, which states that the
Hecke operators T (μ1, μα) and T (α) are compatible.

Theorem 5.2. Let α ∈ G with Γ =
∐s

i=1 Γ(α)δi for some δ1, . . . , δs ∈ Γ. Then the
diagram

Hn(X, C)
T (μ1,μα)−−−−−−→ Hn(X, C)

Ξ

⏐⏐� ⏐⏐�Ξ

M1(Γ)
T (α)−−−−→ M1(Γ)

is commutative.
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Proof. Given nonnegative integers p and q with p + q = n, we consider the sets Ap

and Bq of multi-indices given by

Ap = {ξ = (ξ1, . . . , ξp) | 1 ≤ ξ1 < · · · < ξp ≤ n},
Bq = {η = (η1, . . . , ηq) | 1 ≤ η1 < · · · < ηq ≤ n}.

Each element ω of the n-th de Rham cohomology group Hn(X, C) of X can be
regarded as a Γ-invariant n-form of the type

ω(z) =
∑

p+q=n

∑
(ξ,η)∈Ap×Bq

φ(ξ,η)(z)dzξ ∧ dzη,

where dzξ = dzξ1 ∧ · · · ∧ dzξp and dzη = dzη1 ∧ · · · ∧ dzηq . Using (15), we have

(Ξω)(z) = (L ◦ 0,n)ω(z) = L(φε(z)dz1 ∧ · · · ∧ dzn) = φε(z) ∈ M1(Γ),

where ε = (1, . . . , n). Thus by (11) we see that

T (α)Ξ(ω) =
s∑

i=1

φε |1 δi. (16)

On the other hand, using (2), (5) and the fact that μ1, μα : X(α) → X are s-sheeted
covering maps, we have

T (μ1, μα)ω = s(μα∗ ◦ μ∗
1)ω = sμα∗ω =

s∑
i=1

δ∗i ω.

Thus we obtain

((Ξ ◦ T (μ1, μα))ω)(z) =
s∑

i=1

(L ◦ 0,n)(φε(ω(δiz))

=
s∑

i=1

L(φε(δiz)d(δiz))

=
s∑

i=1

L((φε |1 δi)(z)dz) =
s∑

i=1

(φε |1 δi)(z).

Hence the theorem follows from this and (16).
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