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Abstract

n this dissertation, we study quadratic Lie algebras, with special in-
terest in those which are 2-step nilpotent, and give algorithmic pro-

cedures to build a wide range of examples. After an overview of the
known results in this matter, we start with a deconstruction process to re-
duce the study of general quadratic Lie algebras to the nilpotent ones. This is
obtained undoing successive double extensions on quotients given from the
location of some important ideals. The variety of nilpotent quadratic Lie al-
gebras can be established from free nilpotent Lie algebras and their invariant
bilinear forms. But this is a tough problem, so we focus ourselves in the 2-step
case. We start by introducing a new method to obtain them using multilinear
algebra. Later we prove this new method is equivalent to the two main classi-
cal techniques: double and T™-extensions. In combination with trivectors, we
end up giving a classification of these algebras up to dimension 17.

Once covered the 2-step nilpotent case, we start building larger and more
general quadratic Lie algebras. This is achieved via double extensions using
their skew-derivations, which can be described through the Universal Map-
ping Property of free nilpotent Lie algebras. After, we study the family of
quadratic Lie algebras with only one maximal ideal: the local ones. These al-
gebras have strong structural properties and include the well-known family
of real oscillator algebras, which are the quadratic algebras attached to metric
Lorentzian forms. The next part is devoted to the ideal structure of quadratic
Lie algebras, specially those whose ideals form a chain by their inclusions.

Finally, we introduce and explain how to use a computational package we
have developed. This software is supported on the thesis results and includes
many tools used along this work.

ix



Contents




Resumen

n esta tesis estudiamos las algebras de Lie cuadréticas, con especial
interés en aquellas nilpotentes de indice 2, dando métodos algoritmi-

cos para construir una amplia gama de ejemplos. Después de una vi-
sion general de los resultados conocidos sobre este tema, comenzamos con un
proceso de deconstrucciéon que nos permite reducir el estudio de las dlgebras
de Lie cuadraticas generales a tan solo aquellas nilpotentes. Esta reduccién se
obtiene deshaciendo sucesivas doble extensiones sobre cocientes, una vez es
conocida la ubicacién de algunos ideales importantes. La variedad de alge-
bras de Lie cuadraticas nilpotentes se puede establecer a partir de las dlgebras
de Lie nilpotentes libres y sus formas bilineales invariantes. Pero hacerlo es
dificil, asi que nos enfocamos en el caso donde el indice de nilpotencia es 2.
Empezamos presentando un nuevo método para obtener dichas algebras em-
pleando técnicas de algebra multilineal, para luego demostrar que este nuevo
método es equivalente a las dos técnicas clasicas principales: dobles extensio-
nesy T*-extensiones. En combinacién con trivectores, terminamos dando una
clasificacion de estas dlgebras hasta dimensién 17.

Una vez cubierto el caso nilpotente de indice 2, comenzamos la construc-
cién algebras de Lie cuadraticas mdas grandes y generales. Esto se logra me-
diante dobles extensiones usando sus derivaciones antisimétricas, que se pue-
den describir a través de la propiedad universal para dlgebras de Lie nilpoten-
tes libres. Después, estudiamos la familia de algebras de Lie cuadraticas con
un tnico ideal maximal: las algebras locales. Estas tienen propiedades estruc-
turales sélidas e incluyen a la conocida familia de algebras osciladoras reales,
que son las algebras cuadréticas asociadas a formas métricas Lorentzianas. La

Xi
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siguiente parte estd dedicada a la estructura que presentan los ideales de al-
gebras de Lie cuadraticas, especialmente aquellas cuyos ideales forman una
cadena por inclusién.

Finalmente, explicamos cémo usar un paquete computacional que hemos
desarrollado. Este software esta respaldado por los resultados de la tesis e
incluye muchas herramientas utilizadas a lo largo de esta memoria.
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Introduction

CHAPTER

ie algebras are non-associative algebraic structures defined over vec-

tor spaces. These structures are heavily related to Lie groups of dif-

terential varieties, groups where product and inversion are differen-

tiable. Apart from this geometric relation, Lie algebras are also important in
the study of differential equations, for example in physics.

These algebras take their name from the Norwegian mathematician Mar-
ius Sophus Lie (1842-1899), which discovered an alternative form of studying
what now are called Lie groups. He proposed analysing their tangent vector
fields which behave like a Lie algebra. It was Hermann Weyl (1885-1955) who
applied this theory to the study of groups that, nowadays, model symmetries
in quantum mechanics.

Apart from Lie studies in 1870s, in Germany, in 1880s, and independently,
Wilhelm Karl Joseph Killing (1847-1923) defined Lie algebras. Although his
work was less rigorous in a mathematical sense, he made great progress clas-
sifying simple Lie algebras of finite dimension, as well as giving several con-
jectures which later became proved as true.

The next step forward was made by Elie Joseph Cartan (1869-1951) in
France. He took the works of Wilhelm Killing and Friedrich Engel (1861-
1941) and was able to complete the simple Lie algebras classification, identi-
tying the four main families and the five exceptional algebras.
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Arthur Geoffrey Walker

(1909-2001), on the left,
was a British geometer.

He was famous for its
contributions in physics.
On the right, his Chinese
student Shou-Town Tsou
(1918-1993) who spent 2
years in Liverpool (1953-
1955) obtaining his PhD
before returning to Hong
Kong.

Chapter 1. Introduction

Following these classification attempts, we have to mention one of the
greatest advances: Levi’s Theorem. Despite being conjectured by Killing and
Cartan, it was Eugenio Elia Levi (1883-1917) who proved it in 1905. This
theorem says every finite dimensional Lie algebra can be decomposed as a
direct sum of two subalgebras: one semisimple and another one solvable. It
is the solvable part the one which remains open and leads several studies.
In 1945, Anatoly Ivanovich Maltsev (1907-1967) reduced the solvable case to
the study of nilpotent Lie algebras and their derivations and automorphisms

(see [Maltsev, 1945]]).

Figure 1.1: From left to right, and in chronological order: Sophus Lie, Wilhelm
Killing, Elie Cartan, Eugenio Levi, Hermann Weyl and Anatoly Maltsev.

But this thesis is focused on only certain Lie algebras, the quadratic ones.
Quadratic Lie algebras, also named as metrizable, were introduced in 1955 by
Shou-Town Tsou, it was in his PhD Thesis titled “On Metrisable Lie Groups

and Lie Algebras” (see [Yuan, 1963]). The main results from this disserta-
tion appeared in an article written by S-T. Tsou and A.G. Walker (see mar-

gin note for more information about authors and check [[Isou and Walker,
1957]] for reference). Here, metric Lie algebras appear as real Lie algebras
of Lie groups admitting a Riemannian metric invariant under all translations

of the group. In fact, according to [Milnor, 1976, Lemmas 7.1 and 7.2] (see
also [Medina, 1985, Lemma 2.1]), the connected Lie groups admitting a bi-

invariant Riemannian metric are those Lie groups for which their Lie alge-
bras are quadratic. In [Tsou and Walker, 1957]] several decompositions and
existence theorems are given, and it is shown that every metrizable algebra

decomposes as an orthogonal sum of an abelian algebra and a finite num-
ber of non-decomposable reduced ones. The family of quadratic Lie algebras
is quite large and contains reductive Lie algebras, and also infinitely many
non-semisimple examples. Their structure has essential patterns which can
be used to decode the one of some Lie groups. Riemannian geometry makes



this class of algebras visible, but they also play an important role in many
other branches of mathematics and physics from Cartan’s Criterion up to com-
pletely integrable Hamiltonian systems (see [[Bordemann, 1997, Section 1]).

Due to the tough classification, along the 2000s, many efforts were made
on small dimension classifications of quadratic Lie algebras or in deepening
the structure of certain families related to symmetric spaces (Kath, Olbrich,
Duong, Benayadi, Hilgert, Neeb). From then until today (see [[Ovando, 2016]|
and references therein), we find papers on classification by using non-classical
procedures (Duong, Ovando, Benito, Laliena, de-la-Concepcién, Kath, Ol-
brich) or relating quadratic algebras, geometric structures and their applica-
tions (Bajo, Benayadi, Albuquerque, Salgado, Rodriguez Vallarte, Cornulier,
del Barco, Conti and Rossi).

Multilinear algebra is closely related to quadratic Lie algebras as ilustrated
in the work of Tsou and Walker, or more recently in [Noui and Revoy, 1997]],
where 2-step quadratic Lie algebras are related to trivectors. On the other
hand, their relation with Riemannian geometry (check [Milnor, 1976]) re-
flects that adjoint and coadjoint representations of their attached Lie alge-
bras are isomorphic. This is why quadratic Lie algebras are also named self-
dual. In [Medina, 1985]], it is shown the existence of Lie-Poisson structures
on the variety of quadratic Lie algebras. The author also describes the ba-
sic structural properties of real and non-simple Lie algebras endowed with a
Lorentzian metric. This type of algebras is known in quantum mechanic as
oscillator algebras because they are related to the motion of n-uncoupled har-
monic oscillators near an equilibrium position (see [[Ovando, 2006,(Ovando,
2007a]]). At the same date, Hilgert and Hofmann arrived at the oscillator Lie
algebras in their study of Lorentzian semialgebras in [Hilgert and Hofmann,
1985]]. Real oscillator algebras are one-dimensional split extensions of Gen-
eralized Heisenberg algebras and can be doubly extended to a large series of
mixed quadratic Lie algebras (see [Benito and Roldan-Lépez, 2022c]). But
quadratic families can be found more easily. For instance, the Killing form
turns simple Lie algebras into quadratic. So, reductive Lie algebras, which
are direct sum of simple and one-dimensional ideals, so are.

In order to obtain large amounts of quadratic Lie algebras, there are two
main construction procedures. The double extension is a classical method
introduced in the 1980’s to build specifically quadratic Lie algebras. The ap-
proach to the method is based on fundamental ideas appeared in two exer-
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cises in [[Kac, 1983]], proposed by the author to his undergraduate students.
This observation is made in [[Favre and Santharoubane, 1987, where the au-

thors show how to reconstruct a quadratic solvable algebra by double exten-
sions using an isotropic central element. We can found these elements in any
quadratic and non-reductive Lie algebra. This is a multi-step process which
can be used iteratively to obtain any quadratic Lie algebra (see
Revoy, 1985]). For indecomposable algebras, the authors justify the claim by
deconstructing the algebra using a maximal ideal and its minimal orthogo-
nal ideal. The finite dimensionality ensures that the process ends after a few
steps. A pretty explanation of the deconstruction-and-construction procedure

is given in [[Figueroa-O’Farrill and Stanciu, 1996|]. Figueroa and Stanciu refine

the Medina and Revoy structure theorem and describe briefly some appli-
cations of quadratic Lie algebras to Conformal field Theory and String The-

ory. In 1997, M. Bordemann in his work [Bordemann, 1997]] introduced an-

other approach: the T*-extension method, which produces even-dimensional
quadratic Lie algebras but in a single step and works for other non-associative
algebras. In fact, the algebras that appear as T*-extensions are those that have
a lagrangian ideal. This is the case for the indecomposable 2-step quadratic

Lie algebras.

Figure 1.2: From left to right: John Milnor, Karl Heinrich Hofmann, Joachim
Hilgert, Ines Kath, Karl-Hermann Neeb, Gabriela Paola Ovando.

Previous methods are good to build examples but they presents difficul-
ties when dealing with the classification problem. The handling of isomor-
phisms is also not a simple task. Indeed, up to now, only classifications of
small dimension have been obtained. In 1987, Favre and Santhorouban eas-
ily listed the nilpotent Lie algebras up to dimension 7 (four indecomposable
in the list). Until 2007, only the complete list of nilpotent real quadratic Lie
algebras up to dimension 10 has been achieved in [Kath, 2007]. The classi-
fication of non-nilpotent solvable Lie algebras of dimension greater than six



is unknown. In 2012, Duong and Pham described the solvable Lie algebras
up to dimension 6. Duong and Ushirobira discussed the classification of solv-
able Lie algebras up to dimension 8 in their 2014 preprint (see [Duong and
Ushirobira, 2017]], we have not found any journal reference so far). In 2014,
Elduque and Benayadi get the list of complex and real mixed Lie algebras
up to dimension 13 (see [Benayadi and Elduque, 2014]]). The latest classi-
fication is accomplished by employing tools such as representation theory of
three-dimensional simple algebras and the structure of small-dimensional Jor-
dan algebras. Given the challenging task of classifying quadratic Lie algebras
in low dimension, over time alternative structural proposals have emerged
(for a more detailed description, see [[Ovando, 2006]]). Amalgamated prod-
ucts in the case of quadratic nilpotent found at [Favre and Santharoubane,
1987]], bi-extensions in [Keith, 1984]] and inflactions in [Hofmann and Keith,
1986]] for quadratic mixed. Twofold quadratic extensions in [Kath and Ol-
brich, 2004, Kath and Olbrich, 2006]], and the use of invariant bilinear forms
of free nilpotent Lie algebras in [Benito et al., 2017]] were given to offer con-
structions and alternative schemes of classification.

Seeking for isotropic ideals to build quadratic algebras is inherent in the
essence of classical constructions. For quadratic indecomposable algebras,
solvable and nilpotent radicals are totally isotropic. From [Kath and Olbrich,
2006, Section 3], since socle and Jacobson radical are orthogonal each other, a
series of increasing and decreasing ideals can be obtained inside a quadratic
Lie algebra. Using both chains, the notion of balanced extensions of quadratic
algebras shows up as an alternative of deconstruction of quadratic algebras.
The authors pointed out their proposal follows the ideas of the hand-written
notes (unpublished) by Berard Bergery “Structure des espaces symetriques
pseudo-riemanniens”. This is not an unusual situation because the presence
of a non-degenerate invariant form exerts a constraining influence on the ideal
structure of the algebra (see [Hofmann and Keith, 1986, Corollary 1.4]). In
fact, lattices of ideals of quadratic Lie algebras are self-dual by orthogonality.
So, the aforementioned chains and their placement follow established pat-
terns.

The idea of deconstructing connects with Maltsev’s proposal for general
Lie algebras in [Maltsev, 1945] (see also [Onis¢ik and HakimdzZanov, 1975,
Propositions 3 and 4])In a similar way, ideals, nilpotent quadratic Lie alge-
bras, derivations and automorphisms arise as main objects in the theory of
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general quadratic Lie algebras. And multilinear algebra emerge as a powerful
tool. Despite the complete classification of quadratic Lie algebras is hope-
less, the study of this variety of algebras, their main structural patterns, re-
lationships with other structures (complex structures, symmetric spaces and
Lie triple systems, Manin triples and pairs among others, see chronology in
Section and applications to theoretical physics and other mathematical
branches is an interesting challenge.

1.1 Objectives

The aim of this dissertation is to study the structure of quadratic 2-step nilpo-
tent Lie algebras and beyond, and to develop algorithms based on quadratic
Lie structural results. This main goal comes with smaller targets:

e Reach structural results in order to reduce the study of general quadratic
Lie algebras to the nilpotent case.

e Present different approaches to get quadratic nilpotent Lie algebras.

o Classification of quadratic nilpotent algebras of nilpotency index 2 up
to dimension 17.

e Development of general constructions of quadratic Lie algebras, both
solvable and non-solvable, based on previously known and new meth-
ods and classifications.

Apart from it, and as a natural consequence of the development, we have
achieved other results:

e Study of the ideal structure of quadratic Lie algebras.

e Computational algorithms applied to quadratic Lie algebras.



1.2. Thesis structure

1.2 Thesis structure

The memoir is divided into six chapters, including this first one, where we
are now, which is the introduction. The second chapter, in its first section,
explains the classical well-known concepts and results on general Lie alge-
bras we are going to use through the thesis as basic tools. In this chapter, we
also have a second section devoted to Lie quadratic structures. This section is
essential for the following chapters because it reviews, reformulates and ex-
pands main research on quadratic Lie algebras obtained in the course of time
by various authors, which is summarize in a timeline at the end of chapter.

The next three chapters are the ones with the main results explained in
the objectives (deconstructions, new methods for obtaining quadratic 2-step
nilpotent Lie algebras, equivalence among the different methods for 2-step al-
gebras, classifications of these algebras, derivations, automorphisms and ideal
structure of quadratic Lie algebras). At the end of each of these chapters, we
can find a summary of the main covered results. Most of the presented results
have been published or accepted for future publication in different papers.

The final and sixth chapter introduces a computational package which
serves as an aid through all the thesis to generate examples and to obtain con-
jectures before proving new results.

It is important to notice that, at the very end of the memoir, we can find
a list of terms and symbols, just after the bibliography. This enumeration can
be extremely useful when trying to remember some notation or concepts pre-
viously explained.

As a final remark, in this dissertation, all vector spaces are considered fi-
nite dimensional over a field [F| of characteristic zero. Although, it is worth
mentioning many of the results can be established in characteristic different
from two.
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Background

CHAPTER

N % n this chapter, we will explain the important terms and results which

will be the support for the rest of the thesis. We will start from what
% E is a Lie algebra, to continue seeing their types, including quadratic
Lie algebras which are the main topic. For these ones, we will describe the
classical construction methods, as well as a chronology about how they have
been studied and which advancements have been made through time.

Experts on Lie algebras can omit Section [2.1]as it only includes basic well-
known definitions and results.

2.1 General Lie algebras

Basics notions and facts on Lie algebras of this section follows from [[Jacobson,
1979], [Elduque, 2015]] and [Humphreys, 1997]].

To start with, we have the most general and basic concept in this thesis, an
algebra.

Definition 2.1.1. An algebra A is a vector space over a field F endowed with a
binary bilinear product f: A x A — A.



Chapter 2. Background

In general algebras, this product f(z,y) is usually denoted as zy. When
(xy)z = x(yz) or zy = yx for every z,y, z € A we have an associative algebra or
commutative algebra respectively. Any field F, its polynomials in one or several

variables and d x d matrices|[M,(F)| provides examples of asso-

ciative algebras, where the first one is also commutative. But Lie algebras, in
general, are neither associative nor commutative. They are defined as follows:

Definition 2.1.2. A Lie algebra L is a vector space over a field F endowed with
a binary bilinear product

[.,-]:LxL—L
(z,y) = [z,9]

satisfying the following two properties:

1. [z,z] =0 forevery z € L,

2. forall z,y, z € L we have the Jacoby Identity:
V(.. 2)|= [[z,y], 2] + [[2, 2], 9] + [ly, 2], 2] = 0. (2.1)

This product is known as Lie bracket or commutator. Note, that when
several Lie brackets appear together, we will add a subindex [-, -], to specify
to which algebra belongs each.

Remark 2.1.1. Being bilinear in combination with the first property implies
the product is skew-symmetric. In fact, when the characteristic of the field is
different from two, this fact is equivalent to that first condition.

We can easily find examples of Lie algebras. The most straightforward one
is taking any vector space with a null bracket. This type of algebras is called
abelian and, in them, identity becomes trivial. Another well-known ex-
ample of a Lie algebra is the usual cross product of two vectors u, v denoted
as u A v in the euclidean space R3.

But, in order to obtain more general Lie algebras, we can take the following
constructions. Let A be an associative algebra with product zy, if we twist the
product in the form

[, y] = 2y — ya, (2.2)
the new binary product is skew-symmetric and satisfies identity (2.1)). The
Lie algebra obtained is denoted as

10



2.1. General Lie algebras

Example 2.1.1. Let V be a vector space over a field F. If we consider the set of
linear endomorphismiﬂ of V, FV, with the product obtained from natural
compositions

[,y =xz0y—you, (2.3)

for z,y € Endy V we obtain a Lie algebra. This is known as the general linear
Lie algebra, and it is usually denoted as|gl(V')[or (Endr V')~.

It is quite common to take a basis and identify endomorphisms with coor-
dinate matrices. In this case, product defined in equation becomes like
the one in equation where zy denotes this time the usual matrix product.
Here, if V is a n-dimensional vector space the algebra is referred as
gl,,F or simply gl,,.

General linear Lie algebras play an important role as any Lie algebra of
finite dimension can be embedded into a general linear Lie algebra using
its adjoint representation (see Definition as stated by Ado’s Theorem
(characteristic 0) and Ivasawa’s Theorem (prime characteristic), see [Jacob-
son, 1979, Chapter VI, Section 2 and 3].

Apart from the A~ construction, given an associative algebra with an anti-
involutimﬂ (A, x) we can obtain two different non-associative algebras consid-
ering eigenvalues 1 and —1 as 2 = Id:

Skew|A,*) ={a € A | a* = —a},
Symi(A,x) = {a € A|a* = a},

The first one, under the product given in expression (2.2)), is a Lie algebra
(subalgebra of A™). While the last one, with the commutative product = -y =
xy + yz, becomes a Jordan algebra as it satisfies Jordan identity

(z%-y) -z =2 (y- ).

This algebra is commutative and non-associative. Both subspaces lead to the
Zsy-graded decomposition considering A~ product (see Section [2.1.2.3])

A=Ay A = Skew(A,*) & Sym(A, ). (2.4)

' A morphism from a mathematical object to itself. In the case of vector spaces, it is simply
a linear map.
2A linear function that is its own inverse and (zy)* = y*z* for every x,y € A.

11



Chapter 2. Background

Example 2.1.2. In the particular case A = M4(F), expression (2.4)) is the natu-
ral direct sum decomposition in skew-symmetric and symmetric matrices.

Next, we are introducing the Lie algebra of derivations.

Definition 2.1.3. Let A be an algebra over a field F. A derivation is an endo-
morphism d: A — A such that forany a,b € A

d(ab) = ad(b) + d(a)b.

Given two derivations d; and d», its commutator from equation (2.2)) pro-
duces another derivation. This way, from any algebra the Lie algebra L we
obtain [Der (L), which is the set of derivations considering the bracket prod-
uct.

In relation with derivations, we can define left and right multiplications.
Given any element « € L Lie algebra, we define

Both are derivations given the Jacobi Identity. They are called inner derivations.
This way we have

Mner(L):= {adz : € L},

where adxz = [, = —r, is called the adjoint of z. Inner L is also a Lie algebra,
as it is closed under the commutator, so we have the chain

Inner L C Der L C gl(L).

Finally, a usual way to describe a Lie algebra is taking a basis and giving the
product of any pair of elements in that basis. This way, for a basis {ey, ..., e},
we can define the product by simply giving for i < j

n
lei, e5] = Z QijkCk s
k=1

where elements a;;;, are called structure constants. The other way around, a
family of scalars {a;;.} define uniquely a Lie algebra over the vector space
generated by span(ey, ..., e,) if and only if for every subindex i, j, k, r and m
the following conditions are satisfied

12
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(a) ayr =0,
(b) ik + ik = 0, and
(C) QijrQrrm + CjkrQirm + QhirGjrm = 0.

These scalars are indeed the procedure used in the final section of Chapter
to list all algebras in the given classification and they also play an important
role in the equivalence of the three construction methods in that same chapter.

2.1.1 Substructures and mappings
2.1.1.1 Subalgebras and ideals

Subalgebras and ideals are main structures in algebras. It is easy to define
both notions in general nonassociative algebras, but we will refer only to Lie
algebras from now on, in order to have a clearer notation and as it will only
be needed there.

Definition 2.1.4. Let L be a Lie algebra and M a subspace of L, we say M is a
subalgebra if [x,y] € M for every x,y € M.

Usually, throughout this paper, we will write for simplicity

[U, V] g spanf([u,v] : w € U,v € V),

where span denotes all F-linear combinations of elements in the set. Apart
from span, when there is only one element, we will write[Fz| = span(xz). There-
fore, M is a subalgebra if [M, M] C M.

In any Lie algebra L we have trivial subalgebras as the zero-dimensional
space, any 1-dimensional vector space, or the total algebra itself. In gl(n,F)
we have other well-known subalgebras as upper or lower triangular matri-
ces, skew-symmetric matrices (check Example[2.1.2)), diagonal matrices or the
special linear algebrals[(n, F)|defined as the subset of matrices with zero trace.
In the more general gl(A) we have already seen the subalgebra Der A.

On the same way, we have ideals, a type of subalgebra with a stronger
condition. In contrast with other algebras, we do not have left or right ideals
as Lie algebras are skew-symmetric.

13



Chapter 2. Background

Definition 2.1.5. A subspace I of L is said to be an ideal when [I, L] C I.

Again, as before, the zero-dimensional or total algebra are also always ide-
als. But probably, the most wide-known examples are found next:

Definition 2.1.6. Let L be a Lie algebra, we defined its centre as
[Z(L)={z€L:[z,y)=0Vyec L}
Ant its derived algebrd’|as|[L|= L? = [L, L.
Both the centre and derived algebra are ideals. Indeed, every subspace of

the centre, and every subspace which contains the derived algebra inside are
also ideals. The derived algebra plays an important role in some Lie algebras

and will appear in Section[2.1.2.1

Now, whenever we have some subalgebras and ideals, we are ready to
produce new ones. Given I, J ideals and A, B subalgebras of the same Lie
algebra L we have

e [+ J,INnJ,[I,J]areideals,
e I + A, AN B are subalgebras, and

e /N Aisanideal of A.

Here, given U and V subspaces, U + V denotes the usual subspace sum

U+Vi={zx+y:xecUycV}

At the same time, we have the inner direct sum U & V when U NV = 0.
This can also be identified with the more general outer sum U x V := {(z,y) :
z € U,y € V} taking commutator

[(@1,91), (22, y2)] = ([z1, 22], [Y1,92])-

This direct sum prepares us for the following definition:

Definition 2.1.7. A Lie algebra is decomposable if it can be expressed as a direct
sum of proper ideals. Otherwise, it is called indecomposable.

Directly from ideals we also get quotients of Lie algebras in the usual way.

*Not confuse derived algebra with algebra of derivations. They are completely different
terms.
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2.1. General Lie algebras

2.1.1.2 Lie algebras mappings

Immediately after the definition of an algebra, there appear linear mappings
that preserve the product.

Definition 2.1.8. Let L; and L; be Lie algebras, and ¢: L; — Ly a mapping.
We say ¢ is a Lie algebra homomorphism if it is linear and for every z,y € L

e[z, yle,) = lp(e), o (y)]L,-

Here, [ker ¢is an ideal of Ly, and [Im ¢|is a subalgebra of L;.

The set of homomorphisms from L; to L, will be written as

Inside these homomorphisms we can find isomorphisms (bijective), endo-
morphisms (from some Lie algebra to itself) or automorphisms (bijective en-
domorphisms). The group of these last morphisms will be denoted as[Aut(L)}

One of the main morphisms is the adjoint one, which we have briefly see
at the beginning of this chapter when seeing left and right products.

Definition 2.1.9. Let L be a Lie algebra, the adjoint homomorphism [ad): L —
gl(L) is defined as (ad z)(y) = [z, y].

Whenever there could be some confusion, we will write ad;, z. And, as
said earlier, this allows us to embed any algebra inside the general linear one.
With these adjoints we have defined Inner L, which is an ideal of Der L as
[d,adz] = add(z) for any d € Der L and € L. Even more, from the first
out of three classic isomorphisms theorems, which can be easily rewritten in
terms of Lie algebras, we get

L/Z(L) = ady L = Inner L (2.5)

askerad, ={z e L:[z,L] =0} =Z(L).

2.1.1.3 Lie algebras representation

In order to examine an abstract Lie algebra in different ways, we can use repre-
sentation theory. This allows us to view it as a subalgebra or a quotient inside
the general linear algebra gl(V).
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Definition 2.1.10. Let L be a Lie algebra and V" a vector space. A representation
of L is a Lie algebra homomorphism ¢: L — gl(V') and the vector space V is
called L-module.

When ker ¢ = 0 we say the representation is faithful, and then L = ¢(L).
The adjoint representation introduced in Definition [2.1.9)is a classic example,
which is faithful whenever Z(L) = 0. Another example, related to this one
and that we will use in this thesis, is the coadjoint representation.

Definition 2.1.11. Let L be a Lie algebra, the coadjoint representationad™: L —
gl(L*) is defined as (ad*z)(8) = —f o ad z, so (ad*x)(B)(y) = —pB([x,y]) for
z,y € L, § € L¥dual space of L.

On the other hand, an equivalent way to define representations is doing it
throughout modules:

Definition 2.1.12. Let L be a Lie algebra and V' a finite dimensional vector
space. A Lie module for L or L-module is an action

¢p:LxV =V
(z,v) >z v

satisfying for z,y € L, v,w € V and A\, € F:
e Az +py)-v=>Az v)+pu(y- v)
o - (\v+ pw)=Az-v)+ p(x-w)
o [ryl-v=a-(y-v)—y-(z-0v)

Both definitions are equivalent concepts as given a representation ¢ we
can define a module ¢(z,v) := ¢(z)(v), and, on the other way, we define

p(z) = oz, -).
And, as it happens in algebras, we also have submodules and factor mod-
ules or quotients of modules.

Definition 2.1.13. Let V' be a L-module, we say W is a submoduleif L- W C W.

Definition 2.1.14. Let W be a L-submodule of V. We define the quotient of a
module or factor module as

¢: Lx VW = V/W
(z,o+W)—=z-(v+W)=(z-v)+ W
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For examples, ideals produce submodules in the adjoint representation.
And, again, given two L-modules U and V, we can easily obtain new combin-
ing them:

e summing them, U +V (or U @ V)

e intersecting them, U NV,

e and tensorazing them U ® V. In this case the action is defined as

z-(u®v)=(z - u)Qut+u® (z-v).

Definition 2.1.15. A Lie algebra module is called irreducible if it is not zero
and their unique submodules are itself and the null-space.

Definition 2.1.16. A Lie algebra module U is called indecomposable if there is
no non-null submodules V" and W such that U = V & W. Otherwise it is
called decomposable.

Note irreducible implies indecomposable, but the reciprocal is not true.

Going to the extreme, we arrive at the next definition:

Definition 2.1.17. A Lie algebra module U is called completely reducible if
U=Ui10Us & & U,
with U; irreducible modules fori =1, ..., k.
This definition comes in use when describing Weyl’s Theorem in Theo-

rem 2.1.23

Finally, we will see modules homomorphisms which end up defining iso-
morphism, and the corresponding classical isomorphism theorems.

Definition 2.1.18. Let L be a Lie algebra, V and W L-modules via actions py
and py respectively. A L-module homomorphism is a lineal mapping 0: V' —
W such that for each z € L and v € V we have

0(pv (,v)) = p(z,6(v)).

These morphisms in combination with both representations seen here (ad-
joint in Definition and coadjoint in Definition [2.1.11]) lead us directly to
the following concept:

17
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Definition 2.1.19. An algebra L is called self-dual if the adjoint and coadjoint
representations are isomorphic, there is a bijective L-module homomor-
phism from L to L*.

These elements in Homy, (L, L*) consists on the linear maps f: L — L*
such that forall z,y € L

f(x,y]) = —f(y) oadx. (2.6)

Here, we use notation [Hom  (V, W)|to denote the set of L-module homomor-
phisms from V to W.

With a module and a Lie algebra we can obtain new Lie algebras. This can
be done through the semidirect product of Lie algebras.

Definition 2.1.20. Let L and M two Lie algebras and p: L — gl(M) a repre-
sentation. The vector space L x M with product

[(z,m), (', m)] = [z, 2] + p(x)(m) = p(z’)(m) + [m, m]ar,
is denoted as L x, M.

Lemma 2.1.2. L x, M is a Lie algebra if and only if p(L) C Der M.

This lemma can be easily checked just verifying the Jacobi identity and can
be found as Lemma 1.1. on [[Benito and de-la-Concepcién, 2013]].

One trivial example of this construction appears when L C Der M and
p is the identity. Another trivial example is obtained when M is an abelian
algebra as its derivations are gl(M). This case is usually referred as the split
extension of L by a module M. This semidirect product will be used later in
the double extension method.

2.1.2 Types of algebras

We can distinguish two big families of Lie algebras: solvable and semisim-
ple. Later, we will see that in general a Lie algebra is neither solvable, neither
semisimple. Instead, it is a mix of both types.

18
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2.1.2.1 Solvable and nilpotent Lie algebras

Before starting, we need a definition and a first lemma:

Definition 2.1.21. Let L be a Lie algebra, we define the derived Lie algebra as
the product L' =[L,L]. This 1dea1 can be extended to form a chain recursively
defining L(®) = L and [L*) - LD [(E=1)] obtaining

L=IOWor=rWor@>5...ok,
This chain, called derived series, is precisely the one needed to define a solv-
able Lie algebra:

Definition 2.1.22. A Lie algebra L is said to be solvable if there exist m > 1
such that L("™) = 0. The smallest m such that L™ # 0 and LY = 0 is
called solvable index.

This concept comes with some lemmas attached:
Lemma 2.1.3. If L is a Lie algebra where theres exist a chain of ideals
L=)ohL2 - 21 121L,=0

such that Ij,_1 /I, is abelian for 1 < k < m, then L is solvable.

Indeed, the derived series is one of these chains. Moreover:

Lemma 2.1.4. Let L be a Lie algebra, then:

o If L is solvable, then every subalgebra and homomorphic image of L is solvable.

e If L contains a solvable ideal I such that L/I is also solvable, then L must be
solvable.

o If I and J are solvable ideals of L, then I + J is solvable as well.

It is precisely this last property which involves a sum the one we need to
introduce the next key concept.

Corollary 2.1.5. Let L be a finite dimensional Lie algebra, then there exist a unique
solvable ideal which contains every other solvable ideal of L. This ideal is called rad-
ical ideal and it is denoted as R(L) or simply R.
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Analogously, we have another series which introduces the family of nilpo-
tent Lie algebras.

Definition 2.1.23. The [descending central series (DCS)| also known as lower
central series, of a Lie algebra is defined with terms L! = L and = [L,LF Y
for k > 2. This produces the following chain of ideals

LODL =L°CcL?D...

The central name refers to L*/L*1 C Z(L/L¥*!) and also defines an as-

cending counterpart:

Definition 2.1.24. Thelascending central series (ACS)| also known as upper cen-
tral series, of a Lie algebra is defined from Zy(L) = 0 and Zj(L) as the ideal
of L such that

Z2(L)Z1(L)) = Zi(L) [ Zk—1 (L),
for k > 1. This generates the next chain of ideals
0=2o(L) CZ(L) = Z:(L) € Zo(L) € --- C L.

Definition 2.1.25. A Lie algebra L is said nilpotent if there exists ¢ > 2 such
that L' = 0. The smallest ¢ such that L' # 0 and L'™! = 0 is called nilpotency
index or nilindex. Moreover, an algebra whose nilpotency index is ¢ is also
called t-step.

Remark 2.1.6. Every nilpotent Lie algebra is also solvable, but the converse
does not hold.

Abelian and 2-step (also called metabelian) Lie algebras are the easiest ex-
amples. These last algebras, the 2-step ones, are one our main focus for clas-
sification.

Lemma 2.1.7. For every L Lie algebra such that L # 0 we have the next results:

o If L is nilpotent, then Z (L) # 0 and all of their subalgebras and quotients are
nilpotent too.

o If L/Z(L) is nilpotent, then L is nilpotent.

e For any I ideal of a nilpotent Lie algebra L, I N Z (L) # 0.
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o If I and J are nilpotent ideals of L then I + J is also nilpotent.

And, again, this last sum property gives a maximal nilpotent ideal:

Corollary 2.1.8. Let L be a finite dimensional Lie algebra, then there exists a unique
nilpotent ideal which contains every other nilpotent ideal of L. This ideal is called
nilradical ideal and it is denoted as N(L) or simply N.

Originally, the definition was given as
N(L) = {z € L | adp, « is nilpotent}.
This idea will be recovered in Engel’s Theorem (see Theorem [2.1.14)).
In nilpotent Lie algebras we can define the type of them:

Definition 2.1.26. Let n be a non-abelian nilpotent Lie algebra, we call type of
n to the codimension of n? in n, i.e. the type is

d = codim|n? = dim(n/n?) = dimn — dimn?.

In general, the t-tuple (cy,...,c;) in which the i component is defined as
¢; = dimn’/n**1, i.e. the dimension of the quotient of two consecutive terms
in the DCS, will be called the general type of some n (¢ + 1)-step algebra; and
dimn=>¢.

According to [Gauger, 1973, Corollary 1.3], asetm = {z1,22,...,2q} gen-
erates a nilpotent Lie algebra n (of type d) if and only if {z1+n?, ..., z4+n?} is
a basis of n/n?. So, the type of a Lie algebra is just the cardinality of any linear
independent set m such that n = u & n?, where u is the linear span of m. The
above condition implies that the set m generates n as an algebra. Therefore,

the elements 2; € m can be viewed as ajminimal set of generators (m.s.g.)| of

algebra n.

Finally, we will denote as the free t-step nilpotent Lie algebra on d
generators (see [Benito and de-la-Concepcién, 2013]] for a formal specification
and references therein). Just to give a brief definition (for the notion of free
Lie algebras we follow [Jacobson, 1979 Chapter V, Section 4]):

Definition 2.1.27. Let be the free Lie algebra on a set of d generators
over the field F. The free t-nilpotent Lie algebra on d generators is denoted
nq: and defined as the quotient algebra

ngy = FL(d)/FL(d) .
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The elements of F£(d) are linear combinations of monomials

[Tiy, oz = [ [[@igs @ig)s T, - -5 @i,

where s > 1 and z;; € m. So, the free nilpotent algebra n,; is generated as
vector space by s-monomials [z;,,...,z;,], for 1 < s < t. These monomials
form the so-called Hall basis H,; for every n,; (see Section for details).

Any t-nilpotent Lie algebra n of type d over I is an homomorphic im-
age of ng; according to Proposition 1.4 and Proposition 1.5 in [[Gauger, 1973]]

or [Sato, 1971| Proposition 4]. This is called [Universal Mapping Property]|
and can be seen in the next proposition.

Proposition 2.1.9. For any k-step nilpotent Lie algebra n with k < t of type d,
and any d-elements y, . .., yq of n, the correspondence x; — y; extends to a unique
algebra homomorphism ng; — n. In the particular case that {y1,...,yq} is a
the image contains a set of generators, so the map is surjective. Therefore, any t-step

nilpotent Lie algebra of type d is an homomorphic image % where I is an ideal such

that I Cn?, andn',, Z I.

We can check [[Grayson and Grossman, 1990] for a description of free
nilpotent algebras by Hall basis generation and [Benito and de-la-Concepcion,
2013]] for main features. As main examples of ng 2 and ng 3, along the disser-
tation we will model them by using multilinear algebra as:

Ngo = u® A%, [u,v] = u A v,

ndjgzuEBAQuEB ASy [u, v Awl=u®vAw mod A3u.

2.1.2.2 Semisimple and simple Lie algebras

The nullity of the maximal solvable ideal of a Lie algebra leads to semisimple
algebras.

Definition 2.1.28. A semisimple Lie algebra is a Lie algebra with no solvable
ideals, i.e. its solvable radical is zero.

Note that if L is semisimple, then [L,L] = L and Z(L) = 0. This way
L = 0 is semisimple. Moreover, for an arbitrary L, the quotient L/ Rad L is
also semisimple. But the main examples are simple Lie algebras.
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Apart from semisimple algebras, there are some Lie algebras L such that
L? = L, they are called perfect.

Example 2.1.3. Let L be a semisimple Lie algebra of dimension n, and let V' be
an irreducible module of L of dimension m > 2. We define over L x V the
bracket

[(z,u), (y, )| xv = (2, 9]0, 2 - v —y - u).
Then, L x V is a perfect Lie algebra of dimension n + m. Moreover, Rad (L x

V') = V so it is not semisimple. This split extension appears previously writ-
tenas L x V.

Despite its definition in terms of its radical, a semisimple Lie algebra can
be nicely described in characteristic zero using its decomposition as an ideal
direct sum of simple algebras. These simple factors, as we have seen previ-
ously in the introductory chapter, were the first classified Lie algebras.

Definition 2.1.29. A Lie algebra is simple when it is not abelian and its unique
ideals are the trivial ones (total and zero).

All these simple Lie algebras were classified by Elie Cartan in this PhD
Thesis in 1894 using ideas previously introduced by Killing. Over an alge-
braically closed field, except five exceptional simple Lie algebras (eg, ¢7, ¢s, f4
and g2), every simple Lie algebra is isomorphic to one of the following four
families, known as classical algebrasﬁ

e A, for n > 1, known as the special linear series. This algebra is

BIV) = {f € gl(V) : Tx f = 0},

where dim V' = n + 1. Note the trace of an endomorphism is indepen-
dent from the chosen basis and, under linear combinations and the com-
mutator, that nullity is preserved.

e (), for n > 1, known as the symplectic series. This algebra is

sp(V, o)l = {f € gl(V) : o(f(2),y) + ¢(z, f(y)) = 0},

where ¢ is bilinear skew-symmetric nondegenerate, and dim V' = 2n.

*1t is not unusual to relate simple Lie algebras to its Dynkin diagram. These four diagrams
are the ones which define A,,, By, C\, and D,, types notation.
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e B, and D, for n > 3, known as the orthogonal series. These algebras
are

={f egl(V): o(f(2),y) +¢(z, f(y)) = O}, (2.8)

where ¢ is bilinear symmetric nondegenerate and dim V' = 2n+ 1 in the
case B, and dim V' = 2n when the type is D,,. Some authors refers to
them as o instead of so.

Remark 2.1.10. For smaller dimensions, some types are equivalent. This way
we have A1 = By = (1, By & (s, and D3 = As. To avoid all these relations,
some authors only consider A,,>1, By,>2, Cp>3 and Dy>4.

Remark 2.1.11. If we extend D,, for n > 1 we obtain the semisimple but non-
simple algebras D1 =T, Dy = A; x Aj.

Remark 2.1.12. Let ¢: V x V — F bilinear non-degenerate, it induces an iso-
morphism from V' to V* which maps v to ¢(v, -). This leads to the involution
of the General Linear Lie algebra

*p: gl(V) — gl(V)
f= 1

where f* is the only mapping such that
e(f(2),y) = ¢(z, [*(Y)-
This way Skew(gl(V'),x,) = {f € gl(V) : f* = —f} is equivalent to
e 50(V, ¢) when ¢ is symmetric,

e s5p(V, ¢) when ¢ is skew-symmetric.

All these families can be viewed taking basis in form of matrices. This way,
the counterpart of sI(V') appeared as sl(n, F) in Subsection|2.1.1.1] For the rest
of them, we can define the auxiliar subalgebra

glg(n,F) := {M € gl(n,F) : M'S = —SM}.
Now, if I, is the identity matrix and 0,, the null matrix, both of dimension

n xXn:
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e The special orthogonal Lie algebra, [so(n, F)| = glg(n, F) for
10 0
0 I
S= (I’f Ok> or  S=10 0, L
B 0 I Oy
according to the parity of n,i.e. n = 2k orn = 2k + 1.

e The symplectic Lie algebra (even dimension) = glg(2n,F) for

Applying this definitions we obtain:
):M'=-Q,N'=—-N,P'=-P}

) 1(]\;{ g) Eso(2n,IF),rt__q7$t__p}
) t:_QaNt:N,Pt:P}

so(2n,F) = {(§
0

s0(2n + 1,F) & {(

sp(2n,F) = {(Ag

Dz s O=
Dz

Analogous to Remark [2.1.10, we have so(2,F) = F, so(3,F) = sl(2,F)
sp(2,F), s0(4,F) = sl(2,F) x sl(2,F), s0(5,F) = sp(4,F), and finally so(6, F)
sl(4,F).

i1

In general, a Lie algebra L over a field F is said to be of classical type X
(X = A, B,C, D) in case its extension by scalars (see [Jacobson, 1979, Chapter
I, Section 8]) L ® F is simple of type X. Here F denotes the algebraic closure
of F. In this way, the number of Lie algebras over non-algebraically closed
fields, as for instance R, is way bigger than the closed case (check [Elduque,
2015]]). This situation we can be observed in the following example.

Example 2.1.4. In R we can find other simple Lie algebras as

m {AEE[TL(C) aij:—@}

which has the same dimension of sl(n,R) as a R-vector space but it is not
isomorphic. Although su(n,R) ® C = sl(n,C).

Simple Lie algebras whose extension by scalars to the algebraically closed
field remains being simple are called central simple.
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2.1.2.3 Graded Lie algebras

In contrast to previous types of algebras, another important family is graded
algebras. This section is based on [[Elduque and Kochetov, 2013} Section 1.1].
When restricting ourselves to just monoid grading on Lie algebras, we find
the following definition:

Definition 2.1.30. Let G be a commutative semigroup, a G-grading on L is any
decomposition of L into a direct sum of subspaces indexed by G

L=PL,

geG
which respects the Lie bracket, i.e. [Lg4, Ly] C Lgyp,. In this case L is said to be
graded.

On this memoir, the semigroup G canbe Z, N, N*, Z,, with the binary sum.
When G = N we say the algebra is naturally graded, and when G = N7 it is
positive naturally graded, depending on whether the zero in included or not.

Different types of Lie algebras can be seen as graded, including simple
(see Example[2.1.5]) or solvable (see Example[2.1.6]).

Example 2.1.5. The smallest example of a gradation in a simple algebra is a
Zs-gradation in sly. If we take the natural basis {e, f, h} with products

[e7f]:h7 [h7f]:_2f7 [h,@]:26,
we have the decomposition
sly = (sla)—1 @ (sl2)o @ (sl2); = span(e) @ span(h) @ span(f).

This same decomposition in three parts can be seen directly as a Z-gradation,
and, with slight changes, we can also define the Z,-gradation

sly = (sl3)p @ (sl2)1 = span(h) @ span(e, f).

Example 2.1.6. All nilpotent 2-step Lie algebras L admit a Zj-gradation con-
sidering the decomposition
L=Ly® I,

where Ly = L? and L, is a complement of Lj.
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2.1. General Lie algebras

Example 2.1.7. Let ng, be the free nilpotent Lie algebra with m = {z1,..., 24}
am.s.g. If we set u = span(m), the subspace u® = [u*~! 1] is the linear span of
the s-monomials. Thus n,; is an N-graded algebra whose s-th homogeneous
component is u®. The dimension of any subspace u®, 1 < s <tis

1
- ds/a
~ > nla)de,

where p is the Mdbius function.

Definition 2.1.31. Let L = P . Ly be a gradation. An ideal I of L is called
homogeneous if

I=,nI).

gelG

Among natural graded Lie algebras, in this thesis we are interested in the
so called quasi-cyclic

Definition 2.1.32. A finite-dimensional quasi-cyclic (also known as homoge-
neous or Carnot) Lie algebra is a positive naturally graded algebra L = L @
Ly @ --- @ Ly generated as an algebra by L. This means [L;, L;] C L;;; (here
Ly=0fors>t)and L; = [L1,L;_1] = [L1, LY.

As seen, this can only be applied for nilpotent Lie algebras.

Following [[Cornulier, 2016} Definition 3.3], the terms quasi-cyclic, graded,
naturally graded or homogeneous are better known in Lie algebras, while the
word Carnot (graded) is more commonly used in sub-Riemannian and con-
formal geometry. These algebras were introduced at [[Leger, 1963]] by G. Leger
in 1963. The variety of quasi-cyclic Lie algebras includes free nilpotent n,,,
generalised Heisenberg (see Definition[2.2.9)) and filiforms among others Lie
algebras. Itis not hard to see that a nilpotent Lie algebra n = %t is quasi-cyclic
if and only if I is a homogeneous ideal of ng;. In fact, quasi-cyclic Lie alge-
bras are the class of nilpotent Lie algebras that contain a m.s.g. {e1,...,eq}
such that the correspondence e; — e; extends to a derivation of n according

to [Johnson, 1975| Corollary 1]. Note that such a derivation is invertible.

Definition 2.1.33. An automorphism of a real Lie algebra is called expanding
automorphism if it is semisimpleﬂ with eigenvalues greater than 1 in absolute
value.

°Here semisimple refers to a group and means it has no non-trivial normal abelian sub-
groups.
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According to [Dyer, 1970]], quasi-cyclic Lie algebras admits expanding au-
tomorphisms, but the converse is false (see Example[5.1.3)). In fact, real quasi-
cyclic Lie algebras are those Lie algebras that admit grading automorphisms
(see [Johnson, 1975]]). And following [Deré, 2017, Theorem 3.1 and Theorem
3.3] (see also [Cornulier, 2016]]), the class of real Lie algebras admitting ex-
panding automorphisms is just the class of positive graded Lie algebras (pos-
itive naturally graded onwards) which is bigger than the quasi-cyclic class. In
the realm of nilpotent Lie groups, the existence of an expanding map (respec-
tively a non-trivial self-cover) in an infra-nilmanifold modeled on a Lie group
G is equivalent to the fact that the real algebra Lie(G) admits a positive grad-
ing (respectively a naturally and non-trivial grading). Expanding automor-
phisms of real Lie algebras are hyperbolic (maps without eigenvalues +1),
and Lie algebras admitting hyperbolic automorphisms are nilpotent (see [[Smale,
1967, Proposition 3.6] and Definition[3.2.1]). Some naturally graded paramet-
ric families of Lie algebras will be constructed in our Chapter

2.1.3 Structure results

We will start explaining two main results that are equivalent to the nilpotency
or solvability of a Lie algebra. The essence of both results is the existence of
common eigenvectors for Lie algebra endomorphisms as it is established in
the two lemmas preceding the main theorems. The second theorem requires
the field to be algebraically closed in order to guarantee it contains all required
eigenvalues.

Lemma 2.1.13. Let L be a subalgebra of gl(V'). If L consists of nilpotent endomor-
phisms and V' # 0, then there exists a nonzero v € V for which x(v) = 0 for all
x € L.

Theorem 2.1.14 (Engel’s Theorem). A Lie algebra L is nilpotent if and only if ad =
is nilpotent for every element x € L.

In general, p(z) is nilpotent for any element « € [L,Rad L] for any rep-
resentation p: L — gl(V). Thus, we can find the next result which relates
radical and nilradical and appears in [[Jacobson, 1979, Theorem 13, p. 51].

Theorem 2.1.15. Let L be a finite dimensional Lie algebra with radical R and nil-
radical N, then [L, R] C N.
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Even more,

R*C[L,R]=L*NR=R(L*)CNCR. (2.9)

Ideal [L, R] coincides with the Jacobson radical and will be denoted as[7 (L)}
We have that L is solvable if and only if 7 (L) = L?. This radical is originally
defined in [Marshall, 1967]], which also gives a short proof of expression (2.9)),
as

J(L) = ﬂ{[ : I is a maximal ideal of L}.

Theorem [2.1.15) and equation (2.9)) can also be seen as a consequence of
Lie’s Theorem, which applies in combination with the following lemma over
algebraically closed fields of characteristic zero.

Lemma 2.1.16. Let p: L — gl(V') be a representation of a solvable Lie algebra L.
Then, there exists a nonzero element v € V such that p(x)(v) € span(v) for any
x € L.

Remark 2.1.17. Previous lemma is valid even if the field is not an algebraically
closed, as long as the minimum polynomial of p(x) splits over it. In this case,
p is said to be a split representation.

Theorem 2.1.18 (Lie’s Theorem). Let p: L — gl(V') be a split representation of a
solvable Lie algebra L. Then, there exists a basis of V such that the coordinate matrix
of any p(x) for x € L is upper triangular.

Also as a consequence of Lie’s Theorem we have the next lemma:

Lemma 2.1.19. L is solvable if and only if L? is nilpotent.

Although, solvable Lie algebras can also be characterized thanks to Car-
tan’s criterion based on the traces of inner derivations.

Theorem 2.1.20 (Cartan’s Criterion for solvability). A Lie algebra L in charac-
teristic zero is solvable if and only if k(x,y) =0 forallz € Land y € L'.

Here k(x, y) is the Killing form, which is defined as[s|z, y) = Tr(ad zoad y)
where[Ti denotes the trace.

This same Killing form serves us to characterize semisimple algebras using
another Cartan’s criterion:
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Theorem 2.1.21 (Cartan’s Criterion for semisimplicity). A Lie algebra L in char-
acteristic zero is semisimple if and only if the Killing form « of L is non-degenerate.

As a consequence of these criteria, we have the following properties:

e A Lie algebra is semisimple if and only if it is a direct sum of simple
ideals.

o Allideals and quotients of semisimple Lie algebra are also semisimple

e All derivations of semisimple Lie algebras are inner derivations. So
Der L =Inner L = {adz: xz € L}.

In view of the previous Cartan’s criteria, the Killing form is extremely im-
portant. It is also symmetric, bilinear, and satisfies an associative property

wl[z, 4], 2) = w(z, [y, 2]). (2.10)

The study of the representation theory of the semisimple Lie algebras is
one of the most important areas of research in Lie algebras. An important
result in this field is the next one:

Lemma 2.1.22 (Schur’s lemma). Let p: L — gl(V') over an algebraically closed
field of characteristic zero be an irreducible representation. Then, the only endomor-
phisms of V' commuting with all p(x) for x € L are the scalars.

Using the notation introduced after equation ([2.6]), Schur’s lemma can be
rewritten as Homy(V,V) = Fldy. Moreover, note L itself is an L-module
using the adjoint representation. Here an L-submodule is just an ideal, so it
follows that a simple algebra L is irreducible as L-module, while a semisimple
algebra is completely reducible as stated in the following theorem:

Theorem 2.1.23 (Weyl’s Theorem). Let L be a semisimple Lie algebra. Then, each
finite dimensional representation is completely reducible. Moreover, the number of
irreducible submodules in every decomposition is invariant and, up to reorder, those
submodules are isomorphic.

Lemma 2.1.24. Let p: L — gl(V') be a representation of a semisimple Lie algebra L,
then p(L) C s((V'). In particular, L acts trivially on 1-dimensional L-modules.
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Once explained these initial results, and known the two big families of
Lie algebras (semisimple and solvable), we are ready to see how everything
is connected. One of the important consequences of Weyl’s Theorem is the
Levi Theorem that provides the Levi’s decomposition of any Lie algebra which
is finite-dimensional.

Theorem 2.1.25 (Levi Theorem). Let L a Lie algebra of finite dimension over a
field of characteristic zero, then there exists a subalgebra S C L such that L = S& R
where R is the radical of L.

In this decomposition S is referred as Levi’s factor or Levi subalgebra. But
there are still some results to introduce before completely understanding this
result. First, let us focus on the Levi’s factor. Despite, not being unique, the
following result from [[Jacobson, 1979] indicates all possible factors are iso-
morphic.

Theorem 2.1.26 (Maltsev-Chandra’s Theorem). Let L be a finite dimensional Lie
algebra over a field of characteristic zero with Levi’s decomposition L = S & R. For
each semisimple Lie algebra Sy of L there exists ¢ € Int L such that ¢(S;) C S.

Here, [[nt|L denotes the subgroup of Aut L generated by internal automor-
phisms, i.e. elements of the form

2. (ad z)"
exp(adz) = Z ( n')
n=0 ’

for x € Nil L.

And, these Levi factors are semisimple Lie algebras as they are isomorphic
to L/ Rad L which is semisimple.

Finally, along this work we will use the following notion

Definition 2.1.34. We would say a Lie algebra L is mixed when in its Levi’s
decomposition L = S @ R both S and R are not null.

Levi Theorem and previous notions on solvability and semisimplicity lead
to the deconstruction of Lie algebras summarize in Figure Here, we ob-
serve the deconstruction L = R x,q S following Definition 2.1.20
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Figure 2.1: Schema of general Lie algebras types and decomposition.

2.2 Quadratic Lie algebras

The global structure of invariant Lie groups is encoded in the algebraic struc-
ture of their (real) metric Lie algebras. In 1985, Medina (see [Medina, 1985|
Lemma 2.1 and Corollary 2.2]) provides the following equivalent conditions

on the existence of bi-invariant metrics on Lie groups:

32

For a given Lie group G and its Lie algebra Lie(G) = g, the follow-
ing statements are equivalent:

(a) The group G is endowed with a bi-invariant metric.

(b) The algebra g has a metric such that the adjoint action of G

on g is given by isometries.

(c) The adjoint and coadjoint representations of g are isomor-

phic by means of an isomorphism ¢: g — g* that satisfies

(a)(b) = (b)(a).

Moreover, if G is a connected group, condition (a) is also equiva-
lent to,

(d) The algebra g has a quadratic form ¢: g — R and for every

x € g, the linear transformations ad x is skew-adjoint with
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respect to the bilinear ¢ form attached to ¢, i.e. p(z,y) =
q(z +y) —q(@) — q(y).

These statements have been previously established in [Milnor, 1976, Lem-
mas 7.1 and 7.2]. Since adz(y) = [z,y] is the left product on g, condition
(d) is equivalent to

QD([ZC,ZJ], Z) + go(y, [.1‘, Z]) =0,

forall x,y,z € g.

2.2.1 Basic facts

Definition 2.2.1. Let Abea non—associativef’-] algebra A with product zy, and
let p: Ax A — F be abilinear form. The pair (A4, ¢) is named pseudo-quadratic
whenever

e (isinvariant, i.e. p(zy, z) = p(x,yz),

e and ¢ is non-degenerated, which means
ker (-, y) := {z : p(z,y) = 0¥y} = 0.
And, if ¢ is also symmetric (A, o) is metric or quadratic.

In the literature they also appear named as metrized, metrizable (usual
names for algebras over the real field), orthogonal, regular quadratic, quasi-
classical or symmetric self-dual. Along this thesis we use mostly the term
quadratic.

Remark 2.2.1. In [Hilgert and Neeb, 1996, Lemma 1] it is proved that for real
Lie algebras pseudo-metric and metric notions are equivalent.

Given any Lie algebra L with product [z,y], since it is skew-symmetric
the invariant condition, also named associative as in equation (2.10]), of the
bilinear form ¢ can be rewritten as

p(lz,y],2) + ey, [, 2]) = 0,

®Non-associative includes associative. This remark will be useful when defining associative
quadratic algebras combined with quadratic Lie algebras.
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or using the adjoint representation

p(ad(z)(y), 2) + ¢(y,ad(z)(2)) = 0.
This is equivalent to check if for some ¢
Inner L C so(L, ¢). (2.11)

As A%V =2 50(V, o) using the map a A b — ¢, 5, we can see so0(L, ) is linearly
spanned by the linear maps ¢, 5 = ¢(a, - )b —¢(b, - )afora,b € L. This algebra
is formed by the p-skew endomorphisms. Also, at this point, we can define

Der,(L)|:= Der L Nso(L, ¢), (2.12)

the -skew derivations, which will serve us later. This is a subalgebra of Der L
that contains the inner derivations ideal.

Once we have a definition of being quadratic, we will see how it applies
over semisimple Lie algebras.

Example 2.2.1. Any semisimple Lie algebra with its Killing form is quadratic.

In fact, the non-degeneration of this form characterizes (in characteristic
zero) the class of semisimple Lie algebras according to Cartan’s Criterion (see

Theorem [2.1.21]).

And which is more important, every bilinear symmetric nondegenerate in-
variant form associated to any semisimple Lie algebra is a linear combination
of the Killing form of its simple ideals.

Proposition 2.2.2. Let (L, ) be a simple quadratic Lie algebra over a field of char-
acteristic zero which is algebraically closed. Then o is a scalar multiple of the Killing
form of L.

Proof. 1f L is simple, L is an irreducible L-module via the adjoint represen-
tation. Let ¢: L x L. — T be a bilinear from we can define the L-module
isomorphism

o: L—L*

x = oz, ).

Thus, we can define # and #~!. This way, p o #~! € Hom(L,L) = FId,
applying Schur’s Lemma. Therefore, po &~ = AId, for A € Fso p = A\x. [
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As the decomposition in simple ideals of a semisimple algebra is orthog-
onal respect to the Killing form, we also have the following result:

Corollary 2.2.3. Let (L, ) be a semi-simple quadratic Lie algebra over a field F of
characteristic zero which is algebraically closed. If L decomposes as a sum of simple
ideals Ly @ - - - @ Ly, then for a; € F

n
Y = @ai * KL
=1

where k1, denotes the Killing form of L;.

On the other hand, for abelian Lie algebras the symmetric nondegener-
ate invariant bilinear form could be anyone which is symmetric and non-
degenerated, as all bilinear forms are invariant. If we see an abelian Lie al-
gebra simply as a vector space, this form will be any scalar product over it.
And, as scalar products, this form introduces the orthogonality concept in
Lie algebras.

Definition 2.2.2. Let S be a subspace of a quadratic Lie algebra (L, ¢) we de-
fine naturally the orthogonal of S as

St={zeL:py)=0vyesS}

Thanks to the ¢-invariance if I is an ideal, then I L is another ideal, al-
though this is not true for subalgebras. And using non-degeneration we have

dimI +dim I+ =dimL and (IH)t=1.

Definition 2.2.3. Let I be an ideal of a quadratic Lie algebra (L, ¢). We say I

is non-degenerate if|Rad ¢ ;1 = 0.

Here, in contrast to a Lie algebra radical, the radical of a bilinear form
¢: L x L. — T denotes

Rad(p) ={z e L:p(x,y) =0Vye L} =L*.

Proposition 2.2.4. Let (L, ) be a quadratic Lie algebra and I an ideal of L. Then
L =1 It ifand only if I is non-degenerate.

This non-degeneration for ideals is not so common for invariant forms.
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Proposition 2.2.5. Let (L, @) be a nilpotent Lie algebra and ¢ invariant. Then L*
are degenerate ideals for k > 2.

Proof. If L is t-step nilpotent o(L¥, L) = (LK1 L'*1) =0as L' =0. O

Also, with orthogonality, other concepts appear:

Definition 2.2.4. A subspace V' of some quadratic Lie algebra (L, ¢) is called
isotropic if V.C V-+,

Remark 2.2.6. Some authors called these subspaces totally isotropic, while for
them isotropic are simply those ones which contain an isotropic element (z #
0 such that p(z,z) = 0).

Definition 2.2.5. An isotropic subspace is called lagrangian if it is a maximally
isotropic subspace. And its dimension is called Witt index, which is an algebra
invariant.

Remark 2.2.7. Let V be an isotropic subspace of a quadratic Lie algebra (L, ¢)
over an algebraically closed field of characteristic different from two. If L is fi-
nite dimensional, then V' is a lagrangian subspace if and only if the dimension
of V equals | 4L |,

Later on, we will be studying algebras in which there exist a lagrangian
subspace which is an ideal.

Coming back to the classification of quadratic Lie algebras, apart from
semisimple and abelian Lie algebras, the structure is not so clear. In order
to turn down the complexity, we can limit our study using the concept of re-
ducibility which appears in the next definition. First, as stated in [[Tsou and
Walker, 1957]], we need to see that

Z(L)* = L2 (2.13)
or equivalently
(L)t = Z(1) (2.14)
Hence,
dim L = dim L? 4 dim Z(L). (2.15)

The dimension of Z(L) N L? is called the isotropic index of L. Moreover, this
orthogonal relation can be extended through central series obtaining (A*)*+ =
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Z—1(A) (see [Bordemann, 1997, Proposition 2.1], [Medina and Revoy, 1985]]
or [Keith, 1984, Theorem 3.27]). This property is also covered in Proposi-
tion[5.5.6

Now we are ready for the reducibility definition.

Definition 2.2.6. A Lie algebra L is said to be reduced in case Z(L) C L?. And
the pair (r, s), where r = dim L? and s = dim Z(L), is called the bi-type of L.

Remark 2.2.8. If the Lie algebra is quadratic, by orthogonality, its dimension
is just r 4+ s. Also, this bi-type, defined in [[Tsou and Walker, 1957], is quite
similar to the general type introduced in Definition [2.1.26

In the 2-step case, being reduced is equivalent to Z(L) = L? as the other
inclusion comes from its nilpotency.

And, non-reduced algebras can be decomposed as expected following the
next theorem (see [[Tsou and Walker, 1957, Theorem 6.2]).

Theorem 2.2.9. Any non-reduced and non-abelian quadratic Lie algebra (L, o) de-
composes as an orthogonal direct sum of proper ideals for L = g & a, and ¢ = ¢1 L
a. Where (g, 1) is a quadratic reduced Lie algebra and (a, ) is a quadratic abelian
algebra. In particular, L? = g®> and Z(L) = Z(g) @ a.

Proof. Let M = Z(L) N L?, let a be a subspace complementary of M in Z(L),
let g a complement to a in L containing L?. Note this is possible as a N L? = 0.
Now, a is an abelian ideal of L as « C Z(L), and g is an ideal of L as L? C g,
and together L = g & a. We just need to check g is reduced. This happens as
Z(g) € Z(L), thus Z(g) = gN Z(L). Also g> = L?,s0 Z(g) C g*> = L*.

We now need to see if 91 = ¢|gand p2 = ¢|q are symmetric nondegenerate
invariant bilinear forms. Symmetry and invariant are clearly transferred, so
we just need to check they are nondegenerated. Let V' = Rad(¢1), then V' C
Z(L)Ng = Z(g) C L? as L?> C g. Let us consider 21 + x5 € L withz; € g
and z2 € a C Z(L). Then p(V,x1 + z2) = ¢(V,z1) + ¢(V, 22) but both terms
are zero, the first because of V definition, and the second because V C L? =
Z (L)L. Therefore, as ¢(V, L) = 0, V must be zero as ¢ is nondegenerate. [

Remark 2.2.10. This proof is constructive as it also gives us a method of finding
that decomposition.
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This is the reason why we limit our classification to this type of algebras.
It is important not to confuse reduced with indecomposable.

Definition 2.2.7. A quadratic algebra (A, ¢) is called decomposable if it contains
a proper ideal / that is non-degenerated (i.e. ¢ |7« is non-degenerate), and
indecomposable otherwise.

Remark 2.2.11. Equivalently, (A, ) is decomposable if and only A can be ex-
press as a direct sum of two orthogonal non-degenerate proper ideals, i.e.
A=Iq I

So, every abelian algebra of dimension greater than one or non-reduced al-
gebra is decomposable. And also, any quadratic Lie algebra is the orthogonal
direct sum of indecomposable quadratic Lie algebras. This assertion, which
we can see in [|Astrakhantsev, 1978]], follows easily from the fact that / is an
ideal of A if and only if its orthogonal space I+ also is.

Other examples of decompositions we can find come from semisimple Lie
algebras as they can be viewed as a sum of its simple ideals. These algebras
are a subfamily of a bigger class formed by the orthogonal sum of both an
abelian and a semisimple algebra, known as reductive.

Definition 2.2.8. A Lie algebra L is called reductive if Rad L = Z(L). More
concretely, a Lie algebra is reductive if it is a direct sum as ideals of a semisim-
ple Lie algebra and an abelian Lie algebra.

Example 2.2.2. Lie algebra gl(n,F) is reductive. We can decompose
gl(n,F) = sl(n,F) @ FI,, = gl(n,F)? L Z(gl(n,F)).
Here gl(n,F)? = sl(n,F) is a simple Lie algebra, and
Rad(gl(n,F)) = Z(gl(n,F)) = FI,,
the scalar matrices, form an abelian Lie algebra of dimension 1.

Reduced quadratic Lie algebras are a big family, in fact, in [[Tsou, 1962,
Theorem 5.1] we find the following result:

Theorem 2.2.12 (Tsou, 1962). There exist reduced quadratic Lie algebras of arbi-
trary bi-type (r,s) r > 3 except for (5,0), (7,0) and (4,s),0 < s < 4.
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The proof of this theorem, based on multilinear arguments and tools, does
not make it clear how to build them. However, these techniques will inspire
the quadratic family method and its constructions in Chapter

Some general properties all quadratic Lie algebras share are gather in the

following proposition:

Proposition 2.2.13. Let (L, ) a quadratic Lie algebra, U any subspace and I an
ideal. Then:

(a) dim L = dim U + dim U~ and, if U is non-degenerate, g = U & U+.

(b) U is an ideal of L if and only if [U+, U] = 0.

(c) Any minimal and non-degenerate ideal of L is simple or one-dimensional.
Minimal degenerated ideals are isotropic and abelian.

(d) The algebra L decomposes as the orthogonal direct sum, as ideals, of a reduced
quadratic Lie algebra and an abelian Lie algebra.

(e) If L is indecomposable and I is proper, then I N I+ # 0 and Z(L) C L?. In
particular, L is a reduced algebra and has no simple ideals.

(f) The centre of a nonzero solvable quadratic algebra is nonzero. Even more,
Z(L) N L? # 0 and, in particular, N* C N.

(g) If L is indecomposable, then either L is one-dimensional or simple or can be
obtained up to isometrically isomorphisms using a technique called double
extension of some quadratic Lie algebra by another one-dimensional or simple.

(h) For any subalgebra S, [S, S| C S, in particular, S N S+ is an ideal of S.

Proof. A detailed proof of items (b), (c) and (g) can be found in [Figueroa-
O’Farrill and Stanciu, 1996]]. Item (d) is just Theorem and (e) follows
easily from previous items. For item (f), apply equation (2.15)) and L? # L
because of L is nonzero and solvable. Now, observe that if Z(L) N L? = 0 then
L = I?® Z(L) and in that case L' = L? = [L?, L?] = L® which contradict
the solvability of L. Lastly, as Z(L) + L? C N so by orthogonality

NtCc(zZ(L)+ L)t =L?’nZ(L)CN.
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The final case (h) is also true as
90([5> SL]?‘S’) = (p(SLv [57 S]) = (P(SLVS’) =0,
and [SN S, 5] C[S, 9] n[St,S]C SnsSt. O

Remark 2.2.14. The double extension procedure mentioned in item (g) will be
described in Section2.2.2.7]

Now, we can question ourselves which are the smallest quadratic Lie al-
gebras we can have:

Lemma 2.2.15. The smallest non-zero-dimensional indecomposable Lie algebra is:

of dimension 1, when it is abelian;

of dimension 3, when it is simple;

of dimension 4, and isomorphic to Fa x b3 described in equation (2.16), when
it is non-simple and non-abelian, in particular when it is solvable; and

of dimension 5 and isomorphic to ny 3, when it is nilpotent non-abelian.

So, there are no nilpotent quadratic indecomposable Lie algebras of dimension two,
three or four.

Proof. All abelian and simple Lie algebras are quadratic. So, using [Jacobson,
1979, Chapter 1], the smallest simple Lie algebra is 3-dimensional proving the

first two items.

For L solvable non-abelian, we see dim L > 4. This happens because we
need a reduced Lie algebra in order not to be decomposable. There are three
options when considering 0 # Z(L) C L? C L and dim L = 3.

e Z(L) = L? both 1-dimensional. This is the Heisenberg algebra which is
not quadratic as dim Z(L) +dim L? # dim L as equation (2.15)) imposes.

e Z(L) = L?both 2-dimensional. It is contradictory as dim L/Z(L) = 1 so
L is abelian.

e Z(L) C L2 Again impossible as L = span(z,y, z) and Z(L) = span(z)
implies L? = span([z, y]) is 1-dimensional.
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Now that we know dim L > 4, we can distinguish again two cases:

e Z(L) = L* Using equation (2.19), dim L = 2d with d = dim Z(L).
Case d = 2 does not work as L = span(xz,y) ® Z(L), so L? should be
1-dimensional. When d = 3 we have the free nilpotent Lie algebra n3 »
which is quadratic as we will see in Example

e Z(L) € L?: In this case, dim L = n + 2d, where n = dim L?/Z(L) and
d = dim Z (L) with d,n > 1 in order not to be abelian.

— When n = 1 the smallest valid d is 2 producing the quadratic nilpo-
tent algebra ny 3 from Example

— When n = 2 and d = 1 the algebra is of the form L = Fa & L?,
Z(L) =Fzand

L? = span(z, y, z) = span([a, 2|, [a, y], [z, y]).

Observe 0 # [z,y] € Z(L) because L? = b3 using Lemma [2.1.19
This way we have products

la, ] = a1z + asy + asz, la,y] = Bix + Bay + B3z,

with a1 82 — a1 # 0 in order L? to have dimension 3. Without
loss of generality, we can rescale the basis to have products

;2] =y, leyl=az+Py, [,y == (2.16)
Applying the Jacobi identity
0= [av Z] = [CL, [IL‘,yH = _[l‘7 [yaa]] - [ya [CL’xH = BZ,

so 3 = 0. The resulting algebra admit a symmetric invariant bilin-
ear given by the matrix

A1 0 0 A

in basis {a, z,y,z}. When A\; = 0 and A2 = —a = 1 we obtain the
oscillator algebra from next Example O
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Chapter 2. Background

Example 2.2.3. The oscillator algebra (34, ¢), mentioned in previous lemma, is
the smallest solvable non-abelian quadratic algebra. We can define it taking
basis {d, x,y, z} with nonzero products

[d7 .Z'] =Y, [da y] =7, [{E,y] =z,

and bilinear form ¢(d,2) = 1 = ¢(z,z) = ¢(y,y) = 1. Its derived algebra
02 = [04,04] = b3 is the Heisenberg Lie algebra (see Definition . An
easy computation yields Der, 04 = Inner 4. This algebra arises over the reals
in the quantum mechanical description of a harmonic oscillator and ¢ is a
Lorentzian{| form. More information is available at [Ovando, 2006]] and in
Section5.2.21

In contrast to these examples, we can also find algebras which are not
quadratic. For instance, the Heisenberg algebra s which have just appeared as
the square of 04 in Example This is a 3-dimensional algebra with basis
{z,y, z} and Lie product [z,y] = z = Z(h). From equality (2.15), it is imme-
diate that b3 is not quadratic. But this algebra does not appear alone, we can

define|Generalized Heisenberg Algebras (GHA )|in a similar way. This family
will take an important role later in Section

Definition 2.2.9. The generalized Heisenberg algebra series, following [[Dixmier,
1996]], is determined through the property h? = Z(L) = span(z). For such al-
gebra, the Lie bracket [z, y] = b,(x,y)z provides an alternating bilinear form
b.: hx b — Fand (h)* = h2 = F - 2. Note that b, is non-degenerate on any
complement summand W of the centre Z(h) in h. Hence W is a vector space
of dimension even and b, |y xw has a canonical basis {z1,...,Zn,Y1,,.-.,Yn}
such that b,(z;,v;) = 1 = —b.(yi, ;). Then, Heisenberg algebras have odd
dimension and, for any natural n > 1, there is a unique Lie algebra of Heisen-
berg type of dimension 2n + 1 that we call Therefore, the algebra hay, 11
has a standard basis {x1,...,Zn, Y1, ... Yn, 2} With nonzero brackets [z;, y;] = z.

Note that equation (2.15)) fails, as for b = b3, so h2,41 are not quadratic.

According to [del Barco and Ovando, 2012]], the 5-dimensional algebra
ny 3 and the 6-dimensional n3 5 are the unique quadratic free nilpotent Lie
algebras. Any algebra in the free nilpotent series ng; (d > 2and ¢ > 2) satisfies

7 A Lorentzian form is a non-degenerate bilinear form in a n-dimensional vector space such
that its signature is n — 2.
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2.2. Quadratic Lie algebras

d = codimn3 , and the centre, Z(ng;) = (ngq;)" has dimension ; Dl p(a)dt/e,
where 1 the is Mobius function (see Example or [Gauger, 1973]]). Then,
the assertion is a corollary of item (a) in Proposition 2.2.13

Example 2.2.4. The quadratic structure of ny 3 is given in (Hall) basis {a;}?_, by
nonzero products [ag, a1] = as, [a3,a1] = a4, [a3,az] = a5 and the symmetric
form ¢(a;,aj) = (=1)""! fori < jand i + j = 6 and zero otherwise.

Example 2.2.5. For n3 5, we can take (Hall) basis {a;}%_; and nonzero products
[ag,al] = Qy4, [ag,aﬂ = as, [ag,ag] = Qg with symmetric form qﬁ(ai,aj) =
(—1)i=!fori < jand i+ j = 7 and zero otherwise.

Remark 2.2.16. The structure mentioned in Example is unique over alge-
braically closed fields, while the one from Example is unique over any
field of characteristic zero (see [Benito et al., 2017]]).

We come back now to items (c¢) and (d) of the multiple characterisation re-
sult of Lie groups with bi-invariant metrics and their Lie algebras (see [Med-
ina, 1985]) that we have mentioned at the beginning of this section. Both
items highlight the natural relationship between invariant bilinear forms on
Lie algebras and homomorphisms of their adjoint and coadjoint represen-
tations. As vector spaces, the set of invariant bilinear forms, and
Homy, (L, L*), are isomorphic:

A Bigy (L) = Homp (L, L*), A(f)(z) = f(z, ) = (x), (2.17)

and A~Y(y) = fy, with fy(z,y) = ¥(z)(y). Even more, A sends a non-
degenerate invariant form into a L-module isomorphism and conversely.

On the other hand, for any bilinear form ¢ of L, we can set the bilinear
form ¢! (x,y) := ¢(y, z). From the anticommutativity of L, it is easily checked
that ¢! is invariant if and only if ¢ so is. This way, over fields of characteristic
not 2, the usual decomposition of ¢ as sum of its symmetric part and its skew-
symmetric part

1 1
o= §(s0+<ﬁt)+§(<p—<pt)

preserves the invariance. Therefore, Biin, (L) decomposes as the direct sum
of the vector spaces of symmetric invariant forms, [Bi; (L), and that of the
skew-symmetric forms[Bif;, (L)}

Bii (L) = BiS,, (L) ® Bi®,(L).

inv
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Chapter 2. Background

So for invariant forms, at matrix level, we recover the natural decomposition
of a matrix as sum of a symmetric matrix and a skew-symmetric matrix.

Our next result restates and expands Lemma 1 in [Hilgert and Neeb, 1996]]
and clarifies the equivalent assertions for Lie algebras attached to Lie gropus
with bi-invariant metrics given by Medina and Milnor.

Proposition 2.2.17. Let L be a Lie algebra over a field of characteristic different
from 2. Then it is equivalent:

(a) There exists a nondegenerate form ¢ € Biiny (L).

(b) There exists a nondegenerate form ¢ € Bij,(L).

mv

(c) The adjoint and coadjoint representations of L are isomorphic.

Moreover, over fields that have more than dim L elements, the vector space Bi;, (L)
is linearly generated by the set of invariant and non-degenerate symmetric bilinear
forms and previous assertions are also equivalent to:

(d) dim Bi,, (L) is greater or equal than one.

mv

Proof. Let us assume (a) and, using [Bordemann, 1997, Proposition 2.4], (b)
follows. From (b) we get (c) taking into account that the isomorphism A in
expression sends any non-degenerate invariant form f into the isomor-
phism ¢¢: L — L*, ¢¢(x) = f(x,-). This map is one-to-one because f is
nondegenerate and, since L and L* are equidimensional, it is bijective. More-
over as f is invariant, for all z,y € L:

er(lz.y]) = f([z,y], ) = —f(y, (adz)(+)) = = f(y, -) cadx = —pf(y) o ad z.

This is just equation ([2.6]), so ¢ € Homp, (L, L*) and adjoint and coadjoint rep-
resentations are isomorphic. Finally, for any bijective map ) € Homp (L, L),
Ju(x,y) = ¥(x)(y) is a bilinear form and f(x, L) = 0 implies that ¢/(z) is a
null map, so z = 0 because 7 is one-to-one. Thus f, is nondegenerate. More-
over fy([z,yl],2) = ¥([z,y])(z) and from equation 2.6), ¥ ([z,y]) = —¥(y) o
ada and v([z,y))(2) = —0()([z,2]) = —fuly, [z, ]). Hence f, € Bim(L),
and item (a) follows. According to Lemma2.1 in [Bajo and Benayadi, 1997,
Bif,, (L) = span({yp € Bij (L) : ¢ is non-degenerate) over the real field. The

arguments in the proof of this lemma are also valid for fields that have more
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2.2. Quadratic Lie algebras

than dim L elements. Therefore, the equivalence of the four statements is
proved. O

In Figure 2.2l we can find a diagram representing how A mapping from
equation ([2.17]) works.

Biinv (L) Homy (L, L*)
non-degenerate L-isomorphism
f symmetric b(a)(b) = (b)(a)

Figure 2.2: A isomorphism between Bij,,, (L) and Homp, (L, L*).

At the end of previous proposition appeared the dimension of the vector

S

space Bij,,,

(L). This plays an important role in quadratic Lie algebras as it tells
us how many appear.

Definition 2.2.10 (See [[Tsou and Walker, 1957]]). We call quadratic dimension or
metric index to the number of linearly independent symmetric nondegenerate
invariant bilinear forms some algebra admits. For a given Lie algbra L we
write

m (L) = dim Big,, (L).
If the algebra is not quadratic its quadratic dimension is zero. If the al-

gebra is abelian of dimension n, then its quadratic dimension is % But
there is an important lemma when we look for dimension one. Although, for
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Chapter 2. Background

good basis and low dimensions we will be able to compute these quadratic
dimensions using algorithms from Chapter|6|

Lemma 2.2.18. Every non-abelian algebra with quadratic dimension one is simple.
Ower algebraically closed fields the reverse also holds. And, over the reals, if an algebra
is simple its quadratic dimension is

e one if its complex extensiorﬂ is simple,

e or two if its complex extension is not simple.

This lemma appears first in [Tsou and Walker, 1957]] for R and C and for
more general fields in [Bajo and Benayadi, 1997]].

The reason why for some real simple Lie algebras the quadratic dimension
is two is related to the fact that over the complex field they are semisimple and
decompose as two simple conjugate Lie algebras. This lemma also serves as
a proof that only the Killing form or scalar multiples of it work as a quadratic
form for complex simple Lie algebras (see Proposition[2.2.2)).

Also, in [Tsou and Walker, 1957, 9.2], the authors state that for an ideal
decomposition L; & Ly we have

m(Ly & La) = m(Ly) + m(Lg) +dim Z(Ly) - dim Z(La).

This formula is compatible with the semisimple case. In those algebras the
decomposition in simple ideals has trivial centres, and m(S; @ --- & S,,) =
m(S1) + - - - +m(Sy) > n. This last inequality turns into an equal sign when
we are over an algebraically closed field or, in the real case, when every simple
ideal has a simple complex extension. If £ < n ideals have no simple complex
extension, are central simple, then m(S1 & --- @ S,) =n+k.

Apart from abelian or semisimple Lie algebras, and following [[Hofmann
and Keith, 1986, Proposition A ], we can generate quadratic Lie algebras with
arbitrary quadratic dimension. First, we consider the tensor product (g®a, ¢®
q) where (g, ¢) is quadratic Lie with bracket [z, y] and (a, ¢) is an associative
and commutative algebra with invariant symmetric and nondegenerate form
g and product ab produces the quadratic algebra

[z ®a,y®@b] = [z,y] ® ab,

8 An algebra over the complex field which has the same structural constants.
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2.2. Quadratic Lie algebras

under the form
(p®q)(z®a,y®@b) = o(x,y)q(a,b).
Ft]

Example 2.2.6. As a remarkable example we point out the algebra g = s © 77

for any n > 1, with s simple. This algebra as seen in [Bajo and Benayadi,
1997, Proposition 2.2] is non-semisimple, irreducible, perfect and m(g) > n.

Also, for generic non-abelian quadratic algebras we can get bounds for its
quadratic dimension:

Lemma 2.2.19. See [Tsou and Walker, 1957, Section 9.2] If L is non-abelian and
quadratic, and dim Z (L) = ¢, then in C

cle+ 1).

m(L) > 1+ 5

With all these results, and using computational software from Chapter|d]
we can easily find the quadratic multiplicity in all previous examples:

e m(dy) =2,
[ ] m(n273) = 4,

e and m(n?,,g) =1.

2.2.2 C(Classical constructions

The early work of Tsou and Walker makes use of multilinear algebra to es-
tablish the existence of quadratic algebras. Although the description of these
algebras is not explicit, multilinear tools point the way to reduce the classifica-
tion of 2-step quadratic Lie algebras to trivectors (see [Noui and Revoy, 1997]]
and Chapter@. In the 1980s and 1990s, methods of double extensions and 7™*-
extensions appeared. They allow us to construct finite dimensional quadratic
algebras in a more explicit way. The first method is used in the realm of Lie
algebras, mainly characteristic zero. According to [Rodriguez-Vallarte and
Salgado, 2018]], the double extension process also lets us produce Lie algebras
with the same type of geometric (quadratic, symplectic or contact) structures.
The T*-extension technique can be applied to the variety of non-associative al-
gebras (characteristic not two), but only generates quadratic algebras of even
dimension. Since the end of the "90s and up to now, related to quadratic con-
structions, there have appeared bi-extensions and inflactions in [Keith, 1984]]
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Chapter 2. Background

and [Hofmann and Keith, 1986]], amalgamated products in [Favre and San-
tharoubane, 1987]] and two-fold or quadratic extensions in [Kath and Olbrich,
2004]] among other notions and procedures. In the case of quadratic nilpo-
tent Lie algebras a classification scheme has been proposed in [[Benito et al.,
2017]] based on free nilpotent Lie algebras and their invariant forms. Other
techniques to produce examples of quadratic Lie algebras are given by ten-
sor products, the so called current Lie algebras (see [[Zusmanovich, 2014]]), or
representations of simple Lie algebras. This technique will appear in our last
chapter and it was also used in [Benayadi and Elduque, 2014]].

Both classical methods, double extensions and 7*-extensions, present dif-
ficulties when dealing with the classification problem, but we will tackle this
task later. Despite this problem, as we will show along the thesis, they are
good at producing examples.

2.2.2.1 Double extension

Chronologically, the double extension process appears first (see [Figueroa-
O’Farrill and Stanciu, 1996] for a nice presentation). It was developed during
the 1980s and was introduced in several independent works from Keith and
Hofmann (see [Keith, 1984]]), Favre and Santharoubane (see [[Favre and San-
tharoubane, 1987]]), and Medina and Revoy (see [Medina and Revoy, 1985]]).
This procedure, according to [[Favre and Santharoubane, 1987], follows the
main ideas that V. G. Kac had written in several exercises for his students
(see [Kac, 1983, Exercise 2.10 and 2.11]). In Exercise 2.10, the double one-
dimensional extension is defined, and the fact that every indecomposable
solvable quadratic Lie algebra of dimension n + 2 can be obtained from a
quadratic Lie algebra of dimension n is established in Exercise 2.11 (see [Favre
and Santharoubane, 1987, Proposition 2.9] for a complete proof).

The double extension method consists in an iterative process that allows
us to find new quadratic Lie algebras starting from a smaller dimensional one.
The formal description we present here follows from [Bordemann, 1997, The-
orem 2.2]), but slightly changed to match our notation. From now on, B* will
denote the dual space of B.

Theorem 2.2.20. Let (A, f) be a finite-dimensional quadratic Lie algebra over a field
F. Let B be another finite-dimensional Lie algebra over IF and suppose there is a Lie
homomorphism ¢: B — Der¢(A) from B onto the space of all f-skew-symmetric
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derivations of A. Denote by w: A x A — B* the bilinear skew-symmetric map
(a,a’) = (b f(é(b)(a),ad")). Take the vector space direct sum Ap := B® A® B*
and define the following multiplication for b,V € B, a, a’ € A, and 3,3 € B*:

[b+a+ B,V +d + 5] :=[b,V]p+ ¢(b)(d) — () (a) + [a,a']a
+w(a,d) +ad*(b)(8) — ad*(¥)(B). (2.18)

Moreover, define the following symmetric bilinear form fp on Ap:
fed+a+ B,V +d +5) =)+ B'(®) + f(a,d). (2.19)

Then the pair (Ap, fg) is a quadratic Lie algebra over I and is called the double
extension of (A4, f) by (B, ¢).

Now that once the method is explained we can understand where the
name comes from. As it suggests, it consists of two extensions. First, over
(A, f) we find B such that ¢: B — Dery(A) exists. From here, we define the
2-cocycle w and obtain the vector space A @ B* endowed with product

o+ B,d" + B'] = [a,a]a + w(a,d).

This is the central extension of A by means of w. Now, we can define the Lie
algebra homomorphism

¢: B — Der(A @ B*)
b— ¢:A®B*— A B*
a+ B ob)(a+ B) = ¢(b)(a) + ad*()(8),
to obtain the semidirect product B x 3 (A® B*), which is the double extension.

It is worth mentioning that this construction, when B is abelian, also ap-
pear in the literature as a particular case of bi-extensions (see [[Keith, 1984]]).

One crucial property of this method is that every quadratic Lie algebra in
characteristic zero can be obtained this way. So, it covers every possible case
and allows us to deconstruct Lie algebras in Chapter 3l Note that, as it pre-
serves dimension parity (it adds an even dimension to the extended algebra),
we need to start the process in an algebra of the same parity as the one we
want to end up.

To illustrate this method we are going to show how to obtain the oscillator
algebra from Example[2.2.3]as a double extension by a 1-dimensional algebra.
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Example 2.2.7 (Oscillator as one-dimensional double extension). Starting with
the R-vector space W5 of dimension 2 with a bilinear symmetric and nonde-
generate form ¢, and being {z,y} an orthonormal basis. The set End,(1/>)
of linear maps that satisfy expression (2.12)) is a one-dimensional subspace
generated by the linear isomorphism ¢(x) = y and ¢(y) = —z. Then, the Lie
algebra obtained as double extension of the abelian quadratic algebra (W, ¢)
by (span(d), ¢) where ¢(d) = ¢ has the same product and bilinear form as
in Example Note, span(d, d*) is an hyperbolic subspace and we obtain
the real algebra 04(R), the harmonic oscillator algebra, with metric signature
(3,1). This algebra is also known as diamond or Nappi-Witten Lie algebra
(see [[Casati et al., 2010]] and references therein) and it can also be obtained as
the central extension of the Poincaré Lie algebra in two dimensions.

This construction, in Section will let us define generalized oscilla-
tor algebras. For other examples of double extensions, we can find them dis-
tributed through the following chapters.

2.2.2.2 T*-extension

In 1997, Bordemann (see [Bordemann, 1997]]) introduced another method for
contructing these algebras: the T*-extension. This technique can be applied
to all known classes of non-associative algebras over fields of characteristic
different from 2. The method produces quadratic algebras of dimension 2n
(even) and Witt index n (half of its dimension). This is proved in [Borde-
mann, 1997, Theorem 3.2], where we can see T*-extensions are just quadratic
non-associative algebras of dimension 2n that contain an isotropic subspace
U of dimension n such that U? = 0.

This is a one-step method, in contrast to the multistep double extension.
We are focused on the study of Lie algebras, so we will only see its defini-
tion applied on these algebras (for a general definition we can see the original
method in [[Bordemann, 1997]]).

Along this subsection, (B, [z, y|p) will be a Lie algebra. Let V' a B-module
given by the representation p: B — gl(V') (indeed a Lie algebra homomor-
phism as we saw gl(V') denotes the general Lie algebra of endomorphisms
over the vector space V'). In order to reach the definition of 7*-extension we
need the following basic cohomology notions.
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Definition 2.2.11. Let w: B x B — V be a bilinear map, V' a B-module given
by the representation p, and a, b, ¢ arbitrary elements of B. Then we say:

e w is non-degenerate if its radical is zero, i.e.
Radw ={be B :w(b,-) =0} = 0;

e w is cyclic if
w(a,b)(c) = w(c,a)(b) = w(b,c)(a); (2.20)

e and w is a 2-cocycle if w is skew-symmetric and

> w(labl,c) = pla)w(b, c).

O O
a,b,c a,b,c

The vector space of 2-cocycles with values in V is denoted by Z?(B, V).

Remark 2.2.21. In our construction we will work with a 2-cocycle w with values
in B* using the coadjoiniﬂ representation, i.e. w € Z%(B, B*). Despite this
structure, we can also see it like a 3-cocycle with valuesinF. Givenw: BxB —
B*, we can define the trilinear map ¢,,: B x B x B — F as ¢,(a,b,¢c) =
w(a, b)(c). It is straightforward to infer w is cyclic, w € Z?(B, B*) where V =
B* by the coadjoint representation if and only if ¢,, is a 3-cocycle. This means
it is a 3-alternating form such that

buw([bo, b1], b2, b3) + Gy ([b1, [bo, b2], b3) + Do ([b1, b2, [bo, b3]) =
bw(bo, [b1,b2],b3) + du(bo, ba, [b1,b3]) — duw(bo, b1, [b2, b3]).

The vector space of scalar 3-cocycles is denoted as Z3(B,F). Here, V = F
comes from the trivial representation.

Consider now an arbitrary bilinear form w: B x B — B*, and define the
multiplication on the vector space B @ B* for b,V € B and for 3, 5’ € B* as

b+ 8,V + 3] :=[bb]p+wbb)+ad*(b)(8) —ad*(t)(B), (2.21)

where ad” is the coadjoint representation. So for any 3: B — F, 8 € B* and
bt € B

ad*(b)(B)(¥) = —B([b,b']) = —B o ad (D). (2.22)
Moreover, we construct the symmetric bilinear form ¢p as:
qp(b+ 8,0+ ') == ') + 5'(b). (2.23)

?See definition in equation (2:22).
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Proposition 2.2.22. Let B, B*, w, and qp be as above. Then:

(a) The vector space B @ B* with the binary product given in equation (2.21)) is
a Lie algebra if and only if B is a Lie algebra and w € Z*(B, B*).

(b) The form qp defined in equation (2.23)) is an invariant bilinear form of the Lie
algebra B & B* if and only if w is cyclic.

So, (B® B*, qg) is a quadratic Lie algebra if and only if the bilinear form w is a cyclic
2-cocycle and (B, [z, y|B) is a Lie algebra.

Proof. Assertion (a) follows from [[Bordemann, 1997, p. 177]. Here we can see
Jacobi identity is satisfied if and only if B is a Lie algebra and w is a 2-cocycle.
On the other hand, product in equation (2.21]) is skew-symmetric if and only
if [z,y]p and w are skew, which also comes from being a 2-cocyle. Finally,
to prove assertion (b) about the 7* construction, we use [Bordemann, 1997,
Lemma 3.1], which adds us the cyclic condition in order to be quadratic. [

Definition 2.2.12. Let w: B x B — B* be cyclic 2-cocycle and B Lie algebra.
The quadratic algebra (B & B*, ¢g), with product and quadratic form defined
in equations (2.21)) and (2.23)) respectively, is called the T™*-extension of B by
w, and we denote it as (7. B, qg).

Finally, we have the following theorem (check [[Bordemann, 1997, Theo-
rem 3.2]) which gives us conditions about when we can build a quadratic Lie
algebra using T™*-extensions.

Theorem 2.2.23. Let (A, f) be a quadratic Lie algebra of finite dimension n over
a field F of characteristic not equal to two. Then (A, f) will be isometric to a T*-
extension (T, B, qg) if and only if n is even and A contains an isotropic ideal I of
dimension n/2. In this case, as a Lie algebra, B is isomorphic to the quotient A/I.

Remark 2.2.24. As seen in the proof, any isotropic ideal of dimension n/2 will
work. We also note that, any isotropic subspace V' of A whose dimension is
dim A/2, also named lagrangian, is an ideal of A if and only if it is abelian, in
other words, V2 = 0. This assertion follows from V = V- and item (d) in

Proposition[2.2.13}

As a consequence, we can summarize and say:
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Corollary 2.2.25. The class of T*-extensions is just the class of quadratic Lie algebras
of dimension 2n with a lagrangian n-dimensional ideal.

Although at first glance T™-extensions only work for even dimensional al-
gebras, [Bordemann, 1997]] says we can use them to end up obtaining odd
dimensional Lie algebras applying 1-dimensional quotients afterwards.

Some examples of Lie algebras we can obtain through this technique are
the following:

Example 2.2.8. T*-extensions of Lie algebras by the null 2-cocycle, T; B are just
split extensions of that Lie algebra B by means of its coadjoint representation.
And even more, any invariant bilinear form f: Bx B — F let us define another
invariant quadratic form @, s on (75 B, ¢B):

Qqp.fla+a,b+ B) =qpla+a,b+ B) + f(a,b) = a(b) + (a) + f(a,b).

The resulting quadratic Lie algebra (7 B, Qg r) was introduced in [Hofmann
and Keith, 1986]] as the inflaction of B with respect to the forms ¢p and f. Ac-
cording to [[Hofmann and Keith, 1986, Lemma 2.9], inflactions occur promi-
nently in the structure of quadratic mixed Lie algebras.

Remark 2.2.26. Let B a Lie algebra, Tjj B coincides with the double extension
of the trivial Lie algebra of dimension zero by B.

Our next example follows ideas in [[Bordemann, 1997, Example 4.2].

Example2.2.9. Let h = span(z, y, z) be the Heisenberg 3-dimensional Lie alge-
bra given by the non-zero products [z, y] = z. Apart from the 6-dimensional
2-step Lie algebra 77h, we can construct a 6-dimensional 3-step Lie algebra
taking the cyclic 2-cocyle w defined as

Al A2 A3
w(vy,va)(v3) = | B1 PBa P3|,
MooY2 V3

where v; = Nz + By + 7iz. This produces a Lie algebra T,;h with basis
{z,y,z,2*,y*, 2*} and the following non-null multiplication table

*

[yl =2+2%  fwz ==yt [y 2=y =

This way, (T%h)? = span(z + z*,2*,y*) and (T;:h)® = span(z*, y*). This alge-
bra does not appear directly in quadratic nilpotent classifications like the one
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in [Benito et al., 2017]] as it is non-reduced. It decomposes in ideals as
Tyh =span(z,y,z*,y", z + 2*) @ span(z — 27),

where the second term in abelian and the first one is isomorphic to ns 3.

2.3 Chronology

Since quadratic Lie algebras appeared on 1955, there have been several ad-
vances. Hereunder, we list chronologically which have been the major events
in the timeline until this memoir have been written. These articles have some-
how inspired this work.

Note not all the articles in this chronology appear in the final bibliography.
Instead, only the most used ones are referenced. Additionally, in this list, we
have marked with symbol B those articles key to the development of this the-
sis, and with symbol 4 our own articles included, and sometimes expanded,
to form this memoir.

1955 ... L Tsou PhD: On Metrisable Lie groups and algebras.

Tsou-Walker: Metrisable Lie groups and algebras.
Definitions of real metrizable algebra (quadratic),
reduced, type and metric multiplicity (quadratic

1957 ... .- B dimension). Techniques based on metric tensors and
structure constants. Proof of the existence of arbitrary
type (except for 7). Proof of Z(L) = (L?)*. Real and
complex algebras of quadratic dimension 1.
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Ruse: On the geometry of metrisable Lie algebras.
Properties of quadratic Lie algebras in terms of
projective spaces geometry. Low dimensional examples.

Tsou: On the Construction of Metrisable Lie Algebras.
Proved the existence theorem of specific types of
quadratic real Lie algebras announced in the previous
article without proof.

Walker: Note on metrisable Lie groups and algebras.
Example of metrisable Lie groups and Lie algebras of
quadratic dimension two..

Milnor: Curvatures of left invariant metrics on Lie
groups. Outline of classical theory on bi-invariant
metrics. Definition of bi-invariant metric on real Lie as
inner derivations being skew-adjoint. Metric Lie
decomposition as orthogonal sum of ideals. Ricci
curvatures.

Astrakhantcev: On the decomposability of Lie algebras.
Uniqueness of orthogonal ideal decomposition of

quadratic Lie.

Keith PhD: On invariant bilinear forms of f-d Lie
algebras. Structure and selfduality of Lie algebras with
invariant metrics. Definition of bi-extensién as tool to
build metric algebras. Self-duality of ideal lattices.
Orthogonality among the terms of upper and lower
central series. Structure of metric mixed.

Kac: Infinite-dimensional Lie algebras, Birkhauser.
Definition of one-dimensional double extension (two
exercices).

Hilgert-Hofmann: Lorentzian cones in real Lie algebras.
Discovery of a whole countable series of solvable real
Lie algebras that support invariant Lorentzian forms

(oscillator algebras).
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Medina: Groupes de Lie munis de métriques
bi-invariantes. One-dimensional double extension
construction. Orthogonality among the terms of upper
and lower central series. Properties of ideals in
quadratic Lie.

Medina-Revoy: Algébres de Lie et produit scalaire
invariant. Indecomposable quadratic Lie as double
extensions of either simple quadratic or 1-dimensional
quadratic (characteristic zero).

Keith-Hofmann: Invariant quadratic forms on|f.d] Lie
algebras. Tensor products of Lie quadratics by
commutative to enrich the examples of quadratic
nilpotent (arbitrary nilindex) and mixed. Inflaction
construction. Indecomposable mixed quadratic:
Rad(L)* < Rad(L) and Rad(L)* @S, being S a Levi
factor, is isomorphic to the inflaction of the Levi factor.

Favre-Santharoubane: On invariant bilinear forms on f.d.
Lie algebras. Indecomposable solvable quadratic: centre
non-null and totally isotropic. One-dimensional double
construction (solvable case; Kac's ideas). Quadratic
nilpotent as amalgamated products.

Figueroa O'Farrill-Stanciu: On the structure of
symmetric self-dual Lie algebras. Pretty outline of
double extension method. Applications to Conformal
field Theory.

Hilgert-Neeb: Orthogonal Lie algebras with cone
potential. Root decomposition for some solvable
quadratic indecomposable Lie algebras.

Noui-Revoy: Algébres de Lie algebras orthogonales et
formes trilineaires alaternées. Reduced quadratic 2-step
nilpotent Lie and trivectors. Equivalent classifications.
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Bajo-Benayadi: Lie algebras admitting a unique quadratic
structure. Examples of mixed quadratic of arbitrary
quadratic dimension.

Eberlein: Riemannian submersions and lattices in 2-step
nilpotent Lie groups. Introduction of standard real
metrics (inner product, not necessarily invariant) Lie
algebras. Relations to metric 2-step nilpotent algebras.

Baum-Kath: Doubly extended Lie groups-curvature,
holonomy and parallel spinors. Geometry of doubly
extended Lie groups with their natural bi-invariant
metric.

Kath-Olbrich: Metric Lie algebras with maximal isotropic
center. Real quadratic algebras through orthogonal
representations. Two-fold quadratic extensions.

Ovando: Small oscillations on R? and Lie theory. The
real Lie oscillator 4-dim algebra as a model for the
simple harmonic oscillator.

Kath-Olbrich: Metric Lie algebras and quadratic
extensions. Building real quadratic without simple
ideals. Radical descending and socle ascending series of
ideals as tool (Bergery's idea).

Ovando: Small oscillations and the Heisenberg Lie
algebra. Classical mechanical systems with a quadratic
hamiltonian on R?". Real oscillator algebras and
(2n + 2)-dimensional Lie motion of n Harmonic

oscillators.

Kath: Nilpotent quadratic Lie algebras of small
dimension. Classification of real nilpotent quadratic up
to dimension 10.

Ovando: Two-step nilpotent Lie algebras with
ad-invariant metrics and a special kind of skew-symmetric
maps.
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Bajo-Benayadi: Lie algebras with quadratic dimension 2.
This type of algebras are local: admits a unique
maximal ideal and a unique minimal.

Bajo-Benayadi-Medina: Symplectic structures on
quadratic Lie algebras. Structure of quadratic algebras
admitting non-degenerate skew-forms. Examples of
Manin algebras.

Andrada-Barberis-Ovando: Lie bialgebras of complex
type and associated Poisson Lie groups. Lie bialgebras
arising from Hermitian structures on Lie algebras with
ad-invariant metrics. Double procedure to build Lie
algebras.

Kath-Olbrich: Structure of pseudo-Riemannian
symmetric spaces.

Dat-Duong-Vu: Solvable quadratic Lie algebras in low
dimensions. Quadratic classification up to dimension 6..

Duong-Pinczon-Ushirobira: A new invariant of quadratic
Lie algebras.

del Barco-Ovando: Free nilpotent Lie algebras admitting
ad-invariant metrics. (Real) Quadratic free nilpotent Lie
algebras: no 3, 3-step 5-dimensional and n3 o 2-step
6-dimensional.

Duong: Two-Step Nilpotent Quadratic Lie Algebras and
8-Dimensional Non-commutative Symmetric Novikov
Algebras.

Benayadi-Elduque: Classification of quadratic Lie
algebras of low dimension. Mixed quadratic up to
dimension 13.

Zusmanovich: A Compendium of Lie Structures on
Tensor Products. Invariant bilinear forms on tensor
product Lie algebras, also named current Lie algebras.
Existence of Poisson structures.
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Cornullier: On the Koszul map of Lie algebras. A
12-dimensional quadratic nilpotent with non-zero
Koszul map. Current Lie algebras 2-cohomology group
description.

Ovando: Lie Algebras with ad-invariant metrics: a
survery-guide.

Benito-de la Concepcién-Laliena: Free nilpotent and
nilpotent quadratic Lie algebras. General classification
scheme of nilpotent quadratic. Scheme based on
invariant forms of free nilpotent Lie algebras.

Duong-Ushirobira: Solvable quadratic Lie algebras of
2017 ------ ® dimensions < 8. arXiv preprint, no journal publication
reference found.

Autenried-Furutani et al: Pseudo-metric 2-step nilpotent
2018 ------ ® Liealgebras. Generalizations of definitions and results of
Eberlein (2002) to pseudo-metric Lie algebras.

Rodriguez-Salgado: Geometric structures on Lie algebras
and double extensions. Quadratic, symplectic and
contact structures on one-dimensional extensions of
central extensions of real and complex Lie algebras.

Benito-Roldan Lépez et al: Quadratic 2-step Lie algebra:
Computational algorithms and classification.

Camacho-Kaminjarov-Ladra-Omirov: Leibniz algebras
constructed by representations of general diamond Lie
algebras. Diamond (also named as oscillator) algebras:
solvable quadratic attached to Lorentzian cones.

Garcia Delgado-Salgado-Sanchez: Invariant metrics on

2020 ------ central extensions of quadratic Lie algebras. Structural
properties.

Benito-Roldan Lépez: Derivations and Automorphisms
of Free Nilpotent Lie Algebras and Their Quotients.
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Albuquerque-Barreiro-Benayadi et al.: Poisson algebras
2021 ------ ® and symmetric Leibniz bialgebra structures on oscillator
Lie algebras.

Zusmanovich: On reqular Lie algebras. Quadratic
2021------ ® regular algebras and a question formulated by Amitsur
and Rowen in 1994.

Conti-del Barco-Rossi: Uniqueness of ad-invariant

2021 ------ metrics and Ad-invariant metrics on non-nice nilpotent
Lie algebras.

2022 ...... Benito-Roldan Lépez: Lie algebras with a finite number
of ideals.

2022 Benayadi-Lebzioui: Flat left-invariant
pseudo-Riemannian metrics on quadratic Lie groups.
Garcia Delgado: Invariant metrics on current Lie

2022------ algebras. Quadratic structures on tensor products of
generalized oscillator algebras.

2023 ...... Benito-Roldan Lépez: Equivalent constructions of
nilpotent quadratic Lie algebras.
Bachaou-Bajo-Louzari: On pseudo-Hermitian quadratic

2023 ------ nilpotent Lie algebras. Inductive description of Lie
algebras with complex and quadratic structures.

2023 .. .. .. Benito-Roldan Lépez: Examples and patterns on
quadratic Lie algebras. In press.

202x - - .. Benito-Roldan Lépez: Lie structures and chain ideal
lattices. Accepted for publication.

202% - - - .- Benito-Roldan Lépez: Metrics related to oscillator Lie

algebras. Under review, preprint available in arXiv.



Deconstructing quadratic
Lie algebras

CHAPTER

mw long previous chapter, we have seen some basic families of Lie alge-
A

ply non-degenerate bilinear forms, or scalar products over the vector space.

bras which are always quadratic: abelian, simple and semisimple.
Ll Non-degenerate invariant bilinear forms in the abelian case are sim-

When considering simple and semisimple Lie algebras. The possibilities for
their forms are greatly reduced as indicated by their quadratic dimension. In
fact, over algebraically closed fields, they are just linear combinations of the
Killing forms of their simple ideals in algebraically closed fields. So all these
three families are full studied.

In this chapter, we will be focused on studying quadratic mixed Lie alge-
bras. We will see we can reduce their study, first, to the solvable algebras and,
later, to the nilpotent ones. This deconstruction will end up in the study of
the two-step nilpotent case. It is precisely, on this variety of algebras, where
a new approach to obtain them will arise. This leads to some computational
algorithms to build quadratic algebras. All these last sections are based on
the published paper [[Benito et al., 2019]].
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Chapter 3. Deconstructing quadratic Lie algebras

3.1 From mixed quadratic to nilpotent

According to Levi’s Theorem, any Lie algebra appears as the direct sum of a
semisimple subalgebra and a solvable ideal. Thanks to previous works from
Lie, Killing and Engel; at 1894, Cartan achieved the classification of complex
(semi)sim-ple Lie algebras. But the analogous problem for the solvable type
is wild. In 1945, Anatoly I. Maltsev reduced this problem to the classification
of nilpotent Lie algebras, their derivation algebras, automorphism groups and
some other invariants. This idea is the starting point of this section changing
Lie for quadratic Lie.

3.1.1 Mixed Lie algebras

First, we need to define some important ideals in our algebra:

Definition 3.1.1. Given a Lie algebra L we define

e the socle of L,[soc(L)| as the sum of the minimal ideals,
e the simple socle of L, as the sum of the minimal simple ideals,

e the abelian socle of L, as the sum of the minimal abelian ideals.
Notice, using Proposition we have
soc(L) = ssoc(L) @ asoc(L).
And some general structure results:
Proposition 3.1.1. Let L = S @ R a Levi decomposition, then
(a) L’=Sa J(L).
And, when (L, p) is quadratic, we also have for N = N (L)

(b) J(L)* = R+ @ Z(L) = soc(L),

(¢) Z(R) =asoc(L) C N,
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3.1. From mixed quadratic to nilpotent

(d) R+ = ssoc(L) @ (asoc(L) N R*) with RN R+ = asoc(L) N R and
R+ R* =ssoc(L) ® R,

(e) Nt = ssoc(L) @ (asoc(L) N N+) with N N N+ = asoc(L) N N+ and
N + Nt =ssoc(L) @ N.

Proof. First item can be proved directly by computation and applying Jacob-
son radical definition introduced in Theorem 2.1.15 This way

I? = [S®RS®R] = [SS]+[L,R = S0 JL) = So JL).

For the second, we need to use the last equality from Jacobson radical defini-
tion in equation which says J(L) = L? N R = [L, R]. Then, by orthogo-
nality,

J(L)*" = (L) + R =Z(L)+ R .

But this sum is direct, as if z € Z(L) N R* then = € Rad ¢ because
‘P($7L) = (p(:L’,S+ R) = 90(‘7;75) = (p(l’, [57 SD = @([anLS) =0.

For the final equality in item (b) we can observe that 7 (L) is the intersection
of the maximal ideals, so its orthogonal must be soc(L).

Now, in order to prove item (c) first we notice asoc(L) C N trivially as
asoc(L) is abelian, so nilpotent. Next, we are going to prove the equality by
double inclusion. First, Z(R), which is an abelian ideal, can be decompose as a
direct sum of irreducible ad S-modules using Theorem[2.1.23] Each summand
is aminimal abelianideal as [Z(R), R] = 0, thus Z(R) C asoc(L). On the other
hand, let I be a minimal abelian ideal, applying item (b) and asoc(L) C N C
R, we obtain

I Casoc(L) Csoc(L)NR=J(L)* NR. (3.1)

Moreover, [I, L] = 0 or [I, L] = I by minimality, in that second case
o(I,R) = (I, L],R) = »(I,[L,R]) = ¢(I,J (L)) =0,

by the inclusion chain in expression (3.1)). So, in this case I C R* and, using
Proposition 2.2.13|item (b), we conclude [I, R] = 0 in both cases. As I C R
then I C Z(R) proving asoc(L) C Z(R).

Lastly, items (d) and (e) can be determined together. We start with the
relation J(L) € N C R given in Theorem 2.1.15| By orthogonality, and in
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Chapter 3. Deconstructing quadratic Lie algebras

combination with previous item, R+ C N+ C J(L)* = soc(L) = asoc(L) @
ssoc(L). Notice ssoc(L) C R+ C Nt as

p(ssoc(L), R) = ¢([ssoc(L),ssoc(L)], R) = ¢(ssoc(L), [ssoc(L), R]) = 0,

using ssoc(L) = ssoc(L)? as it is semisimple and both ssoc(L) and R are ideals.
Therefore,

R* = ssoc(L) @ (asoc(L) N R*)
N+ = ssoc(L) @ (asoc(L) N N1)

Finally, employing asoc(L) € N C R we obtain all the values of R + R+,
N + N+, Rn R+, Nn Nt Alternatively, we can see Rt C soc(L) using
Theorem to express R+ = ', U; with U; irreducible ad S-modules.
Observe [S,U;] C U; and [R,U;] = 0, as R is an ideal so [R, R*] = 0 by Propo-
sition2.2.13] Therefore, U; are minimal ideals of L. O

Now, let (L, ¢) be a finite dimensional mixed quadratic Lie algebra over a
field of characteristic zero. Then L can be decomposed in an orthogona]E] sum
of ideals

L=Ly& L (3.2)

with Ly = ssoc(L). The resulting algebra L; is quadratic and has no simple
ideals.

Using now Theorem we obtain Ly C S for any S Levi factor of L,
in particular, S = Lo @ S; with S; Levi factor of L; such that L; = S; & R.
Moreover, (L1, ¢|r,) as any quadratic Lie algebra can be decomposed using
Theorem[2.2.9as the orthogonal sum of ideals

Ll ZO@LQ,

where a is abelian and L, is quadratic reduced.

At this point we can list some properties of the algebras obtained in this
decomposition:

Lemma 3.1.2. Let L = Ly @ L1 = Ly @® a @ Ly be as above, then:

(a) R(L) = R(L1) = R=a® R(Lz),

'Not confuse this notation with gradations.
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3.1. From mixed quadratic to nilpotent

(b) N(L)=N(L1) =N =a® N(Lg),
(¢) J(L)=JT(L1) =T (L),
(d) Z(L)=Z(L1) =a® Z(Ly) Ca® L3,
(e) L? = L3 and L? = Ly & L}.
Proof. Most items can be obtained directly by applying L and L; definitions,

by using a C Z(L) C R(L) C L, that Lo and L, are ideals with null bracket
between them, or that L, is reduced. Just as an example,

J(L) = [L, R] = [L1, R] = J (L) = [L2, R(L2)] = T (L2)

is the proof of the third item, where we have also applied equation (2.9)) which
describes properties of the Jacobson radical. O

This way, all these ideals follow the content relationships among ideals
shown in Figure[3.1] The study of ideals will take a leading role in Section[5.3|

o————————e asoc(L

N

soc(L JZ ‘\7 L) Ll NL
Z(R) = asoc(L ‘o/ n / \ B

N
ny \ / \o ssoc(L) = Ly
RNRL \ e
O

Figure 3.1: Structure of ideals in a mixed Lie algebra. Here L/(R + R™t) is
isomorphic to S; Levi factor of L; as observed in equation (3.2)). Every ideal
is contained in those that appear connected above or to their left.

So, from the mathematical development above including Proposition[3.1.1]
and Lemma we get our desired result:
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Theorem 3.1.3. Any quadratic mixed Lie algebra decomposes as an orthogonal direct
sum of ideals in a reductive quadratic Lie algebra and a reduced quadratic Lie algebra
with no simple ideals.

This theorem goes beyond Theorem[2.2.9]and its decomposition, in combi-
nation with properties mentioned above, results in a much simpler ideal struc-
ture. At this point we can suppose without loss of generality that L = S & R
is mixed quadratic without simple ideals and reduced. In this case

asoc(L) =soc(L) CNCRCL,
and the other way around,
Rt C Nt C J(L)* = soc(L) = asoc(L).
This way, we have the ideal structure shown in Figure

LQ.

\.
R(Ls) \ J(Lz)

_— 0
N(L,

N(Ly)*

asoc(Lsz) R(Lz)*

N

Figure 3.2: Structure of ideals in the reduced Lie algebra L = L. Every ideal
is contained in those that appear connected above or to their left.

Before starting the decomposition, we need to see first a couple results in
order to be able to determine when we can obtain a Lie algebra through a
double extension process.

Proposition 3.1.4. Let (L, @) be a quadratic Lie algebra, I an ideal and M a subal-
gebra such that L = M & I, then

Q: I —->M*
T @ M —TF
y = o(x,y)
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3.1. From mixed quadratic to nilpotent

is an M-module homomorphism, via the adjoint and coadjoint representations respec-

tively, whose ker 0 = M+ N I.

Proof. First, Q is linear as ¢ is bilinear. Now,
kerQ={xel:px,M)=0}=InM".

Let see it respects the module actions. Letz € M,y € I and z € M then

Qz - y)(2) = Qad(2)(y))(2) = Az, y])(2) = Pley)(2)
= ¢([z,9],2) = oy, [, 2]) = —py([z, 2]) = (= 0 ad(2))(2)
= (ad™(z)(py))(2) = (ad"(2)(2(y)))(2) = (z © Q(y))(2)-
Here - and © represent respectively the adjoint and coadjoint actions. O

Remark 3.1.5. From now on, extending this notation, ¢, = ¢(z, -) for z € L.

Analogously, we can see I+ = (L/I)* as L-modules (also M-modules)
using

Q: It — (L)1)
x> L) —F
y+1 = o(z,y)

Lemma 3.1.6. Let (L, ) be a quadratic Lie algebra, and I and ideal of L such that
I+ C I. In that case, (1)1, §) is a quadratic Lie algebra with

Pla+ 1Ty +17) = p(z,y).
In particular, for any ideal J we can take I = J +J= to obtain a quadratic Lie algebra.
Proof. First, observe ¢ is bilinear and it is well defined as (1, I*+) = 0. So, we
just need to check is non-degenerate
Radp ={z+ It :p(x, 1) =0} ={z+It:zcIt}=0. O
Let (L, ) be a quadratic Lie algebra, I an ideal such that I+ C I, and M
subalgebra. We can define the Lie algebra homomorphism
@y M — Derg(I/1F)
= Oy (x): I/ — 1/T+
y+ It my + 1T
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where ¢ is the bilinear form induced over the quadratic algebra (I/1+, ) us-
ing Lemma [3.1.6]

And, finally we need to see double extensions admit other invariant forms
apart from the one defined in the method itself.

Proposition 3.1.7. Let (Ap, fB) be the double extension of (A, f) by (B, ¢). Then
(Ap, fB + ) is a quadratic Lie algebra for any o bilinear symmetric such that

¢lxB € Bijy(B) and |(a4pryxa, = 0.

Proof. The proof is a straightforward computation and consists on checking
fB + ¢ remains being non-degenerate and fp + ¢ € Bij,,(Ap). Observe the

mv
matrix structure of this new bilinear form is

Qlo|1I 0lolr Qlolo
olrplo|=|olPlo|+] ololo|.
11o]o Ilolo ololo

where 0 represent null submatrices, I the identity, P is the matrix associated
to f and @ is the matrix associated to ¢|px 5. O

Now, with all previous results proved, we are ready to introduce our main
deconstruction theorem.

Theorem 3.1.8. Let (L, ) a quadratic Lie algebra, I and ideal which contains its
orthogonal, i.e. It C1I,and M a subalgebra of L such that L = M & I. In that
case L is isomorphic to (I/1+)y = M @ 1)1+ @ M*, ) the double extension of
(I/I+,$) by (M, ®y;). And isometrically isomorphic to ((I/I1) ar, s + @) where
¢ is bilinear symmetric such that ¢|arx<nr = @larsnr and @l (/1 onryx 1714y, = 0-

Proof. Denote E the Lie algebra obtained in that double extension, i.e. £ =

M @ I/I*+® M*. Now, as L = M @ I we have L+ = M+ NI+ = 0. So, using

I*N M+ =0and I N M = 0, we have
(IteM)n(IteM)t=TteoM)NnINnM*+ =0.

In addition, I+ @ M is a non-degenerate subalgebra which splits L as

L=IteMyo(IteM)=Mo(InM" eI
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This decomposition of L allows us to define ¥: L — F as

Wy = Idy,
\I”IQML(I') = QT"‘IL,
\II|IJ- = Q|IJ-7

where (2 is the one defined in Proposition This ¥ is a Lie algebra homo-
morphism as for m,m’ € M, z,2’ € IN M+ and y,y’ € I+ we have

e as M is a subalgebra U ([m,m']) = [m,m/]pr = [T (m), U(m/)|g,

e The trickiest case appears when combining two elements z, 2. Its prod-
uct can have parts both in the intersection or in / L. Therefore, we de-
compose [z, 2’|, = a + b where

Tt ([, 2]L) =a € TN M+

mr([x,2]) =be It

First,

U([z,a')L) = Wla+b) = (a+17) +op = (a+b+1") + (g + )
= ([l’,l‘/] + IL) + Plae,z']s

as @q(m) = ¢(a,m) = 0 forall a € M+. Next

(U(z), O(2)]g =[x+t 2 + 11 g = ([x, 2|+ 1) +w(@+ T, '+ 1)
= ([x,x’] + IJ—) + Plae,z']s

since

wz+ It 2" + I (m) = ¢(Pp(m)(x + 1), 2’ + IH)
= @([m’x] + IJ_?‘T/ + IL) = @([mvx]7$/) = @([ﬁ,x/],m) = @[x,x’}(m)'

e Ononehand, [¥(m),¥(2)|p = [m,z+1*]g = @y (m)(z+11) = [m, 2]+
I+, On the other hand, ¥([m,z];) = [m,z] + I+ as [m,2] € I N M~
because x € I and [ is an ideal, and ¢([m, z],m') = —p(z, [m,m']) =0
since x € M and M is subalgebra.
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e For M against [ L it also works as
[¥(m), ¥(y)|e = ad™(m)(py) = —py o ad(m) = —p(y, [m, -])
= (p([m, y]v ) = Plm,y] = \P([m,y]L>

e Finally, both [¥(y), ¥(y')|g and [¥(z), ¥(y)] ¢ equal zero by definition of
the double extension product. In the first case we have

U([y,y'1)(m) = @1 (m) = (ly,y'],m) = (y, [y',m]) = 0,
using I+ is an ideal and I C I. While in the second, analogously,
V(lz,ylL)(m) = ¢y (m) = (lz, yl,m) = —¢(y, [z,m]) = 0.

And, to see it is bijective we can observe both dimensions coincide and

kerW={zelnNM':zelt}=0.

Finally, to check the isometry we must check it preserve the bilinear forms
for the elements in each part. Let f = ¢y + ¢ be the bilinear form of the
double extension, m,m’ € M, z,z’ € IN M+ and y,y' € I+.

f(¥(m), ¥(m')) = f(m,m') = p(m,m’) = p(m,m’),
F(O(m), ¥(2)) = f(m,z+ 1) = @u(m,z + 1) = 0= p(m, z),
f(¥(m), U(y)) = f(m,py) = du(m, py) = @y(m) = ¢(y,m) = o(m,y),
F(U(x), V() = fle+ T2 + 1) = py(w+ T2’ + 1)

= gZ)(x—i-IJ‘,:c'#—IJ‘) = o(z,2'),
(), () = flz+ 1T 0y) = duz+ I, 0,) =0=o(z,y),
FO W), () = fley, oy) = m(ey, 0y) =0=0(y,y). O

Remark 3.1.9. This theorem allows us to obtain some quadratic Lie algebras
as double extensions. After reducing the algebra to a quotient of ideals and
double extending it again by a subalgebra, we obtain the original Lie algebra,
but its bilinear form can differ unless M C M~. In those cases, we can obtain
an isometric double extension using Proposition [3.1.7]by adding a summand
to the bilinear form to control it over M x M.

Remark 3.1.10. Any algebra obtained from a double extension is of this form.
In B x (A® B*) we can distinguish an ideal A @ B*, containing its orthogonal
B*, and a subalgebra B.
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All these decompositions work not only for ideals I such that I C I+, but
for any ideal J considering I = J + J* with I+ = JNJ+ C I (see Figure.

J e o Ll

N/

* JnJt =1+

e (

Figure 3.3: Diagram showing how to obtain an ideal containing its orthogonal.
Every ideal is contained in those that appear above.

We can observe the Levi decomposition L = S @ R satisfies, in our re-
duced algebras with no simple ideals, that R+ C R. Therefore, we can apply
Theorem [3.1.8

Corollary 3.1.11. Let (L, ) be a quadratic reduced Lie algebra with no simple ideals.
Then L is isomorphic to the double extension (R/RY)s = S @ R/R*+ © S*, ps)
of (R/R*,$) by (S, ®s). And it is isometrically isomorphic to (R/R%)s, ps + ¢)
where ¢ is bilinear symmetric with ¢|sxs = ¢lsxs and |(g/rres<)x(r/rRL)s = O-

This result appears as Theorem 2.2 (iii) in [Bordemann, 1997] without
proof and avoiding isometric isomorphisms.

Thanks to the result from Corollary 3.1.11} we can reduce the study of
generic quadratic Lie algebras to just the semisimple, abelian and solvable-
reduced ones separately. In conclusion,

(L790) = (L07900) 1 (0,4,01) 1 (Lla@Q)
——r ——r ~——

Any mixed  Semisimple ideal =~ Abelianideal = Double extension of a solvable

As semisimple and abelian cases are completely known, as mentioned before,
we are now going to focus just on the solvable one.
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3.1.2 Solvable Lie algebras

At this point, we are working with solvable reduced Lie algebras. This way,
Z(L)N L? = Z(L) # 0 seeing Proposition item (f). So we can take an
isotropic element z € Z(L), which can define a one-dimensional ideal I+ =
Fz contained in its orthogonal /. Using dimensions, this I has codimension
one, so we can decompose

L=Mal,

where M = Fz is a subalgebra, I is an ideal and I+ C I. These are exactly the
conditions required by Theorem [3.1.8|

Corollary 3.1.12. Any solvable, quadratic and reduced Lie algebra (L, @) is isomet-
rically isomorphic to the double extension of (I/1+,$) by means (X = Fx, ®x)
where I+ = Fz for some z € Z(L) and X is a complement (as a vector space) of I

such that p(x,z) = 0 and p(z,z) = 1.

Proof. Observe that = exists as for some y complement of I, if ¢(y,y) # 0 we
2¢(y,2)

can consider x = z — !
o(y,y)

y up to scalars. O

Remark 3.1.13. This corollary is just 2.7 Lemma in [Favre and Santharoubane,
1987]]. In addition, this same result can be extended to non-solvable Lie alge-
bras when Z(L)NL? # 0. Indeed, this is similar to the form of the result which
appears in [Bordemann, 1997]], but specifying the double extension process
we must follow to obtain our algebra.

This result allows us to obtain any solvable quadratic Lie algebra through-
out a chain of double extensions. Each algebra in this chain has dimension
two less than its predecessor. An idea like the one in this corollary appears
in [[Favre and Santharoubane, 1987, 2.8 Lemma], which acts as a source of
motivation along this section. Thanks to this result, we could obtain any solv-
able Lie algebra from successive double extensions starting at the zero or 1-
dimensional Lie algebra, depending or whether its dimension is even or odd.
This chain of double extensions by 1-dimensional algebras serves as an inspi-
ration for our chain in Figure[4.1|found later in Chapter[4 But this result does
not reduce our classification problem to some other smaller family, they are
all still solvable. To fix this problem, we can take the following approach.
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3.1. From mixed quadratic to nilpotent

Let L = R be a reduced solvable quadratic Lie algebra. In this case we
have the chain of ideals

By orthogonality

So we have the chain
0OCNtCZR CRECNCR=L,

which results in a simplified version of Figure 3.2|shown in Figure
N asoc(R) = Z(R) 0

R J(R) = R? N+

Figure 3.4: Ideals in a solvable reduced Lie algebra, where an ideal is con-
tained within those to its left. Here we have used J(R) = [L, R] = [R, R] and
J(R)* = asoc(R) = (R*)* = Z(R).

Proposition 3.1.14. Let (R, ) be a solvable non-nilpotent quadratic reduced Lie
algebra, we can obtain a chain of quadratic Lie algebras

RZROlev"'aRTM

such that R; is isometrically isomorphic to the double extension of R;1 by a 1-
dimensional Lie algebra, Ry, is nilpotent and n = codimp N.

Proof. Let us proceed by induction on n = codimgr N. If n = 1, then there
exists z ¢ N so R = N @Fx. Here Fz is a subalgebra, and N an ideal contain-
ing its orthogonal. So, effectively, we can apply Corollary [3.1.12|obtaining the
chain with two algebras Ry = R, R = N/N*.

Let us assume this is satisfied for every n and see what happens for n + 1.
Since R is not nilpotent, N # R and N+ # 0. In this case, every z € Nt C
Z(R) C R* = Z(R)" is isotropic. If we consider [+ = Fz C I, I would
have codimension one, and we can decompose R = I @ Fx for some = ¢ I.
Again, employing Corollary R is the double extension of Ry = I/I+.
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Chapter 3. Deconstructing quadratic Lie algebras

Moreover, N(R;) = T/I+ for some T, thus T C I+ C Z(R). This way,
T*+1 =0, s0 T is nilpotent.

Note that J(R) = R? C I because I is a maximal ideal. Then, R?/I is a
nilpotent ideal of I/I* and, by definition of nilpotent radical, R?/I+ C T/I+
and R? C T. Therefore, T is an ideal of R ([T, R] C R? C T) and, as it
is nilpotent, ' C N. But /X = F2 C Nt soT C NCJland T = N by
maximality of the nilradical 7°/1 L of R;.

Moreover, as

codimp, N(R;) =dimR; —dim N(R;) =dimR —2 —dim N + 1
=dimR —dim N — 1 =codimg N — 1,
we can apply our induction hypothesis over R;. In order to apply induction,
we must check Ry = I/I+ is reduced. As I? is an ideal of R, (I?)* C I?
because R is reduced. Then, from R? C I, we obtain
I*C (R =Z(R)Cc(IH)*CI’CR*CI.
On the other hand,
o (L) e P
! It It
and
CS I S
I+ I+ )

Z(R) =R ={a+ It :zeIn®t=1H1) =

This result gives us a shorter path of double extensions when looking for
a nilpotent algebra at the end of our chain.

When writing about reducing the study tojust nilpotent Lie algebras, there
is another result worth mentioning from [Keith, 1984, Proposition 5.61]. We
recall that from Proposition 2.2.13|item (f) N+ C N and then we have.

Proposition 3.1.15. If (L, ) is a quadratic solvable Lie algebra over a field IF of
characteristic zero, then (L, ) is a central bi-extension of (N/N=, ¢|nxn) where
N = N(L).

Remark 3.1.16. Bi-extension is the name given in [Keith, 1984, Definition 5.60 ]
to those algebras which contain an ideal I such that / 1+ C I. In that same the-
sis, the author obtained some of those bi-extensions using a procedure equiv-
alent to the double extension by an abelian Lie algebra, but the question of
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3.1. From mixed quadratic to nilpotent

how to obtain the rest remain opened. Moreover, the term central refers to
N+ C Z(L).

Anyway, thanks to Proposition|3.1.14} we are led directly into the following
section: the study of those nilpotent quadratic algebras.

3.1.3 Nilpotent Lie algebras

Thanks to all the previous deconstruction, nilpotent Lie algebras remain being
one of the main fields of study of quadratic Lie algebras. And its complete
classification is still an open problem. In this section we will see different
results for these algebras.

To begin with, as nilpotent algebras are solvable, Corollary which
we have previously seen, can be applied over any nilpotent Lie algebra to ob-
tain it from successive double extensions with one-dimensional algebras (vec-
tor spaces) starting from the zero or the abelian one-dimensional Lie algebra.

At this point, where we cannot reduce our nilpotent family of study to
a smaller one, we should start studying these algebras. As this is a wild
problem, research in this line has focused on more restrictive subvarieties,
for instance: low dimensional in [Kath, 2007, 2-step in [[Ovando, 2007b|
or [[Duong, 2013], free nilpotent in [|del Barco and Ovando, 2012]] or even
solvable with maximal isotropic centre in [Kath and Olbrich, 2004]]. However,
these are just specific approaches with no technical generalization.

In [Benito et al., 2017]], a classification scheme based on free nilpotent al-
gebras and their invariant forms was introduced. Here, a new technique for
constructing quadratic nilpotent Lie algebras out of invariant symmetric bilin-
ear forms on free nilpotent Lie algebras appears. In the sequel, we summarize
briefly some of the results we will use along the next section. The following
lemma comes from [Benito et al., 2017, Proposition 4.1].

Lemma 3.1.17. Let n be the factor Lie algebra ng /I where I is an ideal of ng ¢+ such
that nfu ZIC nfu. Then, there exists a symmetric, invariant and non-degenerate
bilinear form y on wif and only if there exists a symmetric and invariant bilinear form
Y on ngy such that I = “dL,r The relation between ¢ and ) is given by ¢ (a,b) =
ola+1,b+1)forall a,b e ng,.
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Chapter 3. Deconstructing quadratic Lie algebras

Previous lemma reduces the classification of quadratic nilpotent Lie alge-
bras to that of invariant bilinear forms on free nilpotent Lie algebras. More-
over, we can establish a categorical approach. We distinguish two categories:

¢ [NilpQuad, ;| stands for the category whose objects are the quadratic ¢-
nilpotent Lie algebras (n, ¢) of type d. Morphisms f: (n,¢) — (W, ¢’)
are isometric Lie homomorphisms, that means f([z,y]) = [f(z), f(y)] and

o(z,y) = &' (f(z), f(y))-

e |Symg(d, t)|is the category whose objects are the symmetric invariant bi-
linear forms 1 on ng for which ker ) C n?l’t and n);, ¢ ker. The mor-
phisms are isometric Lie homomorphisms of ng; moduli the relation of
equivalence

Ji~ fo <= (f1 — f2)(nq) € ker(zha),

where f;: (nat, 1) = (nae, o) fori=1,2.

* [Qag: Symg(d,t) — NilpQuadg, is the functor that associates to each
object ¢ in the category Sym(d, t), the object in NilpQuad,,;:

Qq(¥) = (nge/ker v, ), p(a +kerth,b+kerp) = ¢(a,b).

In [Benito et al., 2017]] it is proved that the functor Q,;, provides an equiv-
alence between the categories Sym(d, t) and NilpQuad, ;. Moreover, there is
a natural action of Aut ng, the group of automorphisms of n,4,, on the set of
objects of the category Sym(d, t),

Autng; x[Obj[(Symg(d,t)) — Obj(Symy(d,t)) givenas (0,v)+— 1y (3.3)

where 1g(z,y) = ¥(0(x), 0(y)). Using the functor Q, , and the action 6-¢) = 19
introduced in expression (3.3)), from [Benito et al., 2017, Corollary 4.3 and
Lemma 4.4] we get:

Lemma 3.1.18. For every 1,12 € Obj(Symg(d,t)), the following assertions are
equivalent:

o oy and 1) are isomorphic objects in the category Sym(d, t).
o Qu (Y1) and Qg4 (1)2) are isometrically isomorphic Lie algebras.

o There exists an isometric automorphism 0: (ng¢, V1) = (Ngy, 12).
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3.1. From mixed quadratic to nilpotent

Lemma 3.1.19. The orbit set Aut na, () = {thg : 0 € Autng,}, forall ¢ €
Obj(Symy(d, t)), equals to the set of bilinear invariant symmetric forms that are iso-
morphic to 1) in the category Symy(d, t). Therefore, the number of orbits of the action
0 - 1) = 1)y given in equation is exactly the number of quadratic t-nilpotent Lie
algebras of type d up to isometric isomorphisms.

Thanks to all these results, the authors were able to study up to isometric
isomorphisms, the indecomposable quadratic nilpotent Lie algebras over any
algebraically closed filed F of characteristic zero whose type is 1, or 2 when
the nilindex is less than 6; or type 3 for nilindex less than 4. They end up with
7 algebras all of different dimension. For the real case they add more algebras.
All these can be found summarized in Table and in an extended way in
the original paper (see [Benito et al., 2017]]).

Type Nilindex Dimension

1 1 1,1~
3 5,57
2
5 7,7,8,8,8"
2 6
3
3 8,87,8%9,97,9"

Table 3.1: Quadratic Lie algebras of small type classified in [Benito et al.,
2017]. Here, n* denotes an algebra of dimension n which only appears in
the real case, n™ refers to an algebra (n, —¢) of dimension n which belongs
also to R for some algebra (n, ¢) which exists in both R and C and appears in
this list simply as n.

Moreover, we observe the real algebra ny 3(R) admits two non-isometric
invariant metrics, the metric in Example and its opposite. In fact, the
number of non-isometrically isomorphic quadratic structures on ny 3(F) is
equal to the cardinality of the quotient group F* /(F*)?, where[F*|is the multi-
plicative group of the field F as it is established in [Benito et al., 2017, Theorem
5.2 and Corollary 5.3]. So, there is only one quadratic structure on the com-
plex algebra ny 3(C) and infinite in case ny 3(Q), where Q is the rational field.
In contrast, up to isometric isomorphisms, there is only one indecomposable
and quadratic 2-step Lie algebra of type 3 over any field of characteristic zero.
This algebra is the 6-dimensional free nilpotent ns »(FF) according to [[Benito
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et al., 2017, Corollary 5.7], see Example In fact, [[del Barco and Ovando,
2012] proved that n3 »(F) and ng 3(F) are the only free nilpotent Lie algebras
that admit a quadratic structure.

Recall at the end of Section justbefore Section wesaid m(ng3) =
4 and m(n32) = 7 despite there are all isometrically isomorphic in C.

3.2 Quadratic 2-step nilpotent Lie algebras

Nilpotent Lie algebras are a huge family to be analyzed thoroughly. This is
why we are going to focus on the 2-step case. A Lie algebra n, as seen in
Definition is said to be 2-step when n® = 0 but n? # 0. These are the
first nilpotent algebras we can study that are not trivial (abelian).

Along this section, we are recombining ideas and results in [Benito et al.,
2017]] and [Ovando, 2007b]] to get an explicit classification of quadratic 2-step
nilpotent Lie algebras.

The real Lie groups associated to quadratic 2-step real Lie algebras provide
examples of compact pseudo-Riemannian nilmanifolds. According to [Noui
and Revoy, 1997, Corollary 3.6], there is a finite number (up to isometric iso-
morphisms) of quadratic and reduced 2-step nilpotent Lie algebras of dimen-
sion up to 17. Following that same reference, the classification of those alge-
bras is equivalent to the classification of alternating trilinear forms, which is
an open problem. Ovando (see [Ovando, 2007b]]) shows the existence of real
quadratic 2-step Lie algebras of arbitrary type d > 3 with d = 4 as the only
exception. In [[Ovando, 2007Db]], it is proved that the algebras in this class can
be achieved from any injective homomorphism p: v — so(v, (-, -)) of a real
vector space v equipped with an inner product (-, -). In addition, the map p
must satisfy the relation p(v)(v) = 0 for all v € v. This last condition can be
rewritten as,

p(v) () + p(u)(v) = 0. (34)

From now on, the rest of the chapter, based on the published article [Ben-
ito et al., 2019], is aimed to introduce a new method to construct any 2-step
nilpotent quadratic algebra of d generators or type d. We are going to estab-
lish some alternative results on the existence and isomorphisms of quadratic
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2-step nilpotent Lie algebras over arbitrary fields of characteristic 0. Along it,
we will show that the key of the structure and classification of this class of
metric algebras relies on certain families of skew-symmetric matrices. More-
over, we will give some computational examples for d up to 8.

3.2.1 Basic examples

The smallest example of a reduced 2-step nilpotent Lie algebra is the free
nilpotent n3 > of dimension 6. Its metric was defined in Example We
note that Z(n3 ) is an isotropic subspace of dimension half of the algebra,
3 in this case. So this space is a lagrangian (see Definition 2.2.5)) and ¢ is
a metabolic metric (equivalently hyperbolic symmetric). This motivates the
following general definition, included in [[Elman et al., 2008, Chapter I, Sec-
tion 1 and 1C], which is remarkable for the explicit description of quadratic
2-step Lie algebras on the real field.

Definition 3.2.1. Let v denotes a vector space over an arbitrary field F and
A = £1. We define the hyperbolic A-bilinear form on v to be the form ¢ on
H(v) = v & v*, where

op(v1 + f1,v2 + f2) = f1(va) + Mfa(v1),

for all v1,v2 € vand fi, fo € v*. If A\ = 1, the form ¢, is symmetric, and
if A = —1, it is alternating (skew-symmetric). A bilinear form 1 is called a
hyperbolic bilinear form if it is isometric to ¢ for some vector space b and some
A==+l

Definition 3.2.2. A non-degenerate bilinear form ¢: V x V. — F is called
metabolic if there is an isotropic subspace W of V' of half its dimension, i.e.
there is a lagrangian subspace.

In characteristic different from two, following [[Elman et al., 2008, Corol-
lary 1.26], hyperbolic symmetric and metabolic forms are equivalent. This
metrics are the basement for the following general example.

Example 3.2.1. Let (v, (-, ), p) be the a triple where (v, (-, -)) is a metric vector
space over R (so (-, -) is an inner product on v) and p: v — so(v) denotes
an injective linear map that satisfies condition (3.4]). For every u,v € v, let
fuw 1 0 = Rbe defined as

fup(w) = (p(w)(u),v) = —(p(u)(w),v)
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for all w € v. Consider now the vector space n(v, p) = v & v* endowed with
the canonical hyperbolic metric

ea(v1 + f1,v2 + f2) = fi(v2) + fo(v1).
In n(v, p) we define the bracket product
[U+g,’U + h] = [U7U] = fu,m

for u,v € v and g, h € v*. Since p(a) € so(v), the product |-, -] is skewsym-
metric. It is also clear that [[u, v], w] = 0. Hence, n(v, p) is a 2-step Lie alge-
bra. From condition (3.4) of p, we get that o} is an invariant bilinear form.
Therefore (n(v, p), pi) is a quadratic 2-step Lie algebra named as the modi-
fied cotangent of v. In fact n(v, p)2 = v* = Z(n(v,p)) because of p is injec-
tive. So the Lie algebra n(v, p) is reduced (equivalently, its corank, defined as
dim Z(n) — dim n?, is zero).

Theorem 3.2 in [[Ovando, 2007b]] establishes that for every integer m > 1,
if we provide R™ (consider as an abelian Lie algebra) with a metric ®,,, the
real quadratic 2-step nilpotent Lie algebras (up to isometries) are of the form
(R™ @ n(v,p), @, L p}). In [Ovando, 2007b, Theorem 3.6], she describes the
isomorphisms between 2-step nilpotent real quadratic algebras. We will see
that these results are also valid for arbitrary fields of characteristic zero.

3.2.2 Theoretical support

The existence of a quadratic structure on a Lie algebra imposes strong con-
ditions on its algebraic structure. For real 2-step nilpotent Lie algebras this
structure has been completely described by [[Ovando, 2007b]] by means of the
construction of the modified cotangent of a real vector space v. According to Ex-
ample three ingredients are needed for this construction:

e a metric vector space (v, (-, -)),
e an injective linear map p : v — so(v, (-, -)) satisfying p(a)(a) = 0 and

e the canonical hyperbolic metric ¢ on the vector space v & v*.

In this section, we will rewrite this construction throughout the notion of d-
quadratic family of matrices which let us to present the modified cotangent in
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terms of basis, structure constants and canonical metabolic bilinear forms. In
this way, we will escape from the initial metric (-, -) and the map p (both are
integrated in the notion of a d-quadratic family of matrices) and we will open
the construction to any field of characteristic zero, not only the reals. Although
the notion of modified cotangent is deeper from an algebraic and geometric
point of view, this new approach is available for generic fields and more use-
ful for our computational purposes. We will recover and extend results on
structure and existence established in [[Ovando, 2007bf]. And, by using tech-
niques introduced in [Benito et al., 2017]], we will give a condition of isometric
isomorphisms between quadratic 2-step Lie algebras.

For a given quadratic and reduced 2-step nilpotent Lie algebra (n, ¢) we
have that Z(n) = n? = (n?)* because of equality (2.13). Therefore n? is
an isotropic subspace of n of dimension % dimn. It follows that any non-
degenerate invariant bilinear form attached to a quadratic and reduced 2-step
nilpotent Lie algebra is metabolic.

Let (n, ¢) be a quadratic and reduced 2-step nilpotent Lie algebra of type

d over the field F. Since ¢ is metabolic, for a given basis {21, 29, . . ., 24} of n?,
there exists a set {v1, v2, ..., vg} of orthogonal vectors such that ¢(z;, v;) = d;;.
Therefore, B = {v1,v,...,vq4, 21, 22, ..., 24} is an ordered basis of n and ¢, in

the basis B, is determined by the matrix

B(d) = ( Odxd laxd ) . (3.5)

Iixa Odxd

Here 0444 denotes the null matrix of dimension d x d and 1;y4 refers to the
identity matrix of order d. In the sequel we will also use the following no-
tations and facts. The decomposition n = v @ n?, v = span(vy,va,...,v4)
induces a natural Z,-graduation in the algebra so(n, ¢) by declaring as even
part sog(n, ) = {h € so(n,p) : h(v) C v,h(n?) C n?} and soi(n,¢) = {h €
so(n,¢) : h(v) C n? h(n?) C v} as odd part. From the description of so(n, )
given in expression (2.8)) and the previous decomposition n = v & n?, we have

so(n, @) = span(psy = @z, )y — @y, ")z : z,y €n)
= span(pzy : T,y €U n?).

Since ¢, , = —¢, . and v and n? are isotropic, we get

50(“7 90) = Po,0 S Po,n2 @ Pn2n2 = 500(“? 90) S 501(“7 @)7 (36)
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with

500(n, ) = Py 2 and  501(n,9) = oo B Pr2 n2,
where ¢, = span({y,, : * € p,y € q). Hence, any h € so(n, ) can be
decomposed as h = ho + h; where h; € s0;(n, ¢). This lets us describe and

manage the orthogonal map h and any Lie product [k, h'] = hh' — h'h in an
easier way.

On the other hand, ¢ is related to some invariant form of the 2-step free
nilpotent algebra n, > because of Lemma3.1.17] We will use as model of n »:
ngo(F) = Fé@ A’FY, [a+bAc,d + 0 Ad]=and,

which is given in [Gauger, 1973]]. If we take a basis {v1,...,v4} of F4, the set
{vi, [vi,v5] =viAvj 1 1 < i< d,i < j}isabasis of ngo(F) called Hall basis (see
Section for a definition, algorithm and examples).

Definition 3.2.3. For any d > 2, a family {M, ..., M} of square matrices of
order d with entries in F is called d-quadratic if the following properties are
satisfied:

(1) Every matrix M, is skewsymmetric (M} = —M;, where M/ is the trans-
pose matrix of M;).

(2) The jth column of M; is the additive inverse of the i column of M;.

Let M;; denote the submatrix of M; given by the set of all j* columns of M;
such that ¢ < j. In case the matrix
@(Ml, . e ,Md) — [M1<jM2<j PPN Md71<]’}, (3.7)

of order d x d(d; Y has rank d we say this is a non-degenerate d-quadratic family.

Remark 3.2.1. From item (22) we can observe the it column of every M,; is null.

The next theorem gives us an alternative formulation (and proof) of the
structure result established in Theorem 3.2 in [|[Ovando, 2007b]| for quadratic
and reduced 2-step algebras. The current formulation given here is the key of
the computational algorithms we will develop in the next Section. The algo-
rithms are based on a description of any quadratic and reduced 2-step algebra
through basis and structure constants.
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Theorem 3.2.2. For any d > 2, the following assertions are equivalent:

(a) (n, ) is a quadratic and reduced 2-step nilpotent Lie algebra of type d.

(b) There exists a basis B = {v1,...,v4, 21, . .., za} of n for which the structure
constants are determined by a family of non-degenerate d-quadratic matrices
{M; = (myji) : 1 < i < d} in the following way: [z;,n] = 0 and [v;,v;] =

d
Zkzl Mijk2k-

In this case, the bilinear form  is metabolic and, in the ordered basis BB, y is given by
the canonical matrix B(d) described in equation (3.5)).

Proof. First, assume that (n, ¢) is quadratic and reduced. From equality (2.13))

2 = (n?)1. Hence, we can take a minimal set of generators

we get Z(n) = n
{v1,...,vq} of nand a basis {z1, ..., 24} of n? such that ¢(v;, 2;) = §;;. There-

fore, n decomposes as the direct sum,

n=1ov®n?
where v denotes the linear span of {vy,...,v;} and the matrix of ¢ attached
to the basis B = {vi,...,v4, 21, ..., 24} is the matrix B(d) described in equa-

tion (3.5). Now, the inner derivation algebra of n, Inner n = n/Z(n) according
to equation (2.5)), is generated by the set {adv; : 1 < i < n}. Since n? C Z(n),
this algebra is abelian and its dimension is d because of v N Z(n) = 0 (the map

v — Innern, v — ad v is one-one).

From the inclusion given in expression (2.11]), the form ¢ is invariant if
and only if Inner n is a subalgebra of the orthogonal Lie algebra so(n, ). As it
is explained in the decomposition (3.6)), the algebra so(n, ) is Zs-graded with
even and odd parts, s09(n, ¢) = @, 2 and 501 (1, @) = Py o By ;2 respectively.
Therefore, any i € Innern decomposes as h = ho + hy where h; € so;(n, ).
Since h is an inner derivation and n is 2-nilpotent we have

h(v) € n?, and h(n?) = 0.

Hence hy = 0 and the matrix representation of h = h; with respect to the
basis B is

NI(h) = < Oj\;d gjij ) . (3.8)
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Now, h € so(n, ¢) if and only if
p(h(@),y) + @(@, h(y)) = 0 <= M(h)'B(d) + B(d)A(h) = 0. (39)

Note that the assertion (3.9)) is equivalent to M t = —M. Let M; denote the
skewsymmetric matrix of order d x d attached to M(adv;) fori = 1,...,d.
We claim that {Mj, ..., My} is a family of non-degenerate d-quadratic matri-
ces. Conditions (1)) and (2)) in Definition[3.2.3|follow from assertion (3.9)) and
the anticommutativity of the Lie product of n. Non-degenerate condition in
Definition follows from the basic fact that span(h(v;) : i = 1,...,d,h €
Inner n) = n?. This implies that the rank of F(Mj, ..., M) is exactly d.

For the converse, we note that the Lie bracket given in item (b) from The-
orem is anticommutative by using property (2)) in Definition of d-
quadratic matrices. The triple product [[z, y], z] isnull in n, so, the Jacobi iden-
tity is trivial. Therefore, (n,[-,-]) is a Lie algebra. From the non-degenerate
condition of a d-quadratic family, we have 0 # n? = span(z1,..., z4). Hence,
n is a 2-step nilpotent Lie algebra of type d. The structure constants m;;;, of
n show us that the matrix representation of M (adv;) is determined by the
matrix M;. According to condition () in Definition every matrix M,
is skewsymmetric. Hence, the non-degenerate bilinear form ¢(v;, z;) = 0;;
and ¢(v;,vj) = ¢(2,%2;) = 0 is invariant because of the equivalence estab-
lished in condition (3.9). In order to prove that n is reduced, we will test that
Z(n)Nv = 0, where v = span(vy,...,vg). Let u = xjv1 + -+ + xqvg (24
scalars) and assume u € Z(n). Denote v = (z1, ..., z,) and note that M;u = 0
fori = 1,...,d. Since M} = —M,, we have [Mj,..., My)'u = 0. From the
non-degenerate condition of a d-quadratic family, the rank of [My, ..., My] is
d. Therefore v = 0 which proves that Z(n) Nv = 0. O

From now on, we denote as (n(Mj, ..., M), ¢) the quadratic Lie algebra
attached to the family of d-quadratic matrices { My, ..., My} as it is described
in item (b) of Theorem For any n > 1, we also denote (F", ®,,) the
quadratic abelian Lie algebra of type n where ®,, is the non-degenerate bilin-
ear form given by ®,,(u,v) = > u;v; (standard inner product).

Remark 3.2.3. Summarizing Theorem the Lie algebra (n(Mj, ..., My), ¢)
satisfies:

o n(My,..., M) =span(vy,...,vq, 21, . . . z4) has type d and dimension 2d.
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3.2. Quadratic 2-step nilpotent Lie algebras

e The invariant bilinear form ¢ is given by the formulas ¢(v;,v;) = 0 =
©(2i,25) and @(v;, 2j) = 0;;. The matrix of ¢ is B(d) as described in
equation ((3.5)).

o F(M,..., My)determines completely the Lie product of n(My, ..., My)
from the matrix equation:

([v1,v9], ..., [v1,v4], [v2, 03], - . ., [V2, V4], [V3, V4] - - .y [Va—1,va])
= (21,...,Zd) -]:(Ml,...,Md).

In the following examples we give the whole set of non-degenerate d-
quadratic families of matrices for 2 < d < 4. When d = 2,4 there is none
d-quadratic family, while for d = 3 there is a one-parametric family. For other
arbitrary values of d, it is possible to get examples of this type of families using
the computational methods found next in Section[3.3} The quadratic 2-step Lie
algebras of type 3 attached to 3-quadratic families of Example are given
in [[Ovando, 2007b]], [[del Barco and Ovando, 2012]] and [Benito et al., 2017]].

Example 3.2.2. The 2 x 2 skewsymmetric matrices are of the form

( 0 a), a€l.
—a 0

So, there are no non-degenerate 2-quadratic families of matrices. Hence, in
characteristic zero, there are no 2-step quadratic Lie algebras of type 2.

Example 3.2.3. The non-degenerate 3-quadratic families of matrices are of the
form {M;, Ms, M3} where

0 0 0 0 —a 0 a O
Mi=10 0 al, My=]0 0 0|, Msg=]—-a 0 O
0 —a O a 0 O 0

and 0 # a € F. As there are no 2-step quadratic nilpotent Lie algebras of type
2, any quadratic 2-step of type 3 is reduced. Therefore the class of quadratic
2-step Lie algebras of type 3 are of the form (n(My, M, M3), ). From Re-
mark we obtain the one-parametric family of Lie algebras (ng, ) de-
scribed by the basis {v;, v2, v, 21, 22, 23}, the bilinear form ¢ given by the ma-
trix B(3) and non-zero products [vi,v2] = —az3 = —[ve, v1], [v1,v3] = azg =
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—[v3,v1] and [ve, v3] = —az; = —[vs, v2] obtained from
0 0 —a
([’Ul,’UQ],[’Ul,'U3],[U2,'U3]) = (21722723)' 0 a 0
—a 0 0

All of them are isometrically isomorphic. So, up to isometries, we get that
(n1, ¢) is the unique quadratic 2-step nilpotent Lie algebra of type 3. Follow-
ing [Benito et al., 2017]], the algebra (ni, ¢) is just the quadratic Lie algebra
(n32(F), ¥), where n35(F) = F3 @ A%F? and the matrix of ¥ with respect to
the basis {e;,e; A e} is (here e; = (1,0,0),e2 = (0,1,0),e3 = (0,0,1) is the
classic canonical basis of F3):

0 0 0 0 0 -1
0 0 0 0 1 O
0 0 0 -1 0 O
0 0 -1 0 0 O
0 1.0 0 0 O
-10 0 0 0 O

Example 3.2.4. For d = 4, the existence of quadratic and reduced 2-step Lie
algebras is equivalent to the existence of a 4 x 6 matrix of rank 4 with the
following shape:

0 0 —a —-b —c
0 b 0 0 —d

F(M,y, My, Mz, My) =
(My, My, Mg, Ma) —a 0 ¢ 0 d 0
b = 0 —d 0 0

Any minor of order 4 of this type of matrices is null. So,
rank ]:(Ml, MQ, Mg, M4) < 3,

and, therefore, in characteristic zero there are no 2-step reduced quadratic Lie
algebras of type 4. Up to isometric isomorphisms the non-reduced are of the
form (nzo(F) @ F, U L ®).

From now on, our goal is to investigate, the existence problem of quadratic
Lie algebras (n(Mj, ..., My),¢) for any arbitrary d > 5. We will also study
the problem of isometric isomorphisms. The first problem is a simple exer-
cise of linear algebra. For the second one, we will use the functorial relation
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3.2. Quadratic 2-step nilpotent Lie algebras

introduced in Section[3.1.3} Our next result ensures the existence of quadratic
and reduced 2-step algebras of arbitrary type d different from 1,2 and 4, and
over any field IF of characteristic zero. This result has also been established
in [|[Ovando, 2007b, Proposition 3.3]. We provide here an alternative proof.

Proposition 3.2.4. For any d # 1,2, 4, there exist non-degenerate d-quadratic fam-
ilies of matrices.

Proof. Assume first d is odd and d > 3 and choose a d x d skewsymmetric
matrix M; of rank d—1, with its first row and its first column being null. Then,
Uy ={uecF:uM = Mu! =0} =F-e; wheree; = (1,0,---,0). Asd > 1,
we can take a second skewsymmetric matrix M5 such that its first row is the
additive inverse of the second row of M;. Clearly, e; ¢ {u € F¢ : uMy = 0}.
Therefore, {u € F? : u[My, Ms] = 0} = 0. This implies that [My, My] is a
matrix of maximal rank d. We can now extend the set {M;, Ms} to a non-
degenerate d-quadratic family { M, Mo, ..., My} in an easy (and not unique)
way.

If d is even and d > 4, take a d x d skewsymmetric matrix M; with rows
r1 =rq = (0,...,0) and rows 7, ...,74_1 being a set of linearly independent
row vectors of F¢. Therefore, the rank of M; is d — 2. It is clear that U; =
{ueFe:uM; =0} =F e; &F-eyq. Now, choose a second matrix M, with
first row —ry = —(0,0, —s3, ..., —sq) # 0 and its second row being null. Since
d > 4, we can take the 3™ and 4" rows of M5 as p3 = (s3,0,0,0,...,1) and
pa = (54,0,0,0,0,...,a) where a # s4/s3 if s3 # 0 or a = 0 otherwise. Finally
we add j™ rows for j = 5,...,d just to get M> as a skewsymmetric matrix.
For the pair My, Ms, we claim that Us = {u € F? : u[M; M) = 0} = 0.

Suppose there is 0 # u € Us. Since u € Uy we can writeu =t -e; + 5 - ¢q
for some (0,0) # (t,s) € F x F. We note that u # e; because of the first row
of M is not null. Rescaling if necessary, we can assume u = tg - e; + e4. In
particular, we have that

u-pgztos;g—kl:O:u-pflztoszl—i-a.

1 S

Hence, s3 # 0 and ty) = —— which implies a = —4, a contradiction. This
S3 53

proves our claim. Now, Uy = 0 implies that [A; M,] is a matrix of maximal

rank d and, reasoning as in the odd case, we get our result. O
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Anelement ¢ € Sym(d, 2) is called reduced if and only if Q42(¢') = kti’ip
is a reduced Lie algebra. This assertion is equivalent to
nfu ={r engy:[r,ng2] C kere}.
For any d-quadratic family {M, ..., My}, we denote
Odxd F(My, ..., Mqg)
QM ..., Ma) = < F(M,..., Md)t 04— o dd=1) ’ (3.10)
2 2

where F(Mj, ..., M,) is defined as in equation ([3.7]) from Definition [3.2.3]).

Following Proposition 3 in [Sato, 1971]], for a given {v1,...,vq} basis of
a d-dimensional vector space v, any linear map f: v — ng2(v) = v & A2,
for which the vectors f(v1), ..., f(vq) are linearly independent, extends to the
automorphism 7 of ng » by defining

T ([vis v5]) = 7y (vi Awg) = (i) A fog) = [F(vi), £(05)]- (3.11)

Even more, any automorphism of ng 5 is of this form. Hence, in the Hall basis
Ho = {vi,vi Avj : @ = 1,...,d,1 < j}, the automorphisms of n,2(v) are
represented by matrices of the form

(@, X) = (f( degg“ )

where X is a any matrix of order @ x d, @ is a regular matrix of order

d x d, and Q is a matrix completely determined from Q by the rule (3.11)). In
case () = (b;;), from a straightforward computation we get that

bri  brj
Tr(vi Nvj) = Z det ([ " 7)o Aws. (3.12)
1< bsi sj
<r<s<n
The formula in equation (3.12) provides the entries of the matrix () in terms
of the entries of the matrix Q.

Theorem 3.2.5. Let { My, ..., Mg} and {Ny, ..., Nq} be two families of non-degen-
erate d-quadratic matrices and let (n(M, ..., Mg), ) and (n(N, ..., Ng), ) be the
quadratic Lie algebras attached to them as it is described in Theorem Then, the
Lie algebras (n(My, ..., Mg),¢) and (n(Ny,...,Ng),v) are isometrically isomor-
phic if and only if there exists a regular d x d matrix ) such that

B(N1,...,Ng) = Q"F(My, ..., My)Q,
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where Q is given in terms of Q = (b;;) through the formula in equation [3.12)) and
F(Ni,...,Ng), F(M, ..., Mg)are matrices of order d x @ which are described
in the general form (R = M or N)

]:(Rl, o ,Rd) — [R1<jR2<]' [ Rd_1<j],

where R;;j denotes the submatrix of R; given by the set of all j" columns of R; such
that i < j.

Proof. Along the proof we will denote n(My,..., My) and n(Ny,...,Ng) as
nyr and ny respectively. According to Lemma (nar, ) is isometrically
isomorphic to (ng 2/ ker ¢, ¢) for some bilinear form ¢ € Symg(d, 2) which is
reduced and invariant. Then, from Theorem[3.2.2] there exists a minimal gen-
erator set u = {uy,...,uq} of g2 of isotropic vectors and an isotropic central
ideal 3 = span(z1, ..., zq) such that

Ngo =ud A = span(ui, ..., uq) ® (3 ® ker ),
d
[wi, uj] = uy ANuj = Zmijkzk (mod ker ¢),
k=1
o(us, 25) = 6ij,

and the set {m;,} of structure constants is determined by the non-degenerate
d-quadratic family {M;, ..., M,}. So, if we fixed a basis B of ker ¢ = ndl’Q, the

matrix of ¢ attached to B’ = {uy, ..., uq,21,...,24} UB1is
Odxd Tixa 0, a(d—3)
M = Tixa Odxd 0 ata=3)

0 a(a—3) 0 aga—3) 0da(a—3) _ da—3)
5 xd 5 Xd 5 X =

Foreveryi = 1,...,d, the inner derivation ad u; is represented by a matrix
(respect to the basis B’) of the form

Ogxa Ogxa O
M;  Ogxq O
C; 0 0

Let C;~; be the submatrix of C; given by the set of all 4™ columns of C; such
that i < j. Denote as D the matrix F(C1,...,Cq) = [Ci1<;Cocj ... Co_1<5,
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Chapter 3. Deconstructing quadratic Lie algebras

and let P be the matrix
Tixd 0 ata=1)
Oua—s 4 D

Clearly P is a regular matrix because of n?m = span(h(u;) : h € Innerngs). In
fact, P provides the change of basis from the Hall basis #,, = {u;, uijAu;} to B'.
Therefore, the matrix of ¢ attached to H,, is PPMP = Q(Mj, ..., M) just as
defined in (3.10). In an analogous way, the Lie algebra (ny, ¢) is isometrically
isomorphic to (ng 2/ ker 1, 1) for some reduced bilinear form ¢ € Sym(d, 2).
From this isomorphism we get a Hall basis #, = {v;,v; A vj} and a regular
matrix R such that REMR = Q(Ny, ..., Ny) is the matrix of ¢ attached to H,.
The change of basis from H, to H, provides the automorphism 7(Q, X) of ng 2
and the matrix that represents ¢ in the basis H, is

X'FLQ+ Q' FuX  QUFMQ )

T(Q, X)tQ(Mb R Md)T(Qa X) = ( Qt‘/_-']t\/IQ Od(d—l) d(d—1)

where Fjr = F(My, ..., My). Now, (ny,v) and (nyy, ¢) are isometrically iso-
morphic if and only if ¢ and Y are isomorphic in the category Symy(d, 2).
From Lemma (3.1.19, the latter assertion is equivalent to the existence of an

isometric automorphism 6: (nd72,1[)) — (ng2, $). Hence, 1) = ¢y. In the Hall
basis H,, the automorphism 6 is of the form 7(5,Y"). Then,

(S, V) (Q, X) ' Q(My, ..., My)T(Q, X)7(S,Y) = Q(Ny, ..., Ny).
and
T(QS, XS+ QY)'Q(Mi, ..., Mg)T(QS, XS+ QY) = Q(Ny, ..., Ny).
This implies (QS)'F, v@QS = Fy which proves the result. O

Finally, the next corollary describes the class of non-reduced (i.e. not nec-
essarily reduced) quadratic 2-step Lie algebras (see Theorem 3.2 in [[Ovando,
2007b]]; the corank here is ds).

Corollary 3.2.6. For every d > 3, there exist quadratic 2-step Lie algebras of type d
over any field of characteristic zero. Up to isometric isomorphisms the algebras in this
class are of the form (n(M,...,Mg,) ® a,¢o L ¢) whered = dy +da, 4 # d1 > 3,
{M;, ..., Mgy, } is a non-degenerate d,-quadratic family of matrices and (a, ¢), is a
quadratic and abelian Lie algebra of dimension da > 0.
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Proof. The result follows from Theorem Theorem and Proposi-
tionB.2.4 O

Theorem and Corollary extend to arbitrary fields of character-
istic zero Theorem 3.6 and Theorem 3.2 respectively in [Ovando, 2007b]]. Our
approach for these results is more algorithmic and let us develop computa-
tional methods in the following section.

3.3 Computational algorithms for quadratic families

Up to this point, we have introduce a new approach for constructing reduced
2-step quadratic nilpotent Lie algebras of type d > 3. This method, which re-
lies in the theoretical results developed in previous Section 3, Theorem [3.2.2]
and Corollary can be computationally addressed. The theorem itself
provides the algorithms and the corollary assures that they will be success-
ful. According to Definition we will design several algorithms in order
to build d-quadratic families of matrices (Algorithms and [3)) and a final
algorithm to obtain the multiplication table of the quadratic Lie algebra (Al-
gorithm[4]). Along the section we will use the following notation:

e M|a,b] denotes the entry in row a and column b for a given matrix M;

e Mla :: b,c :: d] denotes the submatrix obtained from A by using the
whole set of rows from a up to b and the set of columns from c up to d,
both included.

Moreover we consider the first row/column is the one numbered as 1.

The matrices of a d-quadratic family {M;, ..., M,} are skew-symmetric.
From Theoremand its proof, each matrix M; determines an inner deriva-
tion ad v; (adjoint derivation) of the quadratic Lie algebran(A/, ..., My). The
set {v1,...,v4} is a minimal generator set of

n(M, ..., My) = span(vi,...,vq, 21, - . ., 24) = span(v;, [vs, vj]),

and the adjoint ad v; is represented by the matrix M (ad v;) as it is described by
the matrix in (3.8]). The computational procedure to obtain quadratic reduced
Lie algebras splits into three steps:
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e First, we need to build the skew-symmetric family of matrices Mj,...,
M, satistying conditions ([I) and of Definition and the matrix
F(M,...,My) = [M1<jM2<j . Md—1<j} associated to this family.

e Secondly, we need to verify that the rank of F(Mj, ..., My) is maximal,
so the rank must be d, which is precisely the non-degenerate condition.

Any rank d matrix F(Mj, ..., My) gives the non-degenerate d-quadratic fam-
lly {Ml, e ,Md}. Then:

e Finally we build the multiplication table of the quadratic algebra at-
tached to {My, ..., My}.

The algebras will be introduced using the basis {v1, ..., v4, 21, ... 24}. Inall
cases, and according to Theorem and Remark the invariant bilinear
form is the canonical metabolic form ¢ defined by the formulas:

(P(vivvj) = Sp(zia Zj) =0 and 90(’01'1 Zj) = 5”

3.3.1 General algorithms for quadratic 2-step Lie algebras

Algorithm 1 Skewsymmetric(d, s) algorithm

Input: A natural d indicating the dimension of the square matrix to generate.
Input: An integer s indicating the initial subindex of the variables to use.
Output: A skewsymmetric d x d matrix whose variables are a,, as1, . . .

1: Let M be a empty d x d matrix

2: Letnum = s > num keeps the current variable value
3: fori=1toi=ddo

4: Let v = (@num, - - - Gnum-+d+i—1) a vector

5 Mli,i+1:d=v

6 Mli+1:4d,i] = —v.

7: num =num—+d —1

8: end for

9: return M
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Example 3.3.1. Algorithm I} for values d = 4 and s = 1, returns the matrix,

0 al a9 as
—a 0 a a
Skewsymmetric(4,1) = ! Lo

—a2 —Qq 0 Qg

—a3z —a5 —dag 0
This is the general shape of a 4 x 4 skew-symmetric matrix.

To build the adjoint matrices we will need to know how many subscripts
we have used before in order not to use them again. In a generic d x d matrix

d

.o dd+1
;z:(;)

different variables are used. So, in the mth adjoint matrix, due to the relation-
ships among them, we will have used

ii(i+1) (1 +m—nd)2m+m?+d+md+ d?)
2 6 ‘
i=d

variables. We call these quantities varIn(d) and varUntil(d, m) respectively.
Now, with this notation

varUntil(d, m) = Zvarln(i).
i=d

Algorithm 2 Adjoint(d, i) algorithm
Input: A d € N indicating the dimension of the square adjoint matrix to gen-

erate.

Input: An integer ¢, such that 1 < i < d indicating which adjoint is it, ad v;,
assuming i = 1 is the adjoint associated to the first element in the basis, and
i = d the one related to the last one.

Output: The adjoint matrix associated to the element v; of the chosen basis.

1: Let M; be a empty d x d matrix

2: forj=1toj=1ido > The part deduced from previous adjoints
3 M;[1 :: d, j] = —Skewsymmetric(d, j)[1 :: d, ]

4: M;[j,7 =2 d] = —M;[j == d, j]

5: end for

6: M;i[i + 1 ::d,i+ 1 :: d] = Skewsymmetric(d — 4,1 + varUntil(d — i,d — 2))
7: return M,
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Note that this algorithm is defined calling several times similar functions.
Although it is not efficient, if it is needed an improved version can be easily
develop. In order to achieve it without too many changes, it is highly recom-
mended to store the already calculated adjoint matrices in order not to repeat
operations.

Example 3.3.2. Algorithm for value d = 5, returns the skew matrices M; =
Adjoint(5,7) fori =1,...,5,

0 0 0 0 0 0 0 —a; —ay —as
0 0 al a9 as 0 0 0 0 0
M1 = 0 —aq 0 a4 as M2 = aj 0 0 ay as
0 —a2 —a4 0 Qg a9 0 —ary 0 ag
0 —a3 —ay —dag 0 as 0 —ag —ag 0
0 ajl 0 —Qy —as
—aq 0 O —ary —as
Mz = 0 0 0 0 0
a4 ay 0 0 aio
as as 0 —aio 0
0 a a4 0 —Qg 0 as as Qg 0
—asg 0 a; 0 —ag —as 0 as ag 0
M4 = —a4 —ary 0 0 —aiQ M5 = —a5 —das 0 aio 0
0 0 0 O 0 —ag —ag —ajp 0 O
ag ag aio 0 0 0 0 0 0 0

Once we are able to obtain the adjoint matrices we can construct our ma-
trix RankedMatrix(d) := F (M, ..., Mg). This matrix is the union of certain
columns of the adjoint matrices: from each adjoint, considering we are at the
i adjoint, we take columns i + 1,7 +2,...,d.
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Algorithm 3 RankedMatrix(d) algorithm
Input: A natural d indicating the type of the algebra

Output: The matrix we use to check if the rank is maximal
1: Let C' be a empty d x # matrix
2: fori=1toi=d—1do > Obtaining the possible linearly idependant
columns

C[1::d, 2d(i_1)5i2+i+2 i i(2d_ii_1)] = Adjoint(d,q)[1 :: d, 1+ :: d]

4. end for
5. return C

Example 3.3.3. For d = 5 the matrix RankedMatrix(5) = F(My,..., M), for
M; = Adjoint (5, 1) is

0 0 0 0 —a1 —as —a3 —a4 —as —ag

0 al a as 0 0 0 —ay —ag —Aag
—ai 0 a4 as 0 ay as 0 0 —aio
—a2 —a4 0 ag —ary 0 ag 0 aio 0
—a3 —a; —ag 0 —ag —ag 0 —aiQ 0 0

RankedMatrix(5) is obtained from columns 2, 3,4 and 5 of M;, columns 3, 4
and 5 of Ms, columns 4 and 5 of M3 and the final column 5 of Mjy.

So far we can create F (M, ..., M) matrices for every dimension d. Now
we have to study for which values of the parameters a; the rank of these matri-
cesis d. In order to generate examples, this can be done by using any symbolic
computational program (for example Mathematica or SageMath among oth-
ers).

One general way to compute the rank is choosing the minors of the matrix
of size dx d and getting all the conditions the variables a; have to satisfy to have
at least one minor whose determinant is not null, making the rank maximum.
Therefore, the problem is simply finding the (d(dg)) minors and calculating
their determinants. Unfortunately, we are working with factorial complexity

so increasing the dimension makes the complexity extremely huge. For exam-
ple, in the case d = 5 we already have 252 minors. Other way is using Gauss
method, although the possible nullity of variables might make it difficult too.
However, as explained in the proof of Proposition[3.2.4] with only the first two
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adjoints, d — 1 + d — 2 = 2d — 3 columns, this can be always achieved. This
is much more efficient as we turn (%) into (de_g) minors. For example, in
d = 5 this is just 21. Even more, as the first adjoint reaches rank d — 1 or d — 2
depending whether d is odd or even respectively. This gives us another im-
proved approach using (Lclli721J) minors for the first adjoint, and (*;?) or (%;?)
for the second. In dimension five we reduce this way the number of minors

to 4 from (150) = 252.

Finally, according to Theorem and Remark the complete table
of products attached to a d-quadratic family is obtained from the expression

([Ul,UQ], [U17U3]7 ey [’U]_,’Ud], [/U27/U3]7 ey [/U27/Ud]7 ey [Ud—luvd])
= (z1,...,24) - RankedMatrix(d).

So, the table generation algorithm is easy to describe:

Algorithm 4 Product(¢, j, d) algorithm
Input: A natural ¢ indicating the vector v; where ¢ < j

Input: A natural 7 indicating the vector v;
Input: A natural d indicating the type of the algebra
Output: The product [v;, v;] expressed in basis {21, ..., z4}
1: Let Z be a 1 x d matrix whose entries are z;
2: return Z - RankedMatrix(d) [w

Therefore, assuming ¢ < j we have that
[vi, vj] = Product(i, j, d).

Example 3.3.4. The multiplication table for a quadratic and reduced Lie algebra

obtained from a 5-quadratic family of matrices {Mj, ..., M5} in the standard
basis {Ul, ey U5, 275040, 25} is
U1, V2] = —0A123 — A224 — A3Z5,

] =

v1,v3] = a1z — a424 — 525,

v1,v4] = agze + a423 — agzs,
] =
] =

[
[
[
[v1, V5
[
[

asz9 + asz3 + agz4,
V2, U3 —Q121 — Q724 — 4825,
V2, V4] = —agz1 + arzz — agzs,
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[v2,v5] = —agz1 + agz3 + a9z,
[vs, v4] = —a4z1 — azz2 — a1pzs,
[vg,v5] = —asz1 — agza + 41024,
[vg,v5] = —asz1 — agza — a1023.

Example 3.3.5. In the case d = 6, by applying Algorithms 1, 2 and 3, we arrive
at the matrix RankedMatrix(6) = F(My, ..., Ms):

0 0 0 0 0 —a1 —a —az —ayg —as —ag —ary

0 aq as as [¢7} 0
—a1 0 a5 ag ay O

—ay —as 0 ag a9 —a;x 0 aw a5 0 a7 ag
—az —ag —ag 0 ajp —a12 —as 0 ag —air 0 amg

—ag —ag —aio

0 0 0 —a11 —a12 —a13 —a14 —a15 —ae
air a2 a3 0 0 0 —ai17 —ai1g —ag
0 0 —aso

0 aso 0

—a90 0 0

—ay —a7 —ag —ayg 0 —aiz —ais5 —aig 0 —aig —ag 0O

From previous matrix and following , Algorithm [4] gives us all the quadratic
algebras (see Remark [3.2.3|for a complete description) described by the mul-
tiplication table (only those tables related to matrices RankedMatrix(6) such
that rankRankedMatrix(6) = 6 are valid):

—Q123 — Q224 — G325 — 426,
a122 — G524 — G625 — A7Z26,
G272 + a523 — A5 — A9Z6,
a3zz + agz3 + agz4 — a1026,
a4z + arz3 + agz4 + a102s,
—a12z1 — a1124 — A1225 — A13%6,
—a221 + a1123 — Q1425 — G15%6,
—a321 + a1223 + 1424 — A1626,
—G471 + a1323 + a1524 + 41625,
—a5z1 — A1122 — A1725 — A18%6;
—agz1 — A122 + a1724 — A19%6,
—ar?1 — a1322 + a1824 + 41925,
—agz1 — A14z2 — A1723 — 42026,

—a9z1 — A1522 — 1823 + A2025,

—@1021 — @1622 — A1923 — A20%4.
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3.3.2 Quadratic and reduced 2-step algebras of type 5, 6, 7 and 8

By applying Algorithms 1,2 and 3, we get all possible RankedMatrix(d) as we
have shown in the examples of subsection Table B.3|displays the whole
set of RankedMatrix(d) matrices for d = 5,6, 7,8. Then, from Theorem [3.2.2}
we arrive at the following classification result.

Theorem 3.3.1. The quadratic reduced 2-step Lie algebras of type d = 5,6, 7, 8 over

a field F of characteristic zero are given as (n(a, d), @) where n(a, d) = span(vy, ...,

0q I

Vdy 21, - - -, 2d), @ is the metabolic canonical form of matrix B(d) = Id Od ,
da Ua

and the skewsymmetric Lie product of n(a, d) follows from the formula:

([v1,v2], [v1,v3], ..y [v1,v4], [v2, 03], oy [V, 0], - -, [V4—1, va])

:(Zl,...,zd)-.F(Ml,...,Md).

with F(My, ..., Mg) any matrix RankedMatrix(d) of rank d as described in Ta-
bleand determined by some entries a = (a;) € F"D, where r(5) = 10,7(6) =
20,7(7) = 35 and r(8) = 56.

Remark 3.3.2. In general, r(d) = VarUntil(1,d — 2).

The multiplication table for quadratic and reduced 2-step algebras for d =
5,6 are explicitly given in Example 3.3.4and Example We miss out here
the product tables in the cases d = 7,8; both tables are obtained from the
matrix expression (zy,...,27) - RankedMatrix(7) if d = 7 and (z1,..., 2g) -
RankedMatrix(8) if ¢ = 8. By using Theorem for a given quadratic
algebra (n(a,d), ¢), we can check the whole set of isometrically isomorphic
quadratic algebras as we illustrate in the next example.

Example 3.3.6. The matrices C; and C3 are RankedMatrix(5) of rank 5 given
by a1, a0 € F10 with

a1 = (=9, —60,—47, 15,186, —53, —24, —174, —86, —206) and
as = (1,0,0,0,0,0,0,0,0,1).
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So,
0 0 0 0 9 60 47 15 —186 53
0 -9 —-60 —-47 0 0 0 24 —174 86
Ci = 9 0 —15 186 0 —-24 174 0 0 206 |,

60 15 0 -53 24 0 -8 0 —-206 O
47 —186 53 0 —-174 86 0 206 O 0

O 000 -1 00 0 0 O
O 100 0O OO O O0 O
Cy = -1 000 O OO 0 0 -1
O 000 O OO O 1 O
0O 000 0 00 -10 0
We have the matrix relation Q'C>Q = C; where
2 -2 4 -1 -2
-4 -2 3 -3 5
Q= 3 3 0 3 4
-2 1 4 -4 0
3 -2 -1 -1 5

and Q is obtained from Q by applying the formula (8.12)). Even more, for any
regular matrix @, so det Q # 0),

g 492 43 G4 G5
g6 47 48 49 q10
Q=] a1 q12 @13 quu qs
qi6 917 918 419 420
q21 422 QG23 424 Q25

we have that Q'C,Q = RankedMatrix(5) with entries a; for 1 < i < 10, where

a1 = q2qsq11 — q18G22q11 — q198¢12 + 43(g6q12 — G7q11) — 4206¢13 + G197¢13
—q13q17G21 + q12¢18G21 + Q1316922 + (11917 — 912¢16) 923

az = 249911 — 19922911 — q199q12 + q4(q6q12 — q7q11) — q296q14 + 19714
—q14917921 + @12910921 + Q14q16922 + (11917 — ¢12916) 24

as = ¢2q10911 — 420922911 — q1q10912 + ¢5(g6q12 — 97q11) — G296415 + q1G7q15
—q15917921 + 12420921 + q15G16922 + (11017 — q12916) 925

as = ¢399q11 — 919923911 — 9199913 + 94(q6q13 — G8q11) — 4396914 + 148414
—q144918921 + 413919921 + q14916923 + (C]11Q18 - CI13Q16)CI24
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as = ¢3q10911 — ¢20923911 — 41910913 + q5(¢6G13 — ¢sq11) — 4396415 + 4148415
—q15918921 + 413920921 + 415916923 + (Q11Q18 - Q13Q16)Q25

a6 = 4910911 — 420924911 — q1910914 + q5(¢6q14 — @9q11) — 496415 + q199q15
—q15919921 + 914420921 + q15G16924 + (q11919 — q14G16)q25

ar = ¢399q12 — q19923¢12 — q249q13 + q4(q7q13 — 48¢12) — 43G7q14 + 248414
— 14418922 + ¢13¢19922 + q14¢17q23 + (12q18 — 13¢17)q24

as = ¢3q10912 — §20923912 — 42910913 + q5(q7q13 — ¢sq12) — 43q7q15 + ¢248¢15
—q15918G22 + 413920922 + Q15917923 + (¢12q18 — q13¢17)q25

ag = q4q10912 — 920924912 — ¢2q10914 + ¢5(q7q14 — @9q12) — 9497q15 + 429915
—q15919922 + 914420922 + 1517924 + (q12919 — q14G17)q25

a10 = 4410913 — 420424913 — 43910914 + ¢5(48q14 — G9q13) — 944815 + 39915
— 15419923 + §14920923 + ¢15018G24 + (¢13919 — ¢14G18) 425

By applying Theorem quadratic Lie algebra (n(a1,5),¢) and algebra

(n(e,5), ) for a = (ay,...,aio) are isometrically isomorphic to the quadratic
algebra (n(az2, 5), ) with basis {v1, ..., vs, 21, ..., 25} and non-zero products:
[v1,v9] = —23,  [v2,v3] = —21, [v3, V5] = 24,
[v1, v3] = 22, [v3, V4] = —25, [v4, v5] = —23.

3.3.3 Computational limitations

In previous Subsection we have noted the limitations caused by the rank
calculus. In the following Table 3.2 we can see the minimum number of vari-
ables needed to obtain maximum rank for small values of d.

Dimension Condition to make the rank maximum

d=1 Invalid

d=2 Invalid

d=3 There is just one variable, a;, and it has to be non-null.
d=14 Impossible.

d=25,6 We need at least two non-null variables.

d=1,8,9 We need at least three non-null variables.

Table 3.2: Minimum number of variables needed to get maximum rank in
RankedMatrix(d).
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For example if d = 6, among its 20 variables, only the couples (a;, az1—;)
(both variables being non-null) with the rest of them null, make the rank max-
imum. In the case d = 5 each variable appears in three possible couples that
makes the rank maximum, while in n = 7 there is no couples of variables,
we need at least three non-null parameters to get rank 7. For d = 7,8, 9 the
non-null triples (a1, a10, a15), (a1, a12, ass) and (a1, ags, ags) provide quadratic
Lie algebras of types 7, 8 and 9 respectively. Our experimental work with
the software developed points out that the different isomorphisms classes of
quadratic 2-step of type up to 8 could be achieved by using RankedMatrix(d)
with at most three non-zero variables.

3.4 Summary

Along this chapter we have started seen how to build any mixed quadratic
Lie algebra as a double extension of a solvable one, and this solvable as a dou-
ble extension of a nilpotent algebra. Thanks to these results, we have been
able to reduce the problem of structure and classification of quadratic Lie
algebras to studying the nilpotent variety, as the semisimple case is already
completely solved. This reduction was achieved thanks to Theorem in
combination with the ideals inclusion study at the beginning of Section
These results give us a good starting point for finding double extensions by
means of isotropic ideals. This extends some previous known results of one-

dimensional and simple double extensions (see Corollaries3.1.11jand 3.1.12)).

From here, we have seen different ways of approaching the nilpotent case.
In this chapter we have presented the use of quotients of free nilpotent Lie al-
gebras. Thanks to the UMP, and the categorical approach, from Section[3.1.3}
all quadratic nilpotent Lie algebras can be obtained by means of bilinear in-
variant forms of free nilpotent Lie algebras.

The general problem of building a nilpotent quadratic Lie algebra with
arbitrary d generators is not easy, neither the construction of isometric iso-
morphisms. But classification results in some special families (small type d
or small index of nilpotency) could be of interest. This is the case of quadratic
2-step nilpotent Lie algebras.
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RankedMatrix(d)

(only matrices of rank d are valid)

0

—a1
—ag
—as

l:
—as
—as
—ay4

l:
—ap
—as
—ay
—as

\5
—as
—ag
—ay
—ag
—ag

0
ay

—ay
—ag

aiy

—ag
—ag
—ar

ay

\mm
—an
—ag
—ag

al

—ar
—ag
—ag

—aio

—aii

—ais
—azg
—asg

—aso
—asi

Table 3.3: Matrices F(Mj, ..., My) attached to a d-quadratic family of matrices { My, ..., Mg}.

az
aq
0
—ag

a2z
as

—ag
—ag

ae

—aio
—aill
—ai2

a2
a7

—a12
—ai3
—aiq
—ais

—aiq
—a29

—asg

a48
as50

—as2

0 —ay —ag —as —ay —as —ag
as 0 0 0 —ary —ag —ag
as 0 ay ag 0 0 —aip
ag —ary 0 ag 0 aiop 0
0 —ag —ag 0 —aig 0 0
0 0 —ay —asg —as —agq —asp —ag —a7 —ag —ag —aig
a3 a4 0 0 0 0 —ai1  —a12 —ai3 —al4  —ais  —aie
ag a7 0 ail a2 ai3 0 0 0 —ai7 —aig —aig
ag ag —a1 0 ai4 ais 0 air aig 0 0 —azo
0 alp —a12 —alg 0 aie —ai7 0 aig 0 a20 0
—aio 0 —a13 —ais  —aie 0 —aig  —aig 0 —a2o 0 0
0 0 0 —ay —asg —a3z —ay —ap —ag —a7 —ag —ag —aig
ag ag as 0 0 0 0 0 —ajeg —ai7 —a1g —alg —agQ
a7 ag ag 0 aie a7 aig aig 0 0 0 0 —az6
a10 a1l a1z —aie 0 a20 a2 a2z 0 a26 a7 azg 0
0 a3 alg —ai7  —a20 0 a23 a24  —age 0 agg aso 0
—ai13 0 ais —aig —a21  —a23 0 azs  —az7  —a2g 0 a3l —asz2
—ai4  —ais 0 —a19 —a22 —az4 —ags 0 —azg —azp —asl 0 —as3
0 0 0 0 —ay —ag —as —aq —as —ag —ary —ag
as ag as ag 0 0 0 0 0 0 —ag2 —ao3
ag ag aio a1l 0 a2 a23 a4 azs a26 0 0
a1z a3 aiq als  —a22 0 az7 azs az9 azo 0 asz
0 aie ayr ailg  —azz  —agy 0 a3l ag2 azz  —azy 0
—aie 0 aig azgp —az4 —a2g  —asi 0 asq azs  —azg  —a41
—a17  —aig 0 a1  —a25 —a29 —ag2 —as4 0 ase —agg  —a42
—ai1g —azp —a21 0 —a26 —azp —a33 —aszs = —ase 0 —a40 —a43
—ais —aie —air —aig —aig —a20  —a21
—azp —a31 —a32 —a33 —az4 —azs = —ase
—a40 —@41 < —a42  —G43 —a44  —G45  —a46
0 —a4q7  —a4g  —a49  —aso  —as51  —as2
asg 0 0 0 —as3  —as4  —ass
as1 0 as3 as4 0 0 —ase
as2 —as3 0 ass 0 ase 0
0 —asa —ass 0 —ase 0 0

—ai1
—az1
—a27
0
a3z
0
—a34

—ag
—a24
0
a3g
a41
0
—a44
—a4s

—ai2 —aiz —aia —ais
—az2 —az3 —aza  —azs
—az2g —a29 —azo —asl
0 —az2 —azz —as34
as3 0 0 —a3ss
asa 0 ass 0
0 —ass 0 0

—aip —ai1  —ai2

—ags —agze —az7

0 0 —asz7

asg a40 0

a4z a43 0

a44 a4s —aa7

0 a46 —a4g

—a46 0 —as9
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3.4. Summary

The complete finite list of quadratic 2-step algebras up to dimension 17, as
far as we know, was unknown. Although it will be solved in the next chap-
ter. In [Kath, 2007]] we can find the classification of quadratic nilpotent Lie
algebras up to dimension 10. So, the reduced 2-step included in Kath'’s classi-
fication (a finite number up to isomorphisms) are of type d = 3, 5.

In order to get a list for d = 5,6, 7,8, we present a new approach based
on d-quadratic family of matrices. This is a family of skewsymmetric matrices
{M,..., My} of order d x d such that the ;™ column of M; is the additive
inverse of the it column of M. ;. The entries of these families of matrices, let
us to described 2-step quadratic Lie algebras by means of basis and structure
constants and the attached non-degenerate bilinear form in terms of canoni-
cal metabolic invariant bilinear forms according to Theorem[3.2.2] And, using
the previous categorical approach, we identify the classes of isometric isomor-
phisms in Theorem [3.2.5] This way, we extend the results about structure and
existence given in [[Ovando, 2007b]].

Once the theoretical support of the new method is completely described,
we give a computational implementation of the algorithm induced from the
cotangent structure encoded in the quadratic family. This allows us to eas-
ily construct many examples of quadratic 2-step Lie algebras and leads us to
Theorem which includes the structure of quadratic and reduced 2-step
nilpotent Lie algebras of dimension up to 17 are d = 3,5,6, 7,8, and Exam-
ple which provides the unique 2-step nilpotent reduced algebra of type
d = 3up to isometries. But Theorem[3.3.1does not contain a finite list because
of the isometric isomorphisms among the different Lie algebras. The isomor-
phism problem, a not easy task (see for example [Benito et al., 2017]]), can be
treated by means of Theorem This complex task will be tackled in the
next chapter.
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Equivalent constructions of
2-step quadratic Lie algebras

CHAPTER

s we have seen along this memoir, when we are working with 2-step

oV quadratic Lie algebras, we have three main different approaches. In
& X Section we introduced the classical general methods: double
extension and T*-extension. On the other hand, in the previous chapter, we
ended up explaining another technique based on quadratic families of ma-
trices that encode, as structure constants, our algebras. Once here, we are
ready to establish an equivalent characterization among these three different
construction methods using multilinear tools to provide a constructive equiv-
alence theorem (Theorem that relates all three methods.

In 1962, S. T. Tsou (see [Tsou, 1962]]) established an existence theorem
for real quadratic Lie algebras of arbitrary type. The proof of this result, that
was announced in [[Tsou and Walker, 1957, Section 7]), involves structure con-
stants, trivectors and solutions of non-linear systems of equations, so multi-
linear algebra. These ideas are in the base of the proposed scheme, as well as
results on the structure and classification of quadratic nilpotent Lie algebras
given in [Benito et al., 2017]] or previous chapters in this thesis.

Moreover, this equivalence reduces, in a direct and natural way, the clas-
sification up to isometries of quadratic 2-step nilpotent Lie algebras to that
of 3-alternating forms up to equivalence (Theorem following the ideas
of [Noui and Revoy, 1997]]. Our equivalence also shows that invariant forms
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of the subclass of reduced quadratic 2-step are metabolic. Even more, the
class of quadratic 2-step Lie algebras agree with the class of T*-extensions
of abelian Lie algebras given by non-degenerate (equivalently linearly surjec-
tive) 2-cocycles (Corollary[#.1.14)). This assertion collects and expands Propo-
sition 11 in [[Duong, 2013]].

In addition, we will provide simple rules for switching among the four
different structures. The ideas and results of this chapter has been recently
published in [Benito and Rolddn-Lépez, 2023a]].

4.1 Methods

Now we are going to recap the different methods for obtaining quadratic Lie
algebras, but restricted to the 2-step case.

4.1.1 Double extension

In Section the double extension procedure was introduced. Just as a
remainder, given a quadratic Lie algebra (A, f) we define its double extension
by (B, ¢) as the quadratic algebra (Ap, fp) where Ap = B & A & B*, the Lie
product is given by

[bl 4+ a1+ B1,b2 + as + 52] = [bl, bQ]B + qb(bl)(ag) — d)(bg)(al) + [al, ag]A
+ w(al, (12) + ad*(bl)(ﬁg) — ad*(bz)(ﬁl).

And the bilinear form is defined as

fB(bi 4+ a1 + Bi,ba + as + f2) = Bi(b2) + B2(b1) + f(a1,a2)
forb; € B, a; € Aand §; € B*.

But, when focusing in 2-step nilpotent Lie algebras the method has some
special properties and can be tuned a bit more. First, in general, when double
extending a nilpotent Lie algebra, in case the result is nilpotent, we always
keep or increase its nilpotency index as next lemma proves.

Lemma 4.1.1. Let (Ap, fB) be the double extension of (A, f) by (B, ¢). If Ap is
t-step nilpotent then A is n-step with n < t.
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Proof. The proof is straightforward. As every a € A can be seen as even an
elementof Ap,and [a,d'|a, = [a,d'|a+w(a,d’). If[a,a]a, = 0, then [a,a’]4a =
0, and w(a, a’) = 0 because the first part lays on A, while the second belongs
to B*. O

This result cannot be improved as an abelian quadratic Lie algebra can gen-
erate a n-step nilpotent one, for every n € N. To see it, we have the following
example which also serves as a contradiction of a statement found in [|[Ovando,
2007b, p. 913], which says 2-step nilpotent double extensions come always
from 2-step nilpotent algebras.

Example 4.1.1. Let us take the abelian quadratic Lie algebra (A, f) of dimen-
sion 2n with basis {e_,,e_p41,...,e_1,€1,...,€,}, where

1 if|i—jl=n+1,

f(ehe') =
’ 0 ifi—j|#n+ 1.

Let us consider the f-skew-symmetric derivation d: A — A where d(e_;) =
e_i+1,d(e;) = —ej—1 fori = 2,... ,nand d(e;) = d(e—1) = 0. Now, we can
build the double extension (Ap, fg) of (A, f) by (¢, B) where B = Fb and
¢(b) = d. This new algebra satisfies

(AB)' = span{e_p it 1,...,€_1,€1,...,€n_tr1).

Thus, (Ap)"™ is the bidimensional ideal linearly generated by {e_1,e;1} and
(Ap)"*! = 0. Therefore, Ap is n-step nilpotent.

And even more, a nilpotent Lie algebra can be double-extended to pro-
duced a non-nilpotent algebra as we saw in Example (oscillator), or as
in Examples (mixed or solvable) found later.

Now, according to Corollary[3.1.12} in our nilpotent (solvable) non-abelian
quadratic algebra (L, f) we can find a non-zero element z € L? N Z(L) such
that our algebra is a double extension of algebra

(551)

which is also nilpotent quadratic of dimension dim L — 2. Iterating this one-

dimensional process, we get that the class of solvable (nilpotent) quadratic
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Lie algebras is a direct sum of abelian and one-dimensional double exten-
sions of solvable (nilpotent) ones. This result also appears in [[Medina and
Revoy, 1985, Théoreme III]. So, although Theorem gives us the gen-
eral double extension method, for our goal, a subset of these extensions, the
one-dimensional ones, is enough. This leads us to the following definition.

Definition 4.1.1. We call (A, f») the one-dimensional double extension of (A, f)
by (b,d) to the double extension (Ag, fg) of (A4, f) by (B, ¢) where B = Fb
has dimension 1 and ¢(b) = d.

Now, when considering the vector space A, = Fbad AGF3, where 5(b) = 1
(dual 1-form of b), the Lie bracket from equation (2.18)) turns into

[bib + a; + BiB,bjb + a; + ;8] := bid(a;) — bjd(a;) + [as, aj] + f(d(as), a;)B,

for every scalar b;, b, 3;,b; € Fand a; € A. While the symmetric bilinear form
from equation (2.19) can be written as

Jo(bib+ ai + Bif3, bjb + a;j + B;8) := bifj + bjBi + f(ai, aj).
This simplification also allows us to compute the derived algebra

A% =Imd+ Span<[a17 GQ]A + f(d(al)a CLQ)B tap,a € A> (41)

As a consequence of Theorem we are only interested in studying
reduced algebras. That is why we should be able to describe the centre and,
therefore, the reducibility of A, depending on if d is either an inner or an outer
f-skew-symmetric derivation of A.

Lemma 4.1.2. Let (Ay, f3) be the one-dimensional double extension of (A, f) by
(b,d). Then

Z(Ap) = (Z(A)Nkerd) @ B*
if and only if d ¢ Inner A. Otherwise, d = ad x for some x € A and

Z(Ay) = (Z(A)Nkerd) @ B* @ F(b — z).
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Proof. 1f we calculate the centre we obtain

Z(Ap) = {bib+ ay + 18 : bid(az) — bed(ar) + [a1, a2] =0,
f(d(a1),a2) =0Vaz € A, by € F}
={bib+ a1 + B16 : bid(az) + [a1,a2] = 0,d(a1) =0V ay € A}
={a1+ 515 : [a1,a2) = 0,d(a1) =0Vay € A}

1 1
+span{(b+ —ay:d=—ad| -—a1),b1 #0
b b

{(Z(A) Nkerd) & B* if d ¢ Inner A,

(Z(A)Nkerd)® B*®F(b—z) ifd=aduz.
Note that d = adz = ady if and only if x — y € Z(A) Nkerd. O
Since A? C (Imd + A%) @ B* then b — z ¢ A? when d = ad z. Therefore
Z(A) ¢ A? and our algebra is non-reduced.

Corollary 4.1.3. Let (A, f) be the one-dimensional double extension of (A, f) by
(b,d). Then (Ay, fp) is non-reduced when d € Inner A.

This direct consequence of our lemma is mentioned in [[Figueroa-O’Farrill
and Stanciu, 1996, Proposition 5.1].

Corollary 4.1.4. Let (A, f) be the one-dimensional double extension of (A, f) by
(b, d). Then (Ay, fp) is reduced if and only if d ¢ Inner A, A2 = (Imd + A?) & B*
and Z(A) Nkerd C Tmd + A2

Proof. Since A, is reduced if and only if Z(4,) C A, the result is straight
forward applying Lemma and equation (4.1). O

Now, as our aim in this chapter is to study the 2-step case, we will see
which restrictions A and d do need to satisfy in the following proposition.

Proposition 4.1.5. Let (A, f1,) be the one-dimensional double extension of some
quadratic Lie algebra (A, f) by (b, d). Then Ay is 2-step if and only if

0#Imd+ A% C Z(A) Nkerd.
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Proof. First, we have that

A3 = d*(A) + d(A?) + span([d(a1), az] + f(d*(a1),a2)B : a; € A)
+ span(f(d([a1,a2]),a3)B : a; € A}.

As this must be zero, we need

d(A) C Z(A),
d(d(A)) = d*(A) = 0, (4.2)
d([A, A]) = d(A%) =0

The conditions in equation (4.2)), as d is a derivation, can be expressed in one
line as

Imd+ A? C Z(A) Nkerd. (4.3)

At this point, Ag = 0, and we need to check if A% # 0 in case A is abelian.
This, using equation (§.1I)), translates into d # 0 finishing the proof. O

Remark 4.1.6. Note that every homomorphism d: A — A that satisfies condi-
tion (4.3)) is indeed a derivation as Imd C Z(A) and A? C kerd.

Corollary 4.1.7. Let (A, f») be the one-dimensional double extension of an abelian
quadratic Lie algebra (A, f) by (b,d). Then Ay is 2-step if and only if d # 0 and
d* =0.

As we have previously noted in the deconstruction of Chapter 3, solvable
Lie algebras can be obtained by iterating one-dimensional double extensions.
This multistep procedure can be implemented in a nested way, which is the
idea in our following construction.

Chained one-dimensional double extensions construction

Now, we are going to consider a chain of one-dimensional double extensions
{(Ag, fr)}r_,- We start by introducing the following notation for every alge-
bra of our chain:

Apt1 = Brp1 © Ay @ B4,
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where B, = Fb;, and B}, = Fb; are 1-dimensional and dim A; = 2k. Now, we
can also define A1 = Aj41,1 ® Ap41,2 where

A1 = Bry1 © Apa,
Aps12 = A2 © By yy.

Applying this definition recursively we obtain

k+1 k+1
Appii =P B, A =P B (4.4)
=1 =1

All this algebras Ay, are associated to an invariant bilinear form fj. Moreover,
over them, we define derivations dj,: A, — Ay such that dj, € Dery, (Ay) to
do the double extensions. Hence, (A1, fr+1) is the one-dimensional double
extension of (A, fi) by (bg+1,dk), starting with Ag = {0} and fp = 0. Note
this is a really convenient notation. First, it gives us a basis for Ay:

{bk,br—1,...,b1,b7,05,...,b;},

where the order of this basis is given by the chain itself. Even more, if we
divide the set separating b; from b;f elements, we get the bases for A;, ; and Ay o
respectively. All together, we can see this build as a telescopic construction in

Figure 4.1}

A11 Ai,2
Az
Bk@"‘@BQ@B1@BT@B;@”'@BZ
——
Ay
Ak

Figure 4.1: Telescopic view of the chained one-dimensional double extension.

Let us now define for k =0,...,n—1

W41 : Ak X Ak — BZ_H

(4.5)
(av b) = fk(dk<a)7 b) szrl'

So, in basis

* * 1%
{bk+l7bk7 .. '7b17 1s--- 7bk7bk+1}7
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we can give the Lie bracket [, |54 of algebra Ay, which is
[brs1s k1 =0, [bis bj]ke1 = [bi, bj]k + wrr1(bs, b)),
(k15 bilkr1 = di(bs), (b7, 05 ]k+1 = [b7, b5 ]k + w1 (b7, 05), (4.6)
[br+1, b7 Jk+1 = di (b)), (b3, b ]k+1 = [bi, 0F ]k + wii1(bi, ),

for 1 <1,j < k. While the bilinear form satisfies

Trr1(bka1, b5 yq) =1,

Trr1(bka1, Beyr © Ag) = fra1 (054, A © By ) =0,

fk+1‘Ak><Ak = fr-
Remark 4.1.8. Note Apy12 = (Ak+1’2)L. So, Aj12 is a lagrangian for fi1,
and, therefore, f;11 is a metabolic form.

Remark 4.1.9. From Lemma we have A can be ¢-nilpotent only if Ay
is n-nilpotent with n < ¢t. Hence, combining this result in the case ¢ = 2 with
Proposition we conclude that Aj; is 2-step if and only if

e Ay is abelian and 0 # Im d C ker dj, or

o Ay is 2-step, and Imdy, C Z(Ay) Nkerdy and A7 C ker dy.

This remark is useful when searching for 2-step quadratic Lie algebras,
and it leads us to the following definition:

Definition 4.1.2. Let {(Ay, fi)}}_, be a chain of algebras obtained from suc-
cessive one-dimensional double extensions from the previous one in the chain
by {bg+1. dk}’,z;é starting from Ap = {0} and fy = 0. We say the chain satisfies:

o thenon-null property (NNP)|if there exists k such that dj, # 0,

e and the[2-step property (25P)|if Imd), C Ay o C ker dy, for every k > 1.

In any { (A, fx)}}_, chain of one-dimensional double extensions, we have
dp = di = 0 and, therefore, A; and A, are abelian quadratic algebras of di-
mension 2 and 4 respectively. But for greater dimensions we can obtain 2-step
algebras. If our chain satisfies NNP and 2SP properties from Definition[4.1.2}
we can easily check it by applying 2SP inductively

A7 C Apo C Z(Ay).
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Therefore, every step or link of this chain satisfies equation (4.3]). Hence, its
final quadratic Lie algebra (A, f,) for n > 3 is 2-step by using the NNP as
observed in Remark In addition, we have chosen these properties as
we want to end up with a reduced 2-step Lie algebra A, whose square or
centre is A, 2 and, as images and kernels determine its product, this is the
most natural way to obtain it. The important result we are going to prove later
in Theorem[4.2.1is that we can obtain all reduced quadratic 2-step Lie algebras
as the final quadratic Lie algebra (A, f,) of some chain of one-dimensional
double extensions that satisfies NNP and 2SP.

Proposition 4.1.10. Let {( Ay, fr)}}_, be a chain of one-dimensional double exten-
sions by {(by+1, dy) Yi—g satisfying NNP and 2SP. And let define

Dijk. :=58100) fo(ky-1(do(r)-1 (o)) bos))

for some permutation o such that 1 < o(i) < o(j) < o(k) or Dijr = 0 if some
subindexes repeat. Then n > 3 and

(a) (Ap, fn) is a 2n-dimensional 2-step quadratic Lie algebra such that A, o C
Z(An), [bi,b5]n = >4 Diji by, and the invariant bilinear form f, is given
by fu(bi,b7) = 6i and fn(bi, bj) = fu(b],b}) =0

(b) (A, fn) is reduced if and only if

Apo = span< Zﬁ)k(bi,bj) 1<ji<i< n>

k=1

where 1wy, is the alternating extension of wy, defined in equation (4.5)).

Proof. First of all, we can observe D;;;, definition resembles the idea dj_; is
fr—1-skew-symmetric because D;;, = —D;j;, and Dj;, = 0 as fy—1(di(b;), b))
for i, j < k in characteristic different from 2.

Next, from previous arguments after Definition4.1.2} we have that (A, f,)
is a quadratic 2-step Lie algebra. Now, applying multiplication table in equa-
tion recursively and using Ay 2 C ker dj, by 2SP, we obtain

[bi, bj]k+1 = wk+1(bi, bj) + wk(bi, bj) 4+ ...+ ’U}i+1(bi, bj) + di_l(bj>,

(b5, k41 =0,
(4.7)
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forl<j<i<k+1. Wealsohavefor1 <i,j<k+1

Srr1(bi, b7) = bij,
fre41(biy bj) = frra(b],05) = 0.

Moreover, 2SP also implies that d;—1(A;—1) € Aj—12 = span(bj,..., b ;) and
for j < i,

i—1 i—1 i—1
di—1(bj) = Z fi—1(di—1(bj), b )by, = Z Diji by, = ZDijk brs
k=1 k=1 k=1

by using D;j;, definition in the last equality. So product (4.7)) in (A, f,) turns
into

(65 biln = 2 k=1 Dijn: b,

[0}, ]n = 0.

And even more,
Jn([bi, 050, bi) = Dijg.

Now A, is a 2-step nilpotent Lie algebra, thus being reduced is equivalent
to Z(A,) = A2. Now if we define 1y (b;, b;) = wi(b;,b;) when i,j < k and
W, (bi, bj) = sgn(o)wy(k) (bo(i), be(j)) Where o is some permutation of {3, j, k}
such that o (k) = max{i, j, k},

i
L

adAn bl(b]) = ID[H_l(bi,bj).
0

B
Il

Hence A2 = span(d>_j_; wi(bi,b;) : 1 < j < i < n) and applying equa-
tion (2.14) for k£ = n we finish the proof. O

All these relations and notation will serve us later to prove the equivalence
between the different approaches for constructing these algebras.
4.1.2 T*-extension

As we have seen in Subsection 2.2.2.2} the T*-extension is a one-step method
that takes a non-associative algebra, which may be non-quadratic, and pro-
duces a quadratic algebra whose dimension is double the original. Applied
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to Lie algebras, let B be a Lie algebra, the quadratic Lie algebra (T* B, ¢p) is
defined as the vector space B @ B* with product

b+ 8,V + B :=[bb]p+w(bb)+ad*(b)(8) —ad*(t)(B), (4.8)

where w is a cyclic 2-cocycle, ad™ is the coadjoint representation, and with the
bilinear form

q(b+ 6,0 + 3" = ) + 3 (b)

forb € Band 3 € B*. Once we have remembered the general construction, we
can start by seeing what do B and w need to satisfy in order to obtain a 2-step
quadratic Lie algebra as we have already done in the double extension. First,
analogously to Lemma[4.1.T} we have the following result about the nilpotency
order of the extension. It comes from [[Bordemann, 1997, Theorem 3.1] but
adapting indices to our situation.

Proposition 4.1.11. If B is a k-step nilpotent Lie algebra, then for every cyclic 2-
cocyclew: BxB — B* the T*-extension T,, B is n-step nilpotent where k < n < 2k.

Remark 4.1.12. This result cannot be improved. Indeed, in the following sec-
tions, we build 2-step quadratic Lie algebras from abelian ones (see Corol-

lary [LT15).

Now, let us find which is the centre and the square of these algebras. In
general,

Z(TrB)={b+p:be Z(B)and w(b,b') + foadb/ =0 VV € B},
and

(T B)? = span([b,V'|g +w(b,b') : b, € B) +span(Boadb:be B, € B*),
(4.9)

Lemma 4.1.13. For any V subspace of B, let define V° := { € B* : (V) = 0}
and V' its orthogonal subspace in T, B with respect to quadratic form qg. Then,
Vt=BaVeand (V°)* = B*® V and:

(a) Z(B)° =span{Boadb:bc B,B € B*) C (T B)?
(b) (B%)° ={B€ B*:B0adb=0 VYbe B},

(c) Z(T}B)N B = Z(B)NRadw and Z(T;B) N B* = (B?)°,
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(d) span{w(b,b') : bt € B) C (Radw)®.

Proof. Let X = span(foadb : b € B, € B*) and ¢ € B such that 0 =
qp(z,Boadb) = B([b,z|p), VS € B*,Vb € B. Previous equality is equivalent
to [b,z]p = 0Vb € B,ie,z € Z(B). Hence Z(B) = X+ N B and item
(a) follows from Z(B)! = X ® B, X C Z(B)° and equation (£.9)). Now, from
equation (2.14), (Z (T} B)NB*)* = (T B)*+ B* = B*®B* = ((B?)°)* which
implies item (b) and second assertion in item (c). Note, the other equality in
item (c) is straightforward. Finally, if 3 € (Radw)* N B*, then B(a) = 0
Va € B such that w(a,b) = 0,Vb € B. Since w is cyclic, for a fixed a € B,
w(a,b)(V') = w(b,b')(a) and we get item (d) when a € Rad w. O

From Lemma we get immediately that Z(T¢ B) = Z(B) @ (B?%)° and
(Tg B)? = B?> @ Z(B)°. So, T§ B is reduced 2-step if and only if B is reduced
2-step. Even more, this lemma also shows that we can build quadratic 2-step
Lie algebras from abelian ones in an easy way:

Corollary 4.1.14. Let B be an abelian Lie algebra. Then (T} B)? = span(w(b, V') :
bt € B)and Z(T;;B) = Radw & B*. So, T;;B is 2-step if and only if w is not
null. Moreover, it is equivalent:

(a) (T B,qp) is reduced,
(b) w is non-degenerate,

(c) B* =span{w(b,t’) : b,V € B).

Proof. The first part follows easily from B being abelian, item (d) of Lemma
and the general description of (73 B)2. Now, (T} B, gg) is reduced if
and only if (T} B)? = B* = Z(T:B). Hence, items (a) and (c) are equiva-
lent. Finally, Z(TB) = B* if w is non-degenerate, and then (T*B, qp)? =
Z(T:B)* = B* by using equation (2.14). O

Corollary 4.1.15. Let (A, f) a quadratic Lie algebra over an arbitrary field of char-
acteristic zero. Then, A is 2-step reduced nilpotent if and only if A is isometrically
isomorphic to a T,; B extension of an abelian Lie algebra B where w is non-degenerate.

Proof. If A is 2-step and reduced, Z(A) = A? = Z(A)' is a lagrangian ideal

and, from Theorem [2.2.23] algebra A is isometrically isomorphic to 7;; B and
B = A/A?, so B is abelian. The converse follows from Corollary (4.1.14 O
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Remark 4.1.16. Corollary expands and provides an alternatively proof
to [Duong, 2013} Proposition 11], which is restricted to C. It also shows the
condition of w being non-degenerate can be changed by that of the dual space
B* being the linear span of the image of w.

It is precisely these abelian extensions the ones we are going to use in order
to obtain our algebras. In this case, the product defined in equation (4.8)) can
be simplified to

b+ 8, 0 + 8] = wbV).

Remark 4.1.17. In [[Garcia-Delgado et al., 2020]] the authors make a detailed
study of invariant metrics on central extensions of quadratic Lie algebras.

4.1.3 Quadratic families and Lie algebras

According to Section the classification of quadratic nilpotent Lie alge-
bras can be reduced, in some categorical way, to the study of symmetric in-
variant bilinear forms on free nilpotent Lie algebras. Moreover, by the UMP,
any t-step nilpotent Lie algebra of type d is a homomorphic image of ng;/I
with I an ideal such that nﬁu cIcC nit. This special relation allows us to
build quadratic nilpotent Lie algebras by means of free nilpotent as seen in

LemmaB.1.17

For 2-step quadratic Lie algebras, this classification process can be refor-
mulated by using the notion of n-quadratic family as seen in Section This
is a special set of skew-symmetric matrices, see Definition which en-
codes the structural constants of a quadratic 2-step Lie algebra of type n and
dimension 2n.

Let (A, ¢) be a quadratic 2-step Lie algebra. Since A2 C Z(A), Ais reduced
if and only if Z(A) = A?, and, from equation (2.14), dim A = 2n and n =
codim A2 = dim A2. Otherwise, Theorem [2.2.9| tells us A decomposes as an
orthogonal sum of ideals n®a where n is 2-step reduced (so even dimensional)
and a is abelian. We assume in the sequel (A, ¢) is a quadratic 2-step Lie
algebra of dimension 2n.
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If even 2-step, as stated in Theorem we can find a basis of the form
{v1,...,vn, 21,. .., 2n}, where the Lie bracket is

n
i, 0] = > Mgk 2k,
k=1
0.

[zi, -] :
While the bilinear form satisfies
QO(UZ‘,’U]‘) - 07 90(22'72‘7) = 07 90(%‘,2]‘) = 6’5]

This means its structure constants are determined by a non-degenerate family
of n-quadratic matrices {M; : 1 < i < n}. Here, m;jy, is the entry (k, j) of M;,
which is the same as saying m;;, is the entry (n + k, j) of the matrix of the
inner derivation ad v;. And, by properties of the inner derivations or of the
n-quadratic family, we have

Myjk = Myjki = Mg = —Mykj = —Mjik = —Mkjj.

Even more, ¢([vi,v;],v;) = myji, and the non-degeneration of the family is
equivalent to

k
Zlmadvi =A% =span(z; :i=1,...,n) = Z(A).
i=1
And, we can recover the Lie product of A from the matrix equation:

([v1,v2]y ..oy [v1,vn]s [2, 03], oy [v2,0n), ooy [Un—1,00]) =

(21, y2n) - F(My,...,M,). (4.10)

In this construction, we also have Theorem to solve the problem of
isomorphisms of quadratic 2-step reduced algebras in terms of matrix rela-
tions between the non-degenerate n-quadratic families attached to them.

4.2 Equivalence theorem

Despite the methods double-extension and 7™-extension, introduced in the
Section and n-quadratic families from Section are apparently totally
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different at first glance, all three of them end up constructing the same type of
algebras and, therefore, it makes sense they are equivalent in some way. The
relationship among them appears in the following theorem.

Theorem 4.2.1. Let B be a vector space with basis B = {b1,...,b,}, n > 3 and, let
w: B x B — B* be a bilinear form where w(b;, b;)(by) = ciji. In the vector space
£ = B @ B* we define the following product and bilinear form ¢ for b,b' € B and
8,8 € B*:

b+B8,0 +B]=wbb),  ¢b+p0+p)=p60)+p0)

Then, it is equivalent:

(a) (£,¢) isa 2-step quadratic Lie algebra.
(b) w is a non-zero cyclic 2-cocycle and (£, ¢) = (T B, qB).

(c) For {by,...,by} dual basis of B, the chain of one-dimensional double exten-
sions {(Ag, fi)}}_y, starting with Ay = {0} and fo = 0, given by the suces-
sion { (11, di) }1=5, where Ay = span(b;, b} i =1,....k), di—1(b) =0,
and d;_1(b;) = Si_Y cijubl for j < i < n, satisfies properties NNP and
2SP, and (£, ¢) = (An, fn)-

(d) The family of matrices { M, ..., My}},, where the entrance (k, j) of M; is
cijk, is a non-null n-quadratic family and defines algebra (£, ¢) = (F?", f)
with product given by formula (4.10]).

Proof. The construction given in this theorem is exactly the 7*-extension one,
so (£, ¢)is (T B, qp), the T*-extension of the abelian Lie algebra B by w. This
proves the equivalence between (a)) and (b)) using Proposition

Assume now item (b) holds and let decompose A, = A1 ® Ap2 as in
equation (@4). Note that A, = £ (as vector spaces) and f;, := ¢| Ay x A, areas
in Remark In particular, f,, = ¢. So, the chain will be of one-dimensional
double extensions if and only if d;_; € Dery, | A;_1. Since B* is ¢-isotropic
and d;_1 (b;‘) = 0, this assertion is equivalent to \;;; = 0 where:

Aijs = fi—1(di=1(bj), bs) + fi—1(bj, di—1(bs)) = @(di—1(bj), bs) + p(bj, di—1(bs))-

Now from di—l(Ai—l) - Ai_LQ, )\ijs =0ifs > 1. Otherwise Aijs = Cijs + Cisj
and it is also null because of w is cyclic and skew. Moreover, since Aj; =
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span(by,...,by) and Ay o = span(bj, ..., b;), the chain satisfies property 2SP.
Finally, from w # 0 we have that ¢; ;; # 0 for some ig index, thus d;,—1 # 0
and the chain satisfies NNP. Next, observe that from Proposition the
chain described in () ends up in a quadratic Lie algebra (A, f,) such that

[bi,bj]n(bx) = Dijr and  [B, -], =0 VpBe B,

where scalars D;;;, are defined in that lemma. But [bi, bj] Alby) = cijr and for
j,k < i, with j # k we have

cijk = fi—1(di—1(bj),bx) = Djg; =sgn((ijk))Dijr = Dijk,

j<k<i

cijk = fi—1(di—1(bj),br) = Djr; = sgn((jki))Dijr = Dijg.

k<j<i

Now, from w being cyclic and skew we get cijr. = sgn(o)cq(i)o(j)o(k) fOr
every permutation o and c;;; = 0. So we have [b;,b;]a(br) = cijr = Diji =
[bi, bj]n(br). Hence, [, ], = [+, ]a and (£,¢) = (Ay, fn) as quadratic Lie
algebras.

To prove that item (c) implies item (d) just apply Proposition[#.1.10|taking
into account that sgn (o) Dy (30 (j)o(k) = Dijk = cijr and [bi, bjln = D73 cijib
So, the entry c;;;, of every matrix M; described in item (d) is the entry in the
position (n + k, j) of the matrix of the inner derivation adb;. This proves
the matrix family is n-quadratic. Finally, the definition of n-quadratic fam-
ily yields to w being a non-zero cyclic 2-cocycle. O

Note that, with this theorem, we can also check the reduced conditions
required in each method are equivalent among them.

Once at this point, we are going to see that we can move easily between the
three methods directly from their respective constructions previously given in
this paper.

e Inachain {(Ay, fi)}}_, of one-dimensional double extensions, we con-

sider a basis {by, ..., b1,b7,...,b} } as before. Then
(b3, bj] ZDZ]kek, [b%,-]1=0,
fn(bubj) = fn(b;kabj) = fn (bub;k) = 51]
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e In (T} B, qp) with basis {ey,...,en,€},...,e"}

[el,e]—wez,e wzke7 [6?7']:07
7 7 Z T (4.11)

QB(eia 6]) = qB(e;,‘k) 6;) = O) QB(‘% 6;) = 51]

e An n-quadratic family {M;, ..., M,} where m;j;;, is the entry (j, k) of
M; defines over the basis {v1,...,vp,21,...,2,} of A the quadratic Lie
algebra (A, ¢) where

Uzavj Zmljkzk) [Zia'] = 07
p(vi,v5) = <P(Zz'72j) =0, o(vi,z) = 0y
So the equivalence comes from just renaming

b, +— e <+— v,

by «— e < =z,

fo — a — [,
Dijk S Wik < Myjk-

Therefore, if we have a n-quadratic family of matrices with coefficients
m;;, we can define the equivalent (T}, B, ¢p) extension taking

w(bl, bj)(bk) = wijk = mijk.
And we can also obtain a chain of one-dimensional double extensions taking

di—1: A1 — Aifl
i—1

b — Z’U)Uk bk = Z (eivej)<ek) b27
k=1
b; — 0.

And vice versa, if we have built a chain, we can get the equivalent T}; B if we

take
w(e;, ;) ZDzjkek_an (b, bj], by e

And, this also defines our n-quadrauc famlly of matrices taking m;j; = D;ji.
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Example 4.2.1. When we try to generate a generic 2-step quadratic Lie algebra
of dimension n we end up with n(n — 2)(n —4) /48 parameters, a number that
grows pretty fast. Even in the 10-dimensional algebra we have 10 parameters
in its general form, despite all of them are isometrically isomorphic. These
parameters can be observed in any of the three equivalent constructions. For
example, when constructing a 25P and NNP chain of one-dimensional double
extensions, we obtain the following derivations: d; = 022,

03x3 O3x3
022 022
B a ‘ . | —Disa —Diza O
do=| —D1a3 0 yd3 = ;
0 Duss 022 —Do3y 0 D124 | O3x3
0 Dazy Diza
O4x4 O4x4
—D1ys —D13zs —Di2s 0
dy = | —Days —Dass 0 D125
O4x4
—D3y5 0 Do3s  Diss
0 Dsys Daoss  Digs

These same parameters appear in 7*-extensions or in a more condensed way
in 5-quadratic families, where §(My, ..., Ms) is

0 0 0 0 M123  Mi24  Mi25  M134  M135  Mi4s

0  —mia3 —mi2qa —Mi2s 0 0 0 Mo34  Ma23s  Mags
m123 0 —mi3q4 —mizs 0 —ma3z —mazs 0 0 mM345
Mi24  M134 0 —mMi45  M234 0 —maogs 0 —mass 0
mi25  Mi135  Mi4s 0 M35 M245 0 mM345 0 0

All this complexity in terms of classification can be reduced using the next
section. For instance, we will see all algebras in this example are isometrically
isomorphic to the one where D23 = D45 = 1 or my23 = mis5 = 1 and the
rest of the entries are zero, named as £5 ; in the following section.

4.3 Trivectors and 2-step classification

In this section, we follow the main ideas given in [Noui and Revoy, 1997, Sec-
tion 3]. For basic notions on multilinear algebra see [Fulton and Harris, 1991}
Appendix B].
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The classification of quadratic 2-step Lie algebras of dimension 2n can be
reduced to that of trilinear alternating forms or trivectors over a vector space V'
of dimension n. In this section we will explain why and how under the scope
of previous construction methods of quadratic algebras. We point out that,
whereas the problem of classifying bilinear alternating forms is elemental,
the classification of trivectors seems tractable only for small values of n.

Let {e1,...,e,} be a basis of V. The exterior power AV or [Alt|™V is a
vector space associated to a universal alternating multilinear form

AV X xV =A™V

(V1o Um) > VLA oo A Upy.
The dimension of A"V is ("), and {e;, A--- Aej, 1 <y < ... <ip <n}is
its standard basis. Every element of A"V is called a m-vector. So a trivector is
simply an element of A3V. Thus, every trivector can be expressed as a linear
combination of their corresponding basis {e; Aej Aep: 1 <i<j<k<3}

If V* is the dual space of V, p; € V*,v; € V, the map ¢: A™V* — (A™V)*
given explicitly as

(P1 A Apm) = (m Ao Ao > sen(o) [ [ eoq (vi) = det (%(w)))

0ESM i=1

is an isomorphism. The elements of (A™V)* are named m-alternating forms
or m-forms. We also note that :~! sends the linear form (e;; A ... Ae;, )* back
intoe; A...Aej . Since (A™V)* is isomorphic to A"V, there is no difference
between m-vectors and m-forms.

Now that we know what a trivector is, we can see its relationship with re-
duced quadratic 2-step Lie algebras. In order to see it, we can make use of
T*-extensions of abelian Lie algebras as mentioned in Corollary 4.1.15] Here,
every algebra T}, B obtained of the same dimension differs only in the map-
ping w: B x B — B*, as B is an abelian algebra and the bilinear form is
defined in the same way. At this point, we can define ¢,,: A3B — F tak-
ing ¢y (b1, b, b3) = w(by,be)(bs). Note ¢, € (A3B)* = A3B* is a trivector
thanks to the bilinear map w is cyclic, so satisfies equation ([2.20]), and skew-
symmetric (see Remark[2.2.21)). In fact, the set {w;j, = w(e;, e;)(ex) 1 i < j <
k} seen in equation (4.11)) is simply the coordinates of the trivector ¢,, in the
standard dual basis, (e; A e; A eg)” ~ e} A e A ef. Therefore, every quadratic
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2-step Lie algebra can be defined from a trivector and also a quadratic 2-step
Lie algebra gives us a trivector. In this way, we arrive at the bijection

A: {w e Z*(B,B*) : wis cyclict — (A’B)*,  w— ¢y (4.12)

given by the expression w(e;, €;)(ex) = dw(€i, €5, €x).

Even more, ker ¢, = {z € B : ¢y(x,-,-) = 0} = Radw. Thus A sends
a non-degenerate w into a trivector ¢,, such that ker ¢,, = 0, and conversely.
The nullity of ker ¢,, is equivalent to say that ¢,, is a trivector of (maximal)
rank equal to dim B. Following [[Cohen and Helminck, 1988]], the rank of a
trivector ¢ € A3V isrank ¢ = dimV — dimker ¢. The rank of ¢ agrees with
the dimension of the smallest subspace W of V such that ¢ € A3W (see [Noui
and Revoy, 1994, Section 1]).

But the important point is that not only a bijection between quadratic 2-
step Lie algebras and trivectors exits. It is the fact the bijection maps isometri-
cally isomorphic 2-step 7™*-extensions into equivalent trivectors with respect
to the natural equivalence relation given by the action of the general linear
group (see Definition[4.3.1)).

Definition 4.3.1. We say two trivectors ¢1, ¢ € A3V are equivalent if there
exist 0 € GL(V') such that ¢;(x,y, 2) = ¢a2(0o(x),0(y),0(z)) for every z,y, z €
V. Hence o-¢; = ¢2, letting o act on the trivectors by means of (0-¢)(z,y, z) =

¢lo~H(x), 07 (), 071 (2)).
Theorem 4.3.1. Let B be a Lie algebra and B* its coadjoint module, w,wi, ws €

Z*(B, B*) and cyclic. The map A defined in equation (£.12) is an involutive bijection
satisfying the following properties:

(a) w is non-degenerate if and only if rank(¢,,) = dim B.

(b) If B is abelian and wy , wy are non-degenerate, T, B and Ty, B are isometri-
cally isomorphic if and only if ¢, and ¢, are equivalent trivectors.

Proof. For arbitrary B, A is well defined according to Remark Thus
item (a) follows from previous comments. Before proving item (b), we recall
that Lie bracket of 7B = B ® B* is given by [a + o, b + [,y = w(a,b) if B
is abelian and, from Corollary Z(TyB) = B* if w is non-degenerate.
Hence, assuming B abelian and w;, w2 non-degenerate, for a given isometri-
cally isomorphism ¢ from T3, B onto T}, B, we have ¢(Z(Ty,)) = Z(Tw,) =
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4.3. Trivectors and 2-step classification

B, thus T B = B*%@(B) = B*@ B. This implies that 0 = mpop € GL(B),
where 7 is the projection map from T}, B onto B. Then,

Puy (2,9, 2) = wi(2,y)(2) = [([2, Ylw, 2) = [([0(2), (Y)]ws, 0(2)) =
flo(2), 0(Y)lwn, 0(2)) = walo(x),0(y)(0(2)) = da(0(x),0(y),0(2)).

Thus ¢, and ¢,,, are equivalent. On the contrary, if 0 € GL(B) such that
b (2.9:2) = Gun(0(2), (1), 0(2)), w1 (b1, be) 001 = wa(or(br), (b)) follows
easily, and the map

¢: Ty, B=B®B* - T,,B=Bo®B*
b+ B o)+ poo

is an isometric isomorphism. O

Remark 4.3.2. Ttem (b) in Theorem extends to arbitrary fields of charac-
teristic zero several results found in [[Duong, 2013, Theorem 2]. Moreover,
Theorem[4.3.1]also extends and reorganized other results in that same article.

Corollary 4.3.3. The map A defined in equation (4.12)) provides a natural bijec-
tion between isomorphism classes of reduced quadratic 2-step nilpotent Lie algebras
of dimension 2n and the equivalence classes of trivectors of rank n.

This result has been established in [[Noui and Revoy, 1997, 3.5 Théoréme]
and itis quite useful as classification tables for trivectors are available. In order
to simplify notation, from now on, trivector e; A e} Aej, will be denoted as ijk.
S0 123 + 456 <— e] Nej Aes+ ey Nei Neg.

The fact each quadric reduced 2-step Lie algebra can be associated to a
trivector and vice versa means their classification, thanks to Theorem [4.3.1] is
equivalent to the trivectors one. This allows us to obtain a list of these algebras,
as trivectors have been already classified for low dimensions. A nice classifi-
cation up to dimension 9, over the complex field C, appears in [Vinberg and
Elashvili, 1988]] by using a Z3-grading of the simple Lie algebra ¢s. Cohen and
Helminck (see [[Cohen and Helminck, 1988]]) classify trivectors up to dimen-
sion 7 over fields of cohomological dimension at most 1, which includes alge-
braically closed fields and finite fields. Recently, Borovoi, De Graaf and Van
Lé published the classification of real trivectors of dimension 9 in [[Borovoi
et al., 2022]].
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Chapter 4. Equivalent constructions of 2-step quadratic Lie algebras

Over the complex field, we can know how many reduced quadratic 2-step
Lie algebras are there up to isometrically isomorphisms using less than 9 gen-
erators. This data is showed in Table where the dimension 2n < 18 of the
Lie algebra is related to the rank of the corresponding trivector.

Dimension ‘ 6 8 10 12 14 16 > 18

Number ‘ 1 0 1 2 5 13 00

Table 4.1: Non-isometric reduced quadratic 2-step Lie algebras in C
(source [[Vinberg and Elashvili, 1988]]).

Moreover, we are also able to give a representative of each of these alge-
bras and find its multiplication table. Along the following list we consider
a quadratic algebra (A, f) of dimension 2n with basis {e1,...,en,€},..., €},
where A2 = span(e},...,ek), flei,e;) = f(el, e;) = 0, and f(ei,€}) = dj;.
Each algebra receives a name of the form £, ;,, where n is the type, also half
the dimension, and k is the position it occupies in the list among all algebras
of the same type/dimension. In addition, to simplify the list we only show
non-zero products of the form [e;, e;] where i < j. According to the map A
described in equation (4.12)), the rule to display the different multiplication
tables is given by the coordinates of the trivectors ¢, = > wijke; A ej A ey, so

lei, e5] = wijrer, <= dw(es, €, ex) = wijr = w(e;, e;)(ex). (4.13)
In this way, any 2-step quadratic reduced Lie algebras of dimension less than
17 over the complex field up to isometric isomorphisms is given in the follow-
ing list:
e One 6-dimensional algebra:
- Algebra £3 1 associated to trivector 123:
[617 62] - 6?;5 [615 63] - _637 [627 63] - GT'
e One 10-dimensional algebra:

— Algebra £5 1 associated to trivector 123 + 145:

[617 62] — e§7 [617 63] = _637 [617 64] = ega

[617 65] - _617 [627 63] - 63}_(7 [647 65] - 6?.
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4.3. Trivectors and 2-step classification

e Two 12-dimensional algebras:

— Algebra £6 1 associated to trivector 123 4 456:

[617 62] == 6;, [617 63] - _637 [627 63] - e?v

[647 65] - egu [645 66] - _637 [657 66] - GZ.

— Algebra £ > associated to trivector 124 4 135 + 236:

[ela 82} = 62» [617 63] = egv [617 64] = _637
[617 65} - _ezg) [627 63] - egv [627 64] == eTa
[625 66} = _637 [637 65] = 6{, [637 66] = 6;-
e Five 14-dimensional algebras:
— Algebra £7; associated to trivector 123 + 145 + 167:
[61, 62] — 6;, [615 63] — —637 [617 64] - ega
[61765] = —617 [31766] = 6;, [61767] = —62,
[62) 63] = 6T7 [647 65] = GT [667 67] = GT'
— Algebra £7 > associated to trivector 127 + 134 + 256:
le1, e2] = €7, le1, e3] = ey, le1, e4] = —e3,
[61,67} = 637 [62,65] = 627 [62766] = —€s,
ea, 7] = e, [e3, ea] = €], [e5, €6] = €3
— Algebra £7 3 associated to trivector 125 + 136 + 147 + 234
[61, 62] [615 63] — ega [617 64] = 6;,
[617 65] = 62, [61, 66] = 62‘5,, [61, 67] = 62,
[62)63] == Z [62764] = _6;,7 [62765] = €>{7
[e3, ea] = €3, es, e6] = e7, lea, e7] = €].

Algebra £7 4 associated to trivector 125 + 137 4 247 + 346:

[e1, e2] = €5, ler,es] =e7,  er,e5] = 627
e1,e7] = —e5,  [ez,ea] = €7, [en,e5] =
e2,e7] = —€},  [es,ea] = €5, [es, e6] = —ey,
[e3, e7] = e, les, e) = €3,  [es, e7] = €5
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— Algebra £7 5 associated to trivector 123 + 147 + 257 + 367 + 456:

e1, e2] = €3, [e1,e3] = —€5,  [e1,eq] = €7,
e1, e7] = —ej, [e2, €3] = €7, [e2, €5] = €7,
lea, e7] = —e5,  [es,e6] = €7, [e3, e7] = —e5,
[e4, €5] = €5, [ea, €6] = —€5a [ea, e7] = e,
[es, e6] = €}, [es, e7] = [es, e7] = e3.
e Thirteen 16-dimensional algebras:
— Algebra £g 1 associated to trivector 156 + 178 + 234:
1, e5] = eg, [e1, e6] = —ez, [e1, e7] = e,
[ela 68] = —8;, [627 63] - ezkl, [627 64] = _657
es, e4] = €5, [e5, e6] = e, [e7, e8] = €1

[e1,ea] = [e1, e3] = eg, le1,eq4] =
le1, e5] = —ej, le1, e7] = —e3, [e1, es] = —e3,
[e2, es] = €5, [e2,e6] = —e3,  [ez,e7] = €],
[es, e6] = €3, [e3, es] = €1, e, e5] = 7.

[e1, e2] = €5, [e1,e3] = ez, [e1, e5] = —eb,
[e1,e7] = —e3,  [ez,ea] = €5, [e2,e5] =],
[e2,es] = —ei,  [es,ea] = €5, [es, e6] = —ep,
[es, er] = €7, [ea,e6] = €3, [es, es] = €3

— Algebra £y 4 associated to trivector 137 4 168 + 236 + 245:

le1, €3] = €3, le1, e6] = €5, [e1, e7] = —e3,
[e1,e8] = —eg,  [e2,e3] = e, [e2, 4] = €3,
[e2,e5] = —e,  [ea,e6] = —e5,  [es,e6] = €3,
les, e7] = €7, [e4, e5] = €3, [e6, es] = e7.
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4.3. Trivectors and 2-step classification

— Algebra £5 5 associated to trivector 134 4+ 178 + 256 + 278:

le1,e3] = le1, e4] = —e5, [e1, er] = eg,
[e1,e8] = —e7,  [e2,e5] = e, [e2, e6] = —e5,
[e2, e7] = e, [e2,e8] = —e7,  [e3,eq] = e,
[es, e6] = €5, le7,es] = el + €5

[e1, ea] = eg, le1,e3] = le1,eq4] =
le1, e5] = —e5, le1,e7] = ez, [e1,es] = —e3,
[e2, €3] = ez, [e2, e4] = e, [e2, e6] = —ei,
[e2,e7] = —e3,  [e2,e5] = ej, [e3, €5] = €T,
[e3, e7] = €3, [e4, e6] = €3, [e4, e7] = €.

le1,e9] = le1, e3] = eg, le1,e5] =
le1,e6] = —e5,  [en,er] = —e3,  [e1, e8] = —ej,
le2, e4] = €5, [e2, e6] = —ei, ea, e7] = €7,
[e3, e4] = €3, e3,e5] = —€1,  [e3,es] = e,
[e4, e5] = €3, [e4, e6] = €3, [es, e6] = €7

[e1, e3] = e, [e1, e5] = e, le1, e6] = —es,
[er,es] = —e5,  [e2,e4] = €7, [e2, e5] = e,
le2,e7) = —ey,  [ez,e8] = —e5,  [e3,eq] = €5,
les,es] = —ei,  [es, e6] = e, [ea, e5] = €3,
[ea, e7] = €3, [e5, es] = €] + €3

[e1, e4] = €5, [e1,e5] = —€1,  [e1,e6] = €7,
[e1,e7] = —e5,  [e2, €3] = e, [e2, e4] = e,
[e2,e6] = —€i,  [e2,es] = —e3,  es,e5] = e,
les, e7] = —ez, [es, eg] = €5, [eq, e5] = €],
[ea, eg] = €3, [es, er] = es, [eg, e7] = e].
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— Algebra £3 19 associated to trivector 128 + 167 + 236 + 247 + 345:

€1,€2

€1, €8

(&

Q

w

4

[e1, e2]
le1, es]
[e2, e6]
[es, ea] = e3,
lea, e5] = €3,

eQa

63,

[e1, e6] = €7,
[e2, e3] = eg,
[e2,e7] = —e3,
les, e5] = —ej,
[e4, e7] = €3,

[e1, e7] = —eg,
[e2, e4] = €7,
[e2, es] = e,
[e3, €6] = €3,
[es, e7] = 7.

- Algebra £g 11 associated to trivector 128+136+4157+247+2564-345:

[e1, e2] = e,
le1, es] =

le2, e6] = €T,
[es, ea] = €7,
[e4, e5] = eg,
les, e6] = €],

le1, e2] = €3,
le1, €] = —es,
[e2, e4] = €7,
[e2, e7] = —ej,
les, es] = —ey,
les, e7] = €3,

65,

le1, e2] = €3,
le1, eg] = —ex,
[e2, e7] = —e5,
[ea, e5] = €5,
[64768] = —ér,
[es, es] = €3,

[e1, e3] = e,
[e1, e7] = —e5,
[e2, 5] = €5,
[e2, es] = €T,
[es, e6] = €T,
[e5, e6] = €3,

[e1, 5] = €5,
[e2, €3] = e,
[e2, e7] = —e5,
[e3, e7] = —ey,
lea, e6] = —es,
[es, e7] = €3,

[e1, e3] = —e3,
[e2, €3] = €T,
[e3, 6] = e,
[e4, e6] = —e5,
[es, e6] = ed,
[e7, e8] = €] + €

[e1, e5] = e7,
[e1, es] = —e3,
[e2, 6] = —e5,
[e3, e4] = €3,
[e4, €5] = €3,
les, e7] = e].

D D
N N
D o)
2 ot

D
w
D
o

[e1, e7] = ez,
[e2, e5] = €7,
[e3, e8] = —eg,
[ea, e7] = e,
[e5, e7] = €3,
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However, despite there are an infinite number of non-isometrically iso-
morphic 2-step quadratic Lie algebras of dimension greater or equal than 18,
for the 18-dimensional algebras we still have a classification based on seven
families of trivectors, where each family depends on some parameters. This
classification can be found in [Vinberg and Elashvili, 1988]. Here, the au-
thors explain how every trivector can be decompose as a sum of a semisimple
trivector and a nilpotent one. Details of this concepts can be found in §1 of the
paper. That semisimple part is a linear combination of four special trivectors,
and it is that specific combination in addition to the nilpotent part what de-
fines each family. Despite this classification involves parameters \;, this does
not affect our conversion to 2-step quadratic Lie algebras, and the procedure
described in (4.13]) is still functional. We can see it in the following example.

Example 4.3.1. Let us take a trivector u in the sixth family, which decomposes
as u = p + e with p = A(123 + 456 + 789) # 0, where X is determined up
to multiplication by a sixth root of the unity, and e is in table [[Vinberg and
Elashvili, 1988, Table 5]. For example, we consider e = 147 + 158. So our

trivector is

u = A(123 + 456 + 789) + 147 + 158.

In this case the associated 18-dimensional Lie algebra £ is defined by products

le1, e2] = Ne3, [e1,e3] = —Ae3,  [er,eq] = €7, 1, e5] = e,
le1, e7] = —ej, le1, es] = —ez, [e2, e3] = Ae], leq, e5] = Aeg,
le4, e6] = — ez, leq, e7] = €], [es, e6] = Aey, [es, eg] = €],
[e7, es] = Aeg, [e7, e9] = —Aeg, [es, e9] = Aer,

when considering the basis {e1,...,eg,€],...,€5}.

Remark 4.3.4. The idea of a nilpotent or semisimple trivector does not affect
the nilpotency of the algebra obtained from it. By construction, the quadratic
algebra we obtain is always 2-step.

Remark 4.3.5. In case we are interested in greater dimensions, things start to
get much more difficult as there are not a finite number of trivectors-algebras.

We can get bigger examples by applying Theorem or Proposition4.1.10
These results provide computational constructions based on non-degenerate

n-quadratic matrices or chained one-dimensional double extensions.
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4.4 Summary

In this chapter we have seen how the three methods: double-extension, 7*-
extension and n-quadratic families apply over two-step nilpotent Lie alge-
bras. While the last method was originally developed specially for them,
the other two can be simplified when considered over this specific subfam-
ily. For the double extension process, we can take successive one-dimensional
double extensions with some restrictions on the derivations chain (NNP and
2SP from Definition to build these algebras. Starting with the trivial
quadratic algebra (49 = 0,90 = 0), Subsection includes, as its main
tool, a general multi-step metabolic extension process. This method appears
described in Proposition and visually represented in Figure For
the T™-extension, we can limit ourselves to extension of abelian Lie algebras
or, equivalently, simply vector spaces. This restriction is explained in Corol-
lary [4.1.15, which extends to characteristic zero a result from [Duong, 2013]].

Once the three methods have been adapted to our goal, the equivalence
Theorem appears. This result gives us 2-step quadratic Lie algebras by
structure constants encoded in cyclic 2-cocycles and provides a simple rule for
switching from one construction method to another.

In the final section, the bijective map described in equation (4.12)) yields
to the explicit relationship between cyclic 2-cocycles and trivectors. This bijec-
tion, introduced in [Noui and Revoy, 1997]], leads to the bijection up to isomor-
phisms of reduced quadratic 2n-dimensional 2-step Lie algebras and n-rank
trivectors up to equivalence given in Corollary This result is an imme-
diate consequence of our Theorem As an easy application, we list the
22 non-isometrically isomorphic reduced quadratic 2-step Lie algebras up to
dimension 17 over the complex field. This extends the classification of these
algebras which was, as far as we know and we mentioned in the previous
chapter, unknown.
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CHAPTER

g p to this point, in this dissertation, we have continuously reduced our

field of study in order to obtain low dimensional classifications of

quadratic 2-step Lie algebras. Now, it is time to grow in dimension

producing extensions of those low dimensional Lie algebras and obtain solv-
able and mixed algebras. The first section of this chapter is devoted to the
study of derivations, automorphisms and bilinear forms in nilpotent Lie alge-
bras obtained via quotients of free nilpotent ones. This part is based on [[Ben-
ito and Roldan-Lépez, 2020] and ends up mentioning the classification given
in [Benito et al., 2017]].

In Section[5.2} we are going to see the structure of local Lie algebras (only
one proper maximal ideal). Among them, we find oscillator algebras which
produce an infinite family of solvable quadratic Lie algebras. All these alge-
bras can be double extended using its derivations to produce mixed Lie alge-
bras. This section follows the article [Benito and Roldan-Lépez, 2023b]] and
the paper [Benito and Roldan-Lépez, 2022c].

In the final Section 5.3} as a continuation of the ideal decomposition at the
beginning of Chapter[3, we will end up seeing in detail and completely which
ideal structure must a quadratic Lie algebra follow, not limiting in just some
special ideals as before. These ideas, when focused on algebras with a finite
number of ideals, have been developed in detail and it is published in [[Benito
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and Roldan-Loépez, 2022a]]. Only half of this paper supports this chapter. All
these restrictions greatly limit which lattices of ideals are valid candidates.
Therefore, we will end this section studying the particular case in which all
ideals form a chain. These algebras, as observed in the [Benito and Roldan-
Lépez, 2022b]] which is indeed the preprint which supports the last part of
this section, can be algorithmically obtained and among all them, just a few
are quadratic.

5.1 Derivations, automorphisms and bilinear forms

As seen just before in Definition ng; represents the free nilpotent Lie
algebra of type d and nilindex ¢. Starting out with the derivation algebra and
the automorphism group of ng;, we get a natural description of derivations
and automorphisms of any generic nilpotent Lie algebra of the same type and
nilindex.

In the middle of the 20" century, the study of derivations and automor-
phisms of algebras was a central topic of research. It is well known that many
linear algebraic Lie groups and their Lie algebras arise from the automor-
phism groups and the derivation algebras of certain non-associative algebras
(see [McCrimmon, 2004]). In fact, for a given finite-dimensional real non-
associative algebra A, the automorphism group Aut A is a closed Lie sub-
group of the lineal group GL(A) and the derivation algebra Der A is the Lie
algebra associated to Aut A (see [Sagle and Walde, 1973| Proposition 7.1 and
7.3, Chapter 7]).

Paying attention to Lie algebras, a lot of research papers on this topic are
devoted to the study of the interplay between the structures of their deriva-
tion algebras, their groups of automorphisms and Lie algebras themselves
(see [Varea and Varea, 2006]] and references therein). Among them, we point
out two simple but elegant results on this direction. According to [Borel and
Serre, 1953, any Lie algebra that has an automorphism of prime period with-
out non-zero fixed points is nilpotent. The same result is valid in case the Lie
algebra has a non-singular derivation (see [[Jacobson, 1955, Theorem 2]). So,
automorphisms and derivations and the nature of their elements are interest-
ing tools in the study of structural properties of general Lie algebras. Even
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more, according to Theorem derivations are needed to make double
extensions.

The deconstruction process in Section3.1|lead us to pay attention to deriva-
tions and automorphisms of nilpotent quadratic Lie algebras as important
tools on constructions and isomorphisms. These objects are the main motif
of the first two sections, which describe the group of automorphisms and the
algebra of derivations of any finite-dimensional ¢-step nilpotent Lie algebra n
generated by a m.s.g. U of d elements. The description will be given through
the derivation algebra and the automorphism group of the free ¢-step nilpo-
tent Lie algebra n,; generated by U. Denoting by u = span(U), the elements
of the derivation algebra, Der n,44, arise by extending and combining, in a nat-
ural way, linear maps from u into u and from u to n3 ,. The group of automor-
phisms, Aut ng,, is described through automorphism induced by elements of

the general linear group GL(u) and automorphisms provide by linear maps
Ng ¢

5
Wit

from u to ng ¢ which induce the identity mapping on

Some comments on bilinear forms are included at the end of this section.
This is the tool used in the classification of nilpotent quadratic Lie algebras
given in in [Benito et al., 2017]] and mentioned in Section and listed in
Table[3.11

5.1.1 Linear maps and extensions

Recovering Definition and thanks to UMP seeing in Proposition
any nilpotent Lie algebra can be seen as a quotient of some free nilpotent Lie al-
gebra ng ;. In addition, derivations and automorphisms of n,; are completely
determined by their effect on u. Conversely, any linear map from u into ng,
(bijection from a basis of u to any m.s.g.) determines a unique derivation
(automorphism) of ng;. This assertion is covered by the next result and its
corollary. A detailed proof can be found in [Sat6, 1971, Propositions 2 and 3].

Proposition 5.1.1. Let o be any linear map from vector space u = span(zxy, ..., Zq)
into ng s, where {x1,...,xq} is am.s.g. of ngy. Then:

(a)  extends to a derivation of ng, by declaring

do([Tay - T ]) = D [Tars o 0(Tay)s s Ta -

1<i<r
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(b) ¢ extends to an algebra homomorphism of ng, by declaring
Pu([zar; -, Tar]) = [0(Tar), - - -, 0(Ta,)]-

Moreover if[proj|, stands for the projection map from ng, into u, we have ®, is an
automorphism if and only if {proj,(¢(x1)), ..., proj,(v(xy))} is a linearly indepen-
dent set.

Corollary 5.1.2. Let ng be the free t-nilpotent Lie algebra on d-generators m =
{z1,...,zq} and u = span(m). The derivation algebra and the automorphism group
of na, are described as Derngy = {dy, : ¢ € Hom|(u,ng,)} and Autng, = {®, :
o € Hom(u, ngy) and {proj,(9(w1)), .. ., projy(p(za)} m.s.g.}.

Remark 5.1.3. The Levi factor &4, of Derng, is given by the maps d, for ¢ €
sl(u). Clearly, &, is isomorphic to the special lineal Lie algebra sl;(F). Ele-
ments of the nilpotent radical 94, are linear maps d, where ¢ € Hom(u, nfm).
And the solvable radical is just R = k - Idg; Ny where Idgs(as) = s - a
for any a, € u® (see [[Benito and de-la-Concepcion, 2014, Proposition 2.4]).

Remark 5.1.4. The group Aut ng; is the semidirect product of the general linear
group GL(d, t), obtained from the automorphisms ®, where ¢ € GL(u), and
the nilpotent group NL(d, t), whose elements are ®, and o = Id], + § where
§ € End(u,nj,) (see [Benito et al., 2017, Proposition 3.1]).

For any ideal I of ng such thatn);, ¢ I C n37t, let denote by Der; ng; and
Dery,, 1 ng; the subset of derivations which map I into itself, and ng; into
I respectively. Both sets are subalgebras of Derng, even more, Dery,, 1 ng ¢
is an ideal inside Dery ng¢, and the following result comes from [[Sat6, 1971,
Proposition 5]:

Theorem 5.1.5. Let I be an ideal of ng such that njy, ¢ I C “?z,t/ the algebra of

Ny DeI‘[ Ng¢

L t o .
derivations of —= is isomorphic to , where Deryng; and Der,, , 1 g
T ) d,t> )

Dernd’t,[ nd,t
maps I and ng into I respectively.

In a similar vein to the previous theorem, it is possible to arrive at a struc-
tural description of automorphisms of homomorphic images of free nilpotent
algebras. For any ideal I of ng4, “iz,t Z1IC n?l,t' let denote by Autrng; the
subset of automorphisms which map I into itself. It is easily checked that
Autrng, is a subgroup of Aut ng;. Consider now the map

Ny ¢
I )

0: Autyng; — Aut 0(P)(x+1)=P(x)+ 1.
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5.1. Derivations, automorphisms and bilinear forms

By using ®(/) = I and ® homomorphism, we can easily check that § is well
defined. Now, a straightforward computation shows that 6 is a group homo-
morphism with kernel

kerf = {® € Autng, : Im(® —Id) C I}.
Then, we have the following result:

Theorem 5.1.6. For any ideal I of ng s such that nﬁu Z1IC nit, the set Auting, =

{® € Autng, : Im(P — Id) cI } is a normal subgroup of the group of automor-
uty ng
A t[ dt

I , where Autyng, maps

I into I.

Proof. From previous comments, we only need to prove that the map 6 is onto.
Let pr: ngy — nth be the canonical projection and let {fi +1,..., fr + I} bea
basis of “%* and {e; + I,...,eq + I} am.s.g. of “4*. Then {ey,...,eq} is also

A(ei +1) Z a;jfj + 1, and declare A(e;) Z a;j [,
7j=1
A extends to a linear homomorphism, A: ¢ — ng;, where ¢ = span(ey, ..., eq).
Let @4 be the homomorphism given by Proposition We check that
8(®4) = A noting that, for a generic element [[... . [a1, ag], . . ., a;] where a; € ¢,
up to linear combinations, we have

pro®all...lar,azl,...,a)] =[[...[pr o Ala1), pr o A(az)],.. ., pro Ala)]
=1[[...[Aop(a1),Aopr(ag)],..., Ao pr(a)]
= flop;[[. ‘e [al,ag], .o .,al].

The second equality follows because for every a; = Z;.lzl Bjiej,

d d
proAa;) =proA Zﬁjiej = Zﬁjil)l o Aej)

o j=1
d k d k i
= Bjint (Z ajlfl) = B> (aufi+1)=>_ BjiA(e;+1)
=1 =1 =1 = =1
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Now ker p; = I and py o &4 = Ao pr implies ® () = I and, &4 automor-
phism, follows by using the equivalence given in Proposition and the
fact that A is an automorphism. O

5.1.2 Techniques and examples

Now we introduce several examples which illustrate some techniques (among
other things):

1. The way to describe a generic d-generated ¢-nilpotent Lie algebra as an
homomorphic image of ng;.

2. The way to compute automorphisms and derivations regarding Propo-

sition5.1.1]and TheoremsB.1.5 and 5.1.6.

3. The recognition of some structural patterns of nilpotent algebras de-
pending on the nature of their derivations and automorphisms.

Some of these techniques, using Hall basis, have been computationally imple-
mented in Section[6.2.2]

In the sequel, if a map ¢ is given in a matrix form A = (a;;) attached to a
basis B = {v1,..., vy}, then p(v;) = 377, ajiv;.

The UMP lets us describe any ¢-nilpotent Lie algebra n of type d as a ho-

momorphic image of n;, in a easy way. From any m.s.g. {e1,...,eq} of n, the
correspondence x; — e; fori =1, ..., d extends uniquely to a surjective alge-
Na,t

bra homomorphism 6,: ng; — nand n = . We will compute ideals of

er
this type in our following example. "

Example 5.1.1. Let n; and ny be the 8-dimensional and 5-dimensional Lie alge-
bras described through the basis {e1, ..., es} and {u1, . .., us} by the following

multiplication table ([a,b] = —[b, a] and [a, b] = 0 is not in the table):
le1, e2] = es, le2, e3] = es, le3, e5] = —er,
[617 63] = €6, [627 64] = €g, [647 66] = —e€sg,
[617 64] = €7, [627 66] = —er, [ulu ’U/3] = Us,
[617 65] = —€g, [637 64] = —€x5, [U27 U4] = Us,

The lower central series of these algebras are:

2 3 4
ny = span(es, €g, €7, €g), nj = span{er,es), nj; =0,
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5.1. Derivations, automorphisms and bilinear forms

and

n3 = span{us), n3=0.
Consider now the maps 6,,: z; — ¢; fori = 1,...,4 from ny 3 onto n; and
Ony: i — u; fori =1,...,4 from ny 2 onto ny. Both correspondences extend

to homomorphisms of algebras as in the proof in [Sat6, 1971}, Proposition 4|
(Olzay ---za,] = [0(zay) - .. 0(xq,)]). It is not hard to see that:

ker 0, = span([zs, x4] + [T1, x2], [T2, x4] — [21, 23], [x2, 3] — [[71, 23], Z1],
[21, 24] + [[21, 2], 23], [[23, 24], 4] — [[21, 23], 21, [[23, 24], 73],

[z, wa], wo] + [[z1, 2], 2], [[w3, 24], 1], [[w2, T4], 24], [[1, 4], 2],

[[z2, 4], 23] + [[w1, 2], x2], [[w2, 24], 2], [[w2, wa], 1] — [[21, 5], 21],

[[x2, z3], z3], [[w2, x3), 2], [[x2, w3], 21], [[21, 24], 4], [[21, 24], 23],

[[z1, 4], 1], [[21, 23], 23] + [[21, w2], 2], [[1, 23], w2], [[x1, 2], 21]),

and

keanQ = Spal’l([.’ﬂg,l’;ﬂ, [$27$3]7 [$17$4]a [xla'xQ]a [.’,12'1,3?3] - [1'2, .%'4]>

We point out that ker 6,,, is an homogeneous ideal in the N-graded structure
of ng 2 and ker 0, is not an homogeneous ideal of n4 3. Therefore, ny inherits
the grading of n4 » and is quasi-cyclic, but n; does not inherit that of ny 3.

In 1955, N. Jacobson proved in [Jacobson, 1955, Theorem 3] that any Lie
algebra of characteristic zero with a non-singular derivation is nilpotent. The
author also noted that the validity of the converse was an open question. Two
years later, J. Dixmier and W.G. Lister supplied in [[Dixmier and Lister, 1957]]
a negative answer to the question by means of the algebra n; that we have
revisited in Example Every derivation of n; is nilpotent, so the ele-
ments of Dern; are nilpotent maps, and therefore, Dern; is a nilpotent Lie
algebra. It can be also proved that Aut n; is not a nilpotent group (see [[Leger
and Luks, 1972]]). The existence of n; is the starting point of the study of the so
called characteristically nilpotent Lie algebras, that is, Lie algebras in which any
derivation is nilpotent. Over fields of characteristic zero, this class of algebras
matches to the class of algebras in which every semisimple automorphism is
of finite order (see [[Leger and T6g6, 1959, Theorem 3]) or the class of alge-
bras in which the algebra of derivations is nilpotent (see [Leger and T6go,
1959, Theorem 1]).
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Example 5.1.2. According to Proposition all derivations and automor-
phisms of ny 4 in Hall basis H2 4 can be easily obtained by iterating the Leib-
niz rule ¢([a,b]) = [p(a), b])] + [a, p(b)] and the law ¢([a,b]) = [p(a), (b)].
The matrices representing the elements of Autny 4 = GL(2,4) x NL(2,4) are
product of matrices of the following shapes:

a1 a
BT 000 O2x2 O2x3
az a4
0 0 0
1x2 € 1x2 1x3 c GL(2,4),
€a] €a
022 021 ! 2 02x3
€az  €ay
032 03x1 03x2 e- A
_[2 02><1 02><2 O2><3
bl bg 1 O1x2 01><3
c1 C bo
I 0
Cc3 C4 —b1 2 23 S NL(2,4).
dy do o by 0
dg d4 Cq4 — C1 *bl b2 13
d5 d(j —C3 0 _bl

Here vertical and horizontal bars are visual separators between homogeneous
components of ny 4, I, denotes the £ x k identity matrix, O, the null matrix
of order k x n, € = ajay — asaz # 0 and

aj ai1ag as
A = | 2a1a3 ajaq + asas 2asa4
a?,) asay aZ

From the decomposition Derng 4 = G2 4 @ F - Idy 4 N9 4, the matrices that
represent derivations of nj 4 are sum of matrices of three different types:

aj ag
02x1 O2x2 O2x3
a3z —ai
O1x2 0 O1x2 01x3
aj as
022 02x1 O2x3 € Gay4,
az —ai
2@1 ag 0
03x2 03x1 03x2 2a3 0 2as
0 a3 —2a;
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())\ ())\ O2x1 O2x2 O2x3
O1x2 2) O1x2 01x3
Aldg g = O2x2 | O2x1 30)\ 30>\ O2x3
4 0 0
O3x2 | O3x1 O3x2 0 4Xx 0
0 0 4\
and
O2x2 O2x1 O2x2 O2x3
by by 0 O1x2 O1x3
1 C2 b2
— by O2x2 O2x3 € Mo
di dy 2 bp 0
d3 dy | cga—c1 | —by by | O3x3
ds dg —c3 0 —b

For any 0 # X\ € T, the linear map ¢, (z;) = Az; provides the (semisim-
ple) automorphism @, ([za, - .- Za,]) = A [Zq, ... Za,] and the (semisimple)
derivation dy, ([Zq; - . - Za,]) = rA[Za,; - - - Ta, -

Remark 5.1.7. As Derngz = Der (ng4/n3 ) the upper left 5 x 5 matrices in
the previous example gives us these derivations in Hall basis. In a similar
way, Der b3 = Derngy = Der (ng4/n3,) appears in the same corner. These
derivation algebras will appear in detail in the following section.

Consider now the 5-dimensional Lie algebra nz with basis {21, ..., 25} and
non-zero products
[21,22] = 23, [z1,23) = 24, [21,24] = [22, 23] = 25.
The lower central series is
ng O n3 = span(zs, 24, 25) D N3 = span(zy, z5) O ng = span(zs) 2O n3 = 0.

So, the correspondence x; — z; for i = 1,2 extends to a surjective algebra

n
24 In this case, the kernel is the

homomorphism 6y, : ny 4 — nz and n3 =
er On,

3-dimensional ideal

ker On, = span([[[x1, 2], x2], 2], [[[71, x2], 2], 1],

[z1, z2], 2] + [[[21, 22, 1], 21]).
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Example 5.1.3. Let denote I = ker #,,. According to Theorems and
derivations (automorphisms) of n3 are a quotient of the set of derivations
(automorphisms) of ny 4 that leave I invariant. These sets are:

aq a9
1 02><1 02><2 02><3

0 5@1

by b %04 O1x2 O1x3

c1 C2 b 501 a2

Der] n2’4 : 2 02X3 s

C3 C4 *bl 0 2&1

dl d2 C2 bz 0 a1 Qg 0

d3 d4 Cq4 — C1 *bl b2 0 3@1 2&2

d5 d6 —C3 0 —b1 0 0 gal

and, for as # 0, Aut;ny 4 has the form

2
aj a
q U2
O2x1 O2x2 02x3
0 ag
3 0 0
by bo ay 1x2 1x3
c1 ¢y aibg — a9by ai agai
4 02><3
c3 ¢4 —aygby 0 aj
2 4 2 2 7 5 23
dy do ajcy — azcy ayby — azaiby as (a4b2 — agbl) ay axay axay
ds dy | csa? — ageq — asc —a3b a3by — 2asasb 0 af 2asa?
3 a4 | C4a} 4C1 2C3 101 102 20401 4 20y
d5 d6 —a4cCs3 0 —aibl 0 0 ai

Note that the isomorphism “2% — nj is provided by the correspondence

zl v+ ziby taking 2] = w141, 2 = xo+1, 25 = (w1, x2]+ 1, 2} = [z1, [x1, x2]]+ 1,
2L = [ma, [x1,20]] + 1. So B = {z], 24, 24,2},2L} is a basis. Now, by using
the isomorphisms in Theorem and Theorem and a minor change
of basis, we get a complete description of derivations and automorphisms of
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ng 4 . .
ng & - Relative to the basis {z1, 22, 23, 24, 25 }:

a 0
! O2x1 O2x2 | O2x1
as 2a1
Der % | b b | 3m 0 0o |,
c1 C bo day 0
di dy co— by | ag+ by | bay
and, for a4 # 0,
ay 0
02><1 O2><1 02><1
a9 CLZ
no4 3
Aut T . bQ bl a4 0 O
—C4 —C3 a4b1 ai 0
dg —co ds —c1 | asby — a4(a4bg + 63) ai(agm + bl) ai

From previous descriptions, it is clear that the map ¢y: x; — Az, fori =
1,2, extends to a derivation of nj 4 if and only if A = 0 and ¢, extends to
an automorphism of ny 4 if and only if A = 1. We also remark that, I is not
an homogeneous ideal, so n3 does not inherit the natural N-grading of ny 4
and it is not quasi-cyclic. However ®,: z; — A\’z; is an automorphism for all
0 # X\ € F with eigenvalues X' for 1 <i < 5. Incase F = Rand A > 1, ®, is
an (expanding) automorphism that provides the N-grading n3 = @®?2_,S(\?)
where S(\Y) = {v € ng : ®5(v) = Aw}. In fact, the algebra n3, introduced
in [[Leger, 1963]] and [Johnson, 1975]], provides an example of a non-quasi-
cyclic Lie algebra that admits expanding automorphisms.

As in Example in the following one, we get the conditions that de-
termine derivations and automorphisms of ny, the Lie algebra described in
Example by using Derny 2 and Autng .
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Example 5.1.4. Let now I = ker 6,,,. Derivations and automorphisms of ny » in
Hall basis H4 > are (here Af; = a;aj — apa;). Derny o is as follows

air as az a4 0 0 0 0 0 0

as ag a7 ag 0 0 0 0 0 0

ag aig a1l ai2 0 0 0 0 0 0

a3 a4 a15 aig 0 0 0 0 0 0

by by bs by a1+ ag ar —as as —ay 0

bs be by bs| aip a1t+an a2 a2 0 —ay |
by big b11 bi2| —ag as  ag+an 0 a2 —as

biz by bis big| aws ais 0 a;+ag a2 as

bir big big b | —ais 0 as as  ag+a ar

ba1 boa b3z bay 0 —ay3 —ay4 ag aijp a1 +a

and, for non-singular matrices with entries a;, the structure of Autny is

a; az az a4 0 0 0 0 0 0
as ag ar as 0 0 0 0 0 0
ag ajp air a2 0 0 0 0 0 0
aiz a4 ais a1 0 0 0 0 0 0

b by by by | ATS AT AS AT AYS AY]
bs be by by | ATY, ATY AN AT, AYS AL
bo b bu bz | AYY, ALY A A, AR AT
biz bia bis bis A%ﬁ Aﬂg Agig Aﬁg Agﬁé Agﬁg
bir bis bio b | AD] ADD ALY A ARl AT

10,13 11,13 11,14 12,13 12,14 12,15
A A9,15 A10,15 A9,16 A10,16 A11,16

bar b2z bz boy

Let ds € Derng o be and ®4 € Autngs. An easy computation shows that

aj2 = —as, 13 = aip, ar = a4
dg eDer1n4,2 <~ ’ ’ ’
a5 = —ag, aig = air — ag + ai,
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and
AT+ AT AL AT o)
Pa €Aty & 0 AT + AT = Ay, + AT =0,
Al + 04+ T+ Al 0
Therefore, the correspondence u; — Au; for i = 1,...,4, and us — 2\us

extends by linearity to a derivation of ny for all A. The correspondence u; —
Au; fori =1,...,4, and us — A\?u; extends to an automorphism if A # 0.

5.1.3 Bilinear forms and quadratic quotients

Analogous to linear maps, we can try to figure out which are the bilinear in-
variant forms in some quotients of Lie algebras.

In general, in a quotient L/I, we can try to define f € Bijny(L/I) from
f € Biiny (L) taking f(z+1,y+1I) = f(z,y). This is well defined if and only if
I C Rad f. But there is even more, this induces a vector space isomorphism

Q: Biiny(L, I) — Bijny (L/1)
ff

where Biiny (L, I) = {f € Biiny(L) : I € Rad f} and f is defined as above. It
is also worth mentioning this same 2 works when using symmetric forms in
both sides.

At this point, as we are interested in nondegenerate bilinear forms, we can
try to find when the resulting f is nondegenerate. As

Rad f

Rad f = 7

f is nondegenerate if I = Rad f, so there is a bijection between the sets

{f eBi§, (L) : Rad f = I} «— {f € Bi,,(L/I) : Rad f = 0}.

This procedure can be used to find quadratic Lie algebras inside bigger
algebras with degenerate bilinear forms. When considering only nilpotent Lie
algebras, by the UMP, this leads us to find all possible quadratic Lie algebras
computing all bilinear symmetric forms in n;; and finding their respective
radicals. Those radical will be all the different ideals such that the quotient
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is a quadratic Lie algebra. Precisely, this procedure is the one followed in
Section (originally in [Benito et al., 2017]]). There, the authors obtain a
classification of nilpotent quadratic Lie algebras of low dimension.

5.2 Local and oscillator algebras

In Lemma we have seen Lie algebras with quadratic dimension one
are simple or 1-dimensional. The next logical step is studying the ones with
quadratic dimension two, which has been done in [[Bajo and Benayadi, 2007]].
When indecomposable, they are local Lie algebras. This variety of Lie alge-
bras, which includes oscillator algebras, is an important family of Lie algebras.
They present an interesting quadratic structure and serve as a good example
to find extensions to other more general, even mixed, Lie algebras. Along this
section (g, ) is a quadratic Lie algebra.

5.2.1 Local Lie algebras

Definition 5.2.1. A local Lie algebra is a Lie algebra with only one proper max-
imal ideal.

Lemma 5.2.1. For a Lie algebra g of dimension greater than one and not simple, the
following are equivalent:

(a) gislocal,

(b) J(g) = nwithn = N(g),

(c) g =s @ nwith s one dimensional or simple and
n={zen:[y,z] en’Vycs)

Remark 5.2.2. Assertion n> = {z € n : [y,2] € n? Vy € s} in Lemma[5.2.1
is equivalent to saying that ad z is faithful on n/n? for all z € n\n? if 5 is
one-dimensional and, in the simple case, the ad s-module n/ n? has not trivial
submodules.
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5.2. Local and oscillator algebras

When working with quadratic local algebras one of the best results about
their characterization is the following one found in [Bajo and Benayadi, 2007,
Theorem 3.1]

Proposition 5.2.3. Up to isometric isomorphisms, any local and quadratic Lie alge-
bra (g, o) is of one of the following types:

o When J(g) = 0:

(a) g =span(x) and p(z,z) = 1.

(b) g is simple and in algebraically closed fields there is X\ # 0 such that
Xp(x,y) = Tr(ad x o ad y) is the Killing form.

o When J(g) = n = s* is abelian:

(c) g = T§s where s is a simple Lie algebra and admits the bilinear form
olx+a,y+ B) =aly) + B(z) withx,y € s and o, B € s*.

o When J(g) = nis not abelian:

(d) g is a solvable Lie algebra double extension of a nonzero and nilpotent
quadratic Lie algebra (a,1)) by a v-skew derivation § which is invertible
on the centre Z(a).

(e) g = g*isamixed Lie algebra double extension of a nonzero and nilpotent
quadratic Lie algebra (a,)) by a simple subalgebra s through a represen-
tation ¢): s — Der,(a) such that Z(a) has non-trivial s-modules.

Proof. If g = s & n is reductive, the only possibilities are (a) or (b). Assume
then g non-reductive. From [Bajo and Benayadi, 2007, Theorem 3.1, item i) ]
we arrive at item (d) and from [[Bajo and Benayadi, 2007, Theorem 3.1, item
ii)] nt = Z(n) we get either (c) if n = n! or (e) otherwise. Note that if g
solvable, 0 # Z(g) C n. Then g?> = n = [z,n] & n? and n? = 0 give us ad z|,
bijective, which is not possible. ]

From previous proposition we can obtain the following conclusions. For the
first cases:

e Simple and one-dimensional algebras are the only local quadratic and
reductive Lie algebras (types (a) and (b)).
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o Trivial T*-extensions of simple Lie algebras (type (c) in the list) are local
and quadratic. Recall that the 7*-extension is a more general construc-
tion where the trivial extension is the easier case.

Quadraticlocal algebras (g, ) of types described initems (d) or (e) have some
common structural patterns but remarkable differences. In both cases, since
n is the unique maximal ideal, nt is the unique minimal ideal, and n # nt
because n is not abelian. In addition, 0 # n C n? and, using g/n is simple or
1-dimensional. From Theorem[3.1.8] g can be built as a double extension as of
the quadratic nilpotent algebra

But they also have differences :

e g of type (d) is solvable (s = 0) and n = g is of codimension 1, n*+ =
Z(g) = span(z) C n? C n and the double extension is induced through
the ¢-skew ad z for any € g such that p(z, 2) # 0 and ad z[z(n ) is
invertible. This is described in Corollary [3.1.12]

n

e gof type (e) satisfies g = s @ n and it is a perfect mixed algebra. Also,
nt = Z(n) Cn?Cn=[g,n], Z(n) =s* as ad s-modules and the second
term of the lower central series Z5(n) has no trivial ad s-modules. Here
the double extension is induced by the adjoint representation of the Levi

subalgebra, adﬁ : 5 — Dery(-T-). This appears in Corollary 3.1.11

In both cases, by imposing n? = nt, g is a double extension of the abelian al-
gebra _T-. This applies to the constructions given the in Sectionfor g solv-
able, and Example for g perfect. Moreover, as the nilradical n is an ideal,
then using item (b)) in Proposition 2.2.13|[n,n*] = [n,n*] = 0 so n® = 0 and
n is 2-step. Otherwise, n?> # nt and local quadratic Lie algebras follow from
nilpotent and nonabelian quadratic algebras. In our Examples and
we will present some local algebras extending low nilindex quadratic alge-

bras.

Example 5.2.1. Let s be a simple Lie algebra and (v, ¢) an s-module without
trivial submodules. Denote by p: s — gl(v) the representation of s on v. As-
sume that ¢ is a symmetric, nondegenerate and s-invariant bilinear form, i.e.
p(s) C Dery(v) C s0(v, ) defined in equation (2.8)). The existence of ¢ only
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is possible if the 2-symmetric tensor power, S2p, has a trivial submodule. Let
v(s) = s X, (v B, 5*), the double extension of (v, ¢) by (s, p). The bracket and
the bilinear form are given by equations (2.18)) and (2.19) where B =5, A = v
is an abelian algebra and w(u,v)(s) = ¢(p(s)(u),v), for all u,v € v and s € s.
Taking s = sl3(FF) and v = V,, (see equation (5.12))), the unique possibility is
n = 2m and the algebra v(s) is a (2m + 7)-dimensional local algebra with 4

ideals in chain.

By using results and techniques of previous Section [5.1| we can compute
Der,, ng 3 and Derg n3 2 (see Chapter [6]). Both algebras have also been given
in [del Barco and Ovando, 2012]].

Example 5.2.2. Let (ng3,¢) be the algebra described in Example with
(Hall) basis {a;}?_,. Then, Der, ns 3 is 6-dimensional and it is given as the di-
rect sum of the (nipotent) ideal Innern, 3, and its Levi subalgebra s = sly(F).
Thus, any derivation decomposes as the next sum, where the first summand
D = D(m;) € s and the second d = d(v;) € Innerny 3,

mip Mo 0 0 0 0 0 0 0 O
mz —my1| O 0 0 0 0 0 0 O
0 0 0 0 0 + v2 U1 0 O
0 0 0 ma mo V3 0 V1 0 0
0 0 0 ms3 —mq 0 V3 —V9 0 0

Note that ng 3 has two copies of the 2-dimensional natural s-module V; (both
linear spans of (a1, a2) and (a4, as)) and one of the trivial module V) = (a3).
By double extension formulae ([2.18)) and (2.19) we get the 11-dimensional
local (applying Lemma or Proposition [5.2.3)) perfect quadratic Lie alge-
bra na3(s) = s @ na3 & s*. The lattice of ideals of ny 3(s) is a 6-chain. Tak-
ing any derivation 6 = D(mj,mg, m3) such that mzms + m% # 0 we get a
7-dimensional solvable local quadratic via the double extension by F4.

Example 5.2.3. Consider now the quadratic (n32, ¢) from Example 2.2.5| with
(Hall) basis {ai}?zl. In this case, Der, n3 7 is 10-dimensional and it is the direct
sum of Inner ng o and a simple Lie subalgebra s = sl3(IF), thus we have two
summands, the first D = D(my, ..., ms5) € sand thesecond d = d(vy, v2,v3) €
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Inner ng o:
mi1 Mo ms3 0 0 0 0 0 0
mqg Msy meg 0 0 0 0 O 0
my mg —mi—ms 0 0 0 0 O 0
0 0 0 mi+ms Mg —Mg + V1 U2 0
0 0 0 msg —ms Mo vy 0 vy
0 0 0 —my my —mq 0 vy —U1

Here n3 2 decomposes as two copies of the 3-dimensional natural s-module.
By double extension, we get (just applying Lemma 5.2.1)) the 22-dimensional
local perfect quadratic Lie algebra n3 »(s) = s ®n3 2 @s* and its lattice of ideals
is a 5-chain.

Remark 5.2.4. According to Corollary double extensions via inner deriva-
tions provide decomposable quadratic algebras.

As a final comment in this section, in 2014, A. Elduque and S. Benayadi
classified real and complex indecomposable mixed quadratic Lie algebras of
dimension less or equal than 13 (see [[Benayadi and Elduque, 2014, Theorems
3.16 and 4.11]). The Levi subalgebra of this type of algebras in the complex
case is the 3-dimensional split sl3(C) and over the reals it is either sl3(R) or
sup(R). Combining irreducible modules for these algebras, smart reasoning
and elementary linear and multilinear algebra tools and previous knowledge
on basic structure of quadratic Lie algebras, the authors achieve a very clean
classification. In the complex case, apart from the double extension process,
constructions of quadratic Lie algebras as tensor products (Example
also appeared. The authors arrived at those tensors by using Jordan algebras
of dimension 2, 3,4 and following the ideas given in [[Allison, 1976, Theorem
1, Section 5]. Lie algebras in the complex classification are mostly local. We
also point out that their lattices of ideals are mainly n-chains with n < 6. This
Lie structure will be treated in Section[5.3.21

5.2.2 Generalised Oscillator algebras

According to Lemma [2.2.15, the smallest solvable non-abelian quadratic Lie
algebra has dimension 4. This four-dimensional algebra in the real case is
known as harmonic oscillator algebra and it is the Lie algebra of the harmonic
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oscillator group (see [Hilgert et al., 1989, Example V.4.15], [Douglas and Pre-
mat, 2007]], [[Ovando, 2006]] and [[Ovando, 2007al]). This algebra is local and
it is the first step of a countable series of solvable Lie algebras which support
invariant Lorentzian forms. Generalizing this situation, we arrive at oscillator
Lie [F-algebras as double extensions of metric spaces (abelian Lie algebras).
The aim of this section is to present some structural features, invariant met-
rics and derivations of this class of algebras and to explore their possibilities
of being extended to mixed quadratic Lie algebras.

Real oscillator algebras are the Lie algebras attached to connected, simply
connected and non-simple Lie groups that admit a Lorentz invariant metric
that makes them indecomposable (see [Medina, 1985, Theorem 4.1]). This
type of algebras was introduced in [[Hilgert and Hofmann, 1985]] as double
extensions of Hilbert spaces, and renamed as standard solvable Lorentzian Lie
algebras Ay, 1o in [Hilgert et al., 1989| Definition 11.3.16]. Also, they are the
class of real solvable non-abelian Lie algebras that carry an invariant inner
product of metric signature (2m + 1,1). This class is integrated by real Lie
algebras of dimension 2m + 2 for m > 1. The term oscillator comes from
quantum mechanics because Ay;,42 describe a system of harmonic oscillator
m-dimensional euclidean space. These algebras also support other nonasso-
ciative structures such as Poisson and Leibniz algebras and symmetric Leibniz
bialgebras following [[Camacho et al., 2019]] and [|[Albuquerque et al., 2021]].
The results included in the last of these articles let us derive some geometric
consequences at the level of the oscillator Lie groups.

Oscillator algebras are quadratic, local and solvable Lie algebras with nil-
radical a Lie algebra of Heisenberg type according to [Hilgert et al., 1989,
Proposition I1.3.11]. Along this section, we will see that the notion and their
structural properties can be extended to arbitrary fields.

5.2.2.1 Metric spaces and Oscillator algebras

In Example we obtain the oscillator algebra from the double extension
of a two-dimensional vector space. This process can be replicated to produce
a infinite series of oscillator algebras simply by increasing the dimension of
this vector space. The algebras in our following definition are just the ones de-
scribed in item (d) of Proposition[5.2.3lwhen considering an abelian quadratic
algebra (a, ).
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Definition 5.2.2. Let (W,,, ¢) be a n-dimensional F-vector space endowed with
a symmetric and non-degenerate form ¢. Consider now any skew-linear au-
tomorphism ¢ of W,,; it is only possible for n = 2m. The double extension
F.-6@® Wy, @F -0 where 6* is the dual 1-form of § is a quadratic Lie algebra
that we will call generalized oscillator F-algebra on the triple (Way,, ¢, 0). We will

refer to it as 9(Wapm, ¢, §) = or 02,12 F) to shorten.

Remark 5.2.5. Algebras 02,,+2(R) are the real oscillator algebras introduced
firstly in [Hilgert and Hofmann, 1985| Proposition 2.2] as Lorentzian semial-
gebras of Class II (see also [[Hilgert et al., 1989, Proposition 11.3.11]). In [[Neeb,
1993| Definition I1.7] and [Hilgert and Neeb, 1996]] they appear as remarkable
examples of Lie algebras with cone potencial. The study of other nonassocia-
tive structures on oscillator algebras in [[Albuquerque et al., 2021| Section 5]
yields to some geometric information on connections and metrics of oscillator
Lie groups.

From Definition and Theorem [2.2.20} the F-algebras 0(Ws,,, ¢, 0) are
one-dimensional double extensions of a quadratic abelian algebra by non-
singular self-derivations with bracket product

[t6 +u+ 6 U6+ v+ 88 oy = t6(v) — t'6(u) + p(6(u), v)d*. (5.1)

The quadratic structure (there may be others) in d(W, ¢, §) is given by expres-
sion ((2.19)).
The next result condenses and expands the structural algebraic properties

of the oscillator R-algebras (Propositions 11.3.11 and 11.3.12 of [[Hilgert et al.,
1989]]) to any field of characteristic zero.

Proposition 5.2.6. The generalized F-oscillator algebra o190 = 3(Way, ,0) isa
solvable quadratic algebra under the invariant bilinear form s described as

ws(td +u+s6*, 0+ v+ 86*) =ts' +t's+ p(u,v).

The nilradical N (ap12) = 03,,.9 = Wom @ F - 6% is its only maximal ideal. In
particular, 9oy, 12 is a local and indecomposable quadratic algebra, and its centre,

Z(OQerZ) = D;zr)LJrQ =F.0" = Z(N(a2m+2))a

is the orthogonal subspace of N (02,,+2), and it is also the only minimal ideal. More-
ovet, N (d2m+2) is a Lie algebra of Heisenberg type in which the product is completely
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determine by the automorphism & through the formulas [u,v] = p(d(u), v)0* for all
u,v € Wap,. The algebra is a split extension of N (dgpm42) by F - 9, so [6,u] = d(u)
f01’ u € Wop,.

Proof. Since ¢ is a linear automorphism, following equation (4.1)) and using
Lemma from expression (5.1]) we get 93, , = Imd + span(p(§(u), v)6* :
u,v € W2m> = Wy, @ F - 6* and Z(02m+2> = (Z(ng) N Ker 5) OF-6 =
F - 0*. Now 'ogii 4o = [b;i)l iy 0(237)1 42] = 0,50 02,12 is a solvable algebra, that
is, R(02m+2) = d2m+2. And it is not nilpotent because of 93, ., = 03,,,,.
Then its Jacobson radical, J (02/m42) = D%m 4o according to equation (2.9)) and
comments around. As J(02m+2) € N(02m+2) # Oom+o and it is the inter-
section of the whole set of maximal ideals, it is the only maximal ideal and
J (02m+2) = N(02mm+2). The statement on the Lie bracket of two elements of
Wam follows from equation (5.I)). To finish the proof, we use Lemma [5.2.1]
and Definition 2.2.9 O

From previous proposition, we get Z(02,,4+2) = F - 6%, and N(d2n42) =
Wom @ F - 6* and

Dmi2(Wam, 9,0) =F -6 @ Wap, @F - 0" =F - 0 © N(d2im42) -
————

ham+1

Setting d = ady,,, ., 9, we have d|y,, = d and d(6*) = 0. Then, the nilradical
is d-invariant and any oscillator algebra can be viewed as the split extension
of an algebra of Heisenberg type hoy,41 by a map d € Der hap,41 such that
kerd = Z(02m+2) = Z(ham+1) and

hom+1 = Imd @ ker d.

Proposition 5.2.7. Any oscillator F-algebra can be obtained as a split extension
of a Lie algebra of Heisenberg type Yom41 and a map d € Der bap,1 such that
Hom+1 = Im d & ker d where ker d = Z(Hap+1) and the invariant vector space Im d
is endowed with a symmetric and nondegenerate bilinear form ¢ for which d|iy, 4 is
p-skew. Moreover, a self-linear map D of the oscillator F-algebra (W, p,0) is a
derivation if and only if:

(a) N(@(Wam, p,0)) is D-invariant and D‘N(D(WQm,gp,é)) € Der b1,

(b) D(6*) = ™ for some o € F,
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(c) D(6(a)) = [D(6),a] + [6, D(a)] for all a € Wap,.

Proof. The first part follows from previous discussion. The second part is
based on the fact that the nilradical and the centre of any Lie algebra are char-
acteristic ideals, which means that they are invariant through derivations. So
items (a), (b) and (c) are necessary conditions if D is a derivation. For the
converse, it is straightforward to check that if D is a self-linear map of the os-
cillator algebra satisfying items (a), (b) and (c), D also satisfies the identity

d([z, y]) = [d(z), y] + [, d(y)]. =

5.2.2.2 Double extensions of Oscillator algebras

Following Theorem the knowledge of the set Der,, 0(Way,, ¢, §) allows
to expand oscillator algebras to other quadratic algebras. The latter set is
closely related to Der bo,,,1 which is well-known set easy to describe. Start-
ing from Proposition in this section we will give an explicit description
of the whole sets of derivations and skew-derivations of real oscillator alge-
bras. And we will also describe their invariant forms. The results let us obtain
two countable series of mixed quadratic Lie algebras based on real oscillator
algebras.

According to [[Benito and de-la-Concepcion, 2013]] and following Defini-
tion and notation therein, the 2-graded decomposition hamt1 = W @
Z(b2m+1), where W is an arbitrary 2m-dimensional F-complement, induces a
natural grading on End (h2,,+1) and lets us describe the derivations of ha;, 11
as (for a matrix description see [Rubin and Winternitz, 1993]]):

Der hopmi1 = {6: 6 |we sp(W,b,),5(Z(b2ms1) = 0}1@

5sp(2m,F)

R(Der h2m+1)

F-1d@ {6 : 6(W) C Z(boms1),0(Z(ham+1)) = 0} (5.2)

Here Id means ﬂi|w = Idy and I/c\l\Z(meH) = 2ldz(y,,..,)- So, the Levi
subalgebra s of Der ha,,11 is simple. And its solvable radical is a (2m + 1)-
dimensional Lie algebra with abelian nilpotent radical N (Der hay11) = {0 :

(W) CF-z(z) = 0}. In matrix form, the general shape of a derivation in
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an ordered standard basis as described in Definition 2.2.9]is

M + o, P Omx1
Q M+ alp | Omx1 ) (53)
o1 b 2a

where o € F, ¢; are column matrices, M, P and () are m x m matrices P! = P
and Q' = Q.

Returning to the real field and applying the spectral theorem, for any real
@-skew and invertible map of an euclidean space, §: (Wap,, ) = (Wam, ¢),
there is an orthonormal basis {e,...,es,} such that d(eg;—1) = Ajeq; and
d(e2i) = —Ajegi—1 and A, ..., A9y, are positive real numbers (w.l.o.g| we
can assume \; < \;j41). So any oscillator R-algebra of dimension 2m + 2
is determined by an m-fold A = (A1,..., ) of positive scalars such that
0 <A < -+ < A, (toshorten 03, ,(R) for a fixed m-fold A),

02m+2(A17' . 7Am> =R- 5)\ 2] WQm S 53‘(\

Applying Proposition the structure constants respect to the basis
dx,€1,...,eam, 05 are determined by the entries of \. Using p(e;,ej) = 0;;
and [u, v] = p(dx(u),v)d; for all u,v € W, we have

le2i—1, e2:] = —[eai, e2i—1] = \id3,

leps eq] = 01f (. q) # (20 — i, 20), (20,2 — 1),

[0x; €2i-1] = —[eai—1,02] = da(e2i—1) = Nieay, (5.4)
[0x; €2i] = —[e2i, 0x] = Oa(e2i) = —Aieai1,

| [0 12,63 = 0.

From the basis-bracket description of 93, , ,(R), the following lemma restates
[Hilgert et al., 1989| Proposition 11.3.14].

Lemma5.2.8. Let A = (A, ..., Ap) and 03, »(R) = R-0\@span(er, . . ., eam) B
R - 63 the oscillator algebra with Lie bracket given in equations (5.4)). Foranyt € F
and s # 0 the symmetric bilinear form ¢, ; given as the orthogonal sum

span(ei, ..., eam) L span(dy,dy),

with p;5(0x,05) = t, o and &3 isotropic, {e1,...,ean} orthogonal family and
©1,s(0x,0%) = 5 = @y s(es, €;) is invariant and nondegenerate. The set {p; s : t,s €
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IF, s # 0} is the whole set of symmetric invariant and nondegenerate bilinear forms of
03,1 0- In particular, B, , (93, ) = span(yo.1, ¢1,1) and the quadratic dimension

of real oscillator algebras is two.

Proof. Note that det ;s = —s*™*2, 50 ¢, 5 is nondegenerate if and only if
s # 0. The invariance of ; , is equivalently to

(Pt,s([x? a]v b) + @t,s(aa [.’IJ, b]) =0 VJ}, a, be 02m+2'

The equality follows by checking it for x € {0, e;} (only ¢o 1 and ¢1,; need
to be checked). Now let b an arbitrary invariant symmetric and nondegen-
erate form. From Proposition we get (03,,,5)1 = Z(d2m+2) = F&} and
b(dx,0%) = so # 0 because b is non-degenerate. We also set b(dx,0)) = to.
Since 5)\(6%_1) = \;eq; and 5)\(62i) = —\;€2i_1, We get

1
b(dx, e2) = yb(5,\,5,\(€2i—1)) = b(dy, [0x, e2i—1]) =0,

by using that b is invariant. So b(dy, e2;) = 0 and b(Jy, e2;—1) = 0 in the same
vein. Finally, from (5.4)), b(dy, [e2i—1, €25]) = dij\iso and by invariance

b(dx, [e2i—1, €25]) = b(0x(€2i—1), €25) = Aib(ea;, €25),

b(dx, [e2i—1, e25]) = —b(dxr(e25), €2i—1) = Ajb(e2j—1,€2i—1).

Therefore, b(ez;, e2;5) = b(ezi—1,€2j—1) = 6;j50. A similar reasoning yields

1
b(ez;, e2j—1) = yb((s)\(GQi—l),QQj—l) = Aib(dx, [e2i—1), €25-1]) = 0,
S0 b = @y, 5,- The final assertion follows from Proposition [2.2.17|and the lin-
early depending relation ¢y, s, = (S0 — t0)po1 + top1,1- O

There are three classes of metric real oscillator algebras depending on A =
(A1,..., Am) (see [Medina and Revoy, 1985, Section 4]):

o O-I: all the entries of A are different. Then, the set of ¢ 1-skew deriva-
tions is an abelian Lie algebra.

e O-II: all the entries of A are equals to A;. Up to isomorphisms for any
m > 1 we have the series 02;,+2(1,...,1). Since A = (A1, ..., A1), rescal-
ing the basis of D%‘mH(R) in the form /\—1157 €1,...,€2m, A0y we arrive at
02m+2(1,...,1). The set of ¢y 1-skew derivations is the special unitary
Lie algebra su,,(R), a simple Lie algebra of type A (i.e. the complex
extension su,, (R) ® C is sl,,,(C)).
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e O-III: there are at least two different entries \; < \;1x and one of them
of multiplicity greater or equal than 2. The set of ¢ 1-skew derivations
is a reductive non-abelian Lie algebra.

Remark 5.2.9. This result shows real oscillator algebras as counterexamples
of a conjecture made in [Walker, 1963]]. In this paper, the author asserts the
only real Lie algebras of quadratic dimension two are the direct sum of two
simple central algebras, a simple but non-central algebra, or the 7*-extension
of a simple central algebra. Although the author reaches this conjecture from
Lie groups, in general, reductive Lie algebras formed by a simple central and
1-dimensional also have quadratic dimension two.

To end this section, we will compute explicitly the whole sets of derivations
and g, 1-skew derivations of 02,,12(1,...,1) (for short 99,,12). In the sequel,
we fixed a natural m > 1 and, in order to get a more symmetric block de-
scription of any derivation, all the self-linear maps of 05,12 will be given in a
matrix level with respect to the ordered basis

{5>\7$1)"'7xm7y15"°7ym75§\ :Z}

with z; = eg;—1 and y; = eg;. In this way, {z;,y;,6}} forms a standard ba-
sis of hoy, 11 as in Definition For the rest of products we observe equa-
tions (5.4) with A\; = 1. Let D be any derivation of 92,,12. From

D(6y) = ¥0x+ Y _biwi+ > ciyi + Bz,
=1 =1

items (a), (b) and (c) in Proposition and matrix specification in equa-
tion (5.3]), we arrive at the general matrix description

0 0 0 0
b| M T P 0
D= + , (5.5)
c —-P —-Mt+al,, | 0
15} —bt —ct 2a

with 3, € R, b,c 1 x m matrices and M! = —M and P! = P. The set of
inner derivations Inner 92,12 = span(ad 0y, ad z;,ad y; : 1 < i < m) is just the
set of matrices as in equation (0.5) with M =0, 5 = o = 0 and P = puly,.
Using ad[z,y] = [adz,ady], we get the derived subalgebra of this algebra,
(Inner 0g,,42)? = span{ad x;, ad y; : 1 < < m), which is clearly abelian.
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Among the derivations of (92,2, ¢0,1), we look for the ¢ 1-skew ones:

D € Dery, 92m12 <= w0,1(D(7),y) + ¢o,1(z, D(y)) = 0. (5.6)

From equation (5.6)), the skew-derivations are as in expression (5.5 with 3 =
a = 0. Hence, any derivation D decomposes into the generic sum of basic

blocks of derivations:

aD0,1,2 50 € 51
0 0 0 0 0| 0 010 0 0 010
D 0| aln, 0 0 4 O|M| 0|0 " 0 0 Py | 0O "
o] 0 |aln| O 0l 0 | M|oO 0|-P | 0|0
0| 0 0 |2a 0l 0|00 0| 0 010
2 = [s,5]s
pnaddy € s1 t= (Inner02m+2)2 BD1,0,0
0 0 0 0 0 0 0 0 0[0]0|O
0 0 wly | O + b1 0 0 0 + 0|{0]|0|O
0| —ulm | 0 |0 by | O 0 |0 ofojo]o |’
0 0 0 |0 0 |-t | —=b5|0 glolo]|o0
Inner 02m+2
where M' = —M and P! = P, are m x m traceless matrices. Let denote s the

set of 2m x 2m matrices of the following shape:

() (318) (52 (). o

here P = Py + pul,, and p = L. Tt is easily checked that s is a vector space

M| o0
0| M

0 \PO
~PRy| 0

which is closed under the bracket [z,y]s = zy — yx. Then, s is a linear Lie
subalgebra of the special linear algebra sly,,(R) and the direct sum decompo-
sition given in equation provides a Zy-graded decomposition s = so@s1.
So, the even part s is a Lie algebra, in this case isomorphic to the simple or-
thogonal algebra of skew-symmetric matrices so,,(R) if m > 3.

Theorem 5.2.10. Let 03, ,(R) = R - 6y & (Wapm, @o1) ® R - 8%, m > 2, be the
real oscillator Lie algebra of m-fold A = (1,...,1). The sets of derivations and skew-
symmetric derivations can be described as follows:

1. Derdgpqo = R-D1ogo @R - Dy12 @ [s,5]s @ Inner 09y, 42 where Do 1,2

is the derivation given by Dy 12(6x) = 0, Do12(v) = v forall v € W and
D()’LQ(Z) = 2z and D17070((5)\) = zand D170’0(0%m+2) =0.
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2. Dery, , Domt2 = § @ [Inner day, 12, Inner 02, 42), and s* is isomorphic to the
special unitary simple Lie algebra su,,(R). For m > 3, s is the orthogonal
simple algebra of m x m skew-matrices.

Form =1,Derdog =R - D12 ®R- Dy oo @ Innerdy and Dery, , 94 = Inner 04.

Proof. The result follows from previous matrix decompositions and discus-
sion. Since the special unitary real Lie algebra can be realized as the vector
space of traceless skew-Hermitinan m x m matrices, so su,,(R) = {M +iP :
M'*=—M, P* = P,tr P =0} and s0,,,(R) = {M : M* = —M} is a subalgebra.
Itis easily checked that the map M+ Py — M —iP, (here M + P, represents the
two first summands in the decomposition (5.7))) is a Lie isomorphism from
52 t0 su,, (R). The same map proves that 5o = s0,,,(R). O

Remark 5.2.11. Let J = H(M,,(RR,t)) be the real simple unitary Jordan algebra
of m x m symmetric matrices for m > 2. Up to isomorphisms, sp and s = R -
ad d\ @ [s, 5] are just the algebra of derivations of J and the Lie multiplication
algebra of J according to [Jacobson, 1968, Chapter VI, Section 9, Theorems
9 and 11]. And the Z,-graded decomposition 2 = 50 @ s; N s2 is related to
the compact symmetric space SU(m)/SO(m) (see [Helgason, 1979, Table V,
page 518]). We also point out that Jordan algebras were introduced by Pascual
Jordan in 1933 to formalize the notion of an algebra of observables in quantum
mechanics. The algebra 94(RR) is the algebra of the observables of the quantum
mechanical model of the harmonic oscillator.

The existence of 52 = su,,(R) and s 2 s0,,(R) as simple subalgebras of
Deryg, 92m12 for m > 2 and m > 3 lets us construct, in parallel with the
quadratic solvable series (92,42, ¥0,1), the series of mixed quadratic algebras,

(02m+2)sum (R) := S (R) © 022 @ 51U, (R)*, and

(02m+2)s0,, (R) = 50m(R) @ V2my2 © 50, (R)",
by following Theorem [2.2.20, In this case, we extend from the natural inclu-

sion of s into the subalgebra Der,, , 02/, 12,50 b = 52, 50 and ¢ = ¢.

As pointed out in Remark([5.2.4} double extensions of the oscillator algebra
04(R) by means of its skew-derivations only produce decomposable quadratic
algebras (see Corollary [4.1.3) that are orthogonal sums 04 ® a, with a metric
abelian because Der,, 94 = Innerd,. But this little algebra, also known as
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diamond algebra, has a self-interest of its own (see [Douglas and Premat, 2007]]
and [Casati et al., 2010]] and references therein).

5.3 Lattices of ideals

In Chapter [3| we started analysing the relationships among some important
ideals in quadratic Lie algebras. Indeed, these ideals and their location are so
important they define families like the local one we have just seen. In local
algebras, the existence of a unique maximal ideal implies the existence of a
unique minimal ideal. This structural pattern is a consequence of the orthog-
onality imposed by the quadratic form. In fact, we have the mapping

®: Ideals(L) — Ideals(L)

5.8
I It (>8)

As the orthogonal of an ideal is another ideal, this mapping is well defined.
Moreover, it is an involutive anti-automorphism which turns I + J into 1 Ln
J+ and vice versa. This pattern was pointed in [Hofmann and Keith, 1986,
Corollary 1.4]. As stated in that corollary, this influences strongly the ideal
structure of the algebra.

The set of ideals of a Lie algebra L is a jpartially ordered set (poset)|ordered
by inclusion. In the set of ideals of L, every two elements have unique supre-

mum taking the sum of ideals, and infimum when considering the intersec-
tion, which coincides with the definition of a lattice.

In this section we will start seeing the main structural properties of ideals
in Lie algebras, particularly on finite lattices of quadratic Lie algebras. Among
all the variety, we will focus on lattices whose ideals form a chain, which are a
peculiar example of local Lie algebras. For those ones, we will give procedures
about how to obtain them, to end up seeing a list of these chains and when
they are quadratic. Along this first subsection we follow, partially, [Benito and
Roldan-Lépez, 2022a]].
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5.3.1 Structure and properties

As observed in the introduction, when considering sum and intersection of
ideals, the set of ideals form a lattice.

Definition 5.3.1. A poset (L, <) is a lattice if a V b = sup{a,b} and a AN b =
inf{a, b} exist forall a,b € L.

As seen in [Gratzer, 2011, Lemma 2], this definition is equivalent to sup H
and inf H exist for every finite nonempty subset H of L. We should not con-
fuse this to being complete.

Definition 5.3.2. A lattice L is called complete if every subset (not only finite
nonempty subsets) of ideals has a join and a meet.

Lattices of ideals of Lie algebras are complete lattices. Moreover, these
lattices are also bounded: the zero ideal is the smallest element, and the total
algebra is the largest element. In terms of lattices, they are also referred as
0 and 1 respectively. Many fundamental properties of Lie algebras can be
interpreted as facts about lattices of ideals (see [[Benito, 1995 and for finite
lattices [Benito and Roldan-Lopez, 2022a]]).

In addition, we can represent lattice of ideals, totally or partially, using
a Hasse diagram, which represents a finite poset in the form of a drawing of
its transitive reduction. For a poset (5, <), the Hasse diagram represents the
elements of S by nodes (small black circles in our figures). And the nodes
representing the elements x and y of S are connected by a straight line or
segment that goes upward from x to y whenever y covers z, that is, whenever
x < y and there is no z such that x < z < y. These segments may cross each
other, but must not touch any vertices other than their endpoints. We have
drawn some examples of these diagrams in Figure

£ -/ \ '/\ /:\

VAR ARV | N/

(a) (b) (c) (d) (e)

Figure 5.1: Examples of different Hasse diagrams. Not all of them are valid
Hasse diagramas for Lie algebras ideals as we will see.
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According to [|Gratzer, 2011, Lemma 1, Section 1.4], from a Hasse diagram
we can recapture the relation < by noting that = < y holds if and only if there
exists a sequence of elements ¢y, cy, ..., ¢, such that x = ¢y, y = ¢, and ¢4
covers c¢;. Hence, the Hasse diagram of a finite poset determines the poset up
to isomorphisms. A finite lattice is a poset attached to a Hasse diagram for
which every pair of nodes has a unique supremum and infimum. The above
remark implies that for each of the diagrams in Figure the corresponding
poset is a lattice with the exception of diagram (b).

On lattices of ideals of Lie algebras, we can observe that for any three ideals
A, B,C of L such that A C B, we have the identity

BNn(A4+C)=A+(BNCQO). (5.9)

In a general lattice, equation (5.9)) can be rewritten exactly as the Modular Law
in the following definition:

Definition 5.3.3. We say a lattice £ is modular it satisfies the Modular Law, i.e.,
if for every a,b,c € L such thata < b

inf{b, sup{a, c}} = sup{a, inf{b, c}}.

So, lattices of ideals of Lie algebras are also modular, apart from being
complete and bounded. Unfortunately, despite the strong conditions a Lie al-
gebra imposes on its lattice of ideals, the ideal lattice structure does not always
determine the Lie algebra in a unique way. For instance, the one-dimensional
Lie algebra and every simple Lie algebra have the same lattice of ideals con-
sisting of a 2-element chain (see lattice h2.1 in Figure[5.6]). This elementary
example shows that there exist non-isomorphic Lie algebras with the same lat-
tice of ideals. Even more, the lattice ideal structure is not preserved through
scalar extensions as seen in Example Nevertheless, the lattice structure
of a Lie algebra does approach to the algebraic structure.

Example 5.3.1. The oscillator Lie algebra has 4-chain as a lattice when consid-
ered over R, while it is related to the second lattice in Figure when taken
over C.

In Figure we can observe how the third lattice comes from a sort of
duplication of the second one. This duplication can be achieved, for example,
by a direct sum of a simple Lie algebra as a trivial extension. Indeed, this also

162



5.3. Lattices of ideals

R
. VAN . . .
{4 XX

| /

° \
Figure 5.2: Examples of lattices of Lie algebras.

7NN

explains why sl (F) @ sly(IF) @ sly(F) has by its lattice the fourth one in the
same figure.

When studying lattices of ideals, other definitions appear:

Definition 5.3.4. Let £ be a bounded lattice attached to the poset (5, <) with
join and meet denoted by V and A respectively. Then:

(a) Lisacomplemented lattice if each element has a complement, that is, for
a given element a, there is an element b such thataVb = 1 and aAb = 0.

(b) L is a distributive lattice if L satisfies either of the following equivalent
distributive laws:

(c) Lis a boolean lattice if it is complemented and distributive.

The completely reducibility of reductive Lie algebras implies that their
lattices of ideals are complemented. When their centre has dimension less
or equal than one they are also distributive. Two typical examples of non-
distributive lattices are the pentagon N5 and the diamond A3 whose Hasse
diagrams are shown in Figure The following theorem characterizes dis-
tributive and modular lattices by means of pentagons and diamonds.

Theorem 5.3.1. (See [|Gratzer, 2011, Theorem 102]) Every distributive lattice is
modular. Moreover:
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NI
VANV

(a) (b)

Figure 5.3: (a) is the pentagon N5 non-modular lattice, and (b) is the diamond
M3 non-distributive lattice.
(a) A lattice is modular if and only if it does not contain a pentagon.

(b) A lattice is distributive if and only if it does not contain a pentagon or a dia-
mond.

This relation between distributive lattices and the diamond lattice makes
the following definition appears.

Definition 5.3.5. Let £ be a lattice. We say L satisfies the [diamond property|
if for two distinct atomdl| a, b there exists another element ¢ for which
{0,a,b,c,a v b} is the Ms lattice in Figure[5.3]

As seen the previous theorem, if £ satisfies DP then £ is non-distributive.

In a totally ordered set (S, <), not just a poset, any pair of elements are
comparable, thus the infimum and supremum exist and therefore S is always
a lattice. If this set contains n elements, we will say that S is an n-element
chain lattice (n-chain for short). The Hasse diagram for any n-chain is given in
Figure[5.4l Chains play an important role as they allow us to define the length
of a general lattice.

\V4

Figure 5.4: On the left the n-chain and on the right the M, lattice. They have
n and n + 2 nodes respectively.

! Any element that covers 0 is named ator.
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Definition 5.3.6. A general lattice is said to be of length k, where k is a natural
number (k = 0 is possible), if there is a (k + 1)-chain sublattice and all of its
chain sublattices have a number of elements smaller than & + 1.

Note that the length of an n-chain is n — 1, just the number of “jumps”.
In Figure we can also see the generalization M,, of M3 lattice. M,, is the
2-length lattice with n > 3 atoms.

The following examples relate the set of ideals of some varieties of Lie
algebras and the previous notions and examples of lattices. From now on,
L14(L) will denote the lattice of ideals of a Lie algebra L with product [z, y].

Example 5.3.2 (n-chain lattice Cy,(n > 1)). This lattice is distributive and non-
complemented if n > 3. The trivial Lie algebra is the only algebra whose
lattice of ideals is C;. The variety of Lie algebras that have C; as lattice of ide-
als is the set of simple Lie algebras plus the 1-dimensional algebra. For any
n > 3, Lie algebras whose lattice of ideals is an n-chain have been fully char-
acterized in [Benito, 1992al]. A complete classification is given for solvable Lie
algebras over algebraically closed fields.

Example 5.3.3 (n-subspace lattice [Sub|F” (n > 0)). The set of subspaces, de-
noted as Sub ", of the n-dimensional vector space F" is a complemented and
modular lattice of length n that satisfies the DP. This lattice is not finite and
nondistributive if n > 2. The variety of Lie algebras whose lattice of ideals is
isomorphic to SubF” for some n, is the variety of finite dimensional abelian
Lie algebras. This happens because any algebra L such that £14(L) is isomor-
phic to Sub F" decomposes into the sum of n minimalideals L = I1 & --- © I,,.
The ideals in the decomposition are abelian because of the DP, and therefore
L? = 0. This variety is trivially quadratic.

Example 5.3.4 (M, lattice (n > 3)). This lattice has length 2 and it is comple-
mented, modular and satisfies the DP, so it is nondistributive. There are no
Lie algebras with a lattice of ideals isomorphic to M,,: If L14(L) is isomorphic
to M,,, DP implies L? = 0, so L is a 2-dimensional abelian Lie algebra and
therefore L14(L) is not a finite lattice, a contradiction. This assertion is a con-
sequence of Theorem When L is abelian of dimension two we obtain
lattice Sub F? which behaves as M,, when n goes to infinity.

For a finite set A, the Hasse diagram of the lattice of

PowA={S:SC A},
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the set of subsets, also denoted as 24, has 2/ nodes. Here a line joins two
nodes whenever the corresponding subsets differ in a single element. This
way, we arrive at the hypercube lattice or n-cube lattice @, the lattice of sub-
sets of the set {1, 2,...,n}, where Q) is the lattice of subsets of the empty set.
We point out the following result about n-cube lattices and its relation with
distributive and boolean lattices:

Theorem 5.3.2. [Gritzer, 2011} Corollaries 109, 110] Let L be a finite lattice. Then:

(a) L is distributive if and only if L is isomorphic to a sublattice of the lattice of
subsets of some finite set.

(b) L is boolean if and only if L is isomorphic to Q),, for some n > 0.

Example 5.3.5 (n-cube lattice Q,, (n > 0)). In Figure [5.5|we have drawn the
n-cube lattices of ideals of either a semisimple Lie algebra withn =1,2,3,4,5
simple components or L = S @ Fz, where Fz is the centre of L and S is a
semisimple ideal with n — 1 = 0,1,2,3,4 simple components. The lattices
(4 and Q5 are called tesseract and penteract respectively. We also note that
n-cube lattices are just the lattices of ideals of reductive Lie algebras, whose
centre has dimension at most 1, and all these algebras are quadratic.

N IX
X\
J/

/N e
.\ /. ‘X
BN

N

/

Figure 5.5: n-cube lattices from n = 0 (left) to n = 5 (right).

Given a vector space M and any subset (2 of linear maps in M, the set of
subspaces of M which are invariant under €2 is a lattice denoted as Subq M.
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Here, two subspaces A, B € Subg M are 2-isomorphic if there is a bijective
map ¢: A — B such that ¢(f(a)) = f(p(a)) forany a € Aand any f € Q.

Lemma 5.3.3. Let Q2 be a Lie algebra of linear transformations in a vector space M
and let Subq M be the lattice of Q-invariant subspaces of M. Then, the following
assertions are equivalent:

(a) Subq M is a finite and boolean lattice.
(b) Subq M is a finite and complemented lattice.

(c) Qis completely reducible in M and Subg M has no irreducible Q-isomorphic
elements.

(d) Q= Q@A where Qy is a semisimple ideal of 0, A is the centre, the elements
of A are semisimple, i.e. the minimum polynomial of any linear map of A is
the product of relatively prime irreducible polynomials, and Subg M has no
irreducible Q2-isomorphic elements.

If any of these equivalent conditions hold, M has a unique decomposition M = M; &
-+ @ M,, where M; € Subq M are irreducible and no Q-isomorphic subspaces. In
particular,

SubQMZ{Mil@”-@Mik:1§i1<...<ik§T}U{0},

and Subg M is isomorphic to the r-cube lattice Q).

Proof. 1f we omit the condition of finiteness and the property of nonexistence
of Q-isomorphic subspaces, the equivalence of the assertions (b), (c) and (d)
follows from [Jacobson, 1979], specifically from Theorem 9 in Section 5 of
Chapter II, and Theorem 10 in Section 7 of Chapter IIL

Now assume Subg, M is a finite and complemented lattice. Then, there are
no irreducible 2-isomorphic subspaces P and ). Otherwise, there exists a
Q-isomorphism ¢: P — @, so ¢f = fo forany f € Q. In this case, for any
a € F we can define the nonzero subspace,

R*={a+ayp(a)|ace P} C P& Q.

It is clear that R* € Subg M. Suppose R® = RP,s0 a + ap(a) = b+ Bo(b),
a,b € P\ {0}. The last equation implies

a—b=Bp(b) —ap(a) = plaa— ) € PNQ =0,
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and therefore 8 = . Hence for any scalar o we get distinct {2-invariant sub-
spaces R*, a contradiction because the based field F is infinite and Subg M is
a finite set.

Assume finally that {2 is completely reducible in M/ and M does not contain
Q2-isomorphic irreducible subspaces. Then M = M; & --- & M,, where the
different M; € Subg M are not Q-isomorphic. For any irreducible subspace
P,itfollowsthat M = PO P, @ - - - ® P, where P; are irreducible. Since there
are no 2-isomorphic irreducible subspaces, applying Krull-Schmidt Theorem
of sets of linear transformations, we get that £ + 1 = r and P = M, for some
1 < j <r. So, apart from the trivial subspace, the (2-invariant subspaces of M

are direct sums of a finite number of subspaces Mj, ..., M,. The equivalence
of (a) and (c) follows from [[Pierce, 1982, Chapter 2, Corollary c, Section 2.4]
and therefore Theorem ends the proof. O

This lemma prepares us to prove one of the main results for lattices.

Theorem 5.3.4. Finite lattices of ideals of Lie algebras are always distributive. Up to
isomorphisms, these lattices are sublattices of n-cube lattices.

Proof. Let L be a Lie algebra and £ = Liq(L) be its lattice of ideals. Assume
the result is false. Since £ is a modular and nondistributive lattice, there is a
sublattice of type M3 in £ according to Theorem So there exist ideals
K,R, P, P, and P3 such that P, N P; = K, P, + P; = R, and R covers F,
and P; covers K for each i = 1,2,3. Consider now the quotient Lie algebra
L/K and note that ); = P;/K are minimal ideals. Since [P;, P;] C K and P}, C
P+ P; = R, theideal T' = R/ K decomposes as the direct sums, T = Q1 Q2 =
Q1 ® Q3 = Q2 ® Q3. Then [Q;, Q;] € Q; N Q; = 0, and therefore each Q); is an
abelian ideal. Let M denote the sum of all minimal abelian ideals of /K, and
consider the Lie algebra of linear maps in M, Q = adj; L/ K, ad x(m) = [z, m]
forall z € L/K, m € M. The elements of the lattice Subg M are just the set of
ideals of L /K inside M. This lattice is finite and complemented because of M
decomposes as a direct sum of minimal abelian ideals. Using Lemma [5.3.3}
there is no Q-isomorphic ideals of L contained in M. Since @); are ideals, every
canonical projection w;jp: T = Q; ® Q; — Qr, {(i,4,k) : i < j,k = i,j},
satisfies ;i ([x,a]) = [z, pijr(a)] for all z € L/K. So, in a natural way, the
maps ;i let us define an Q-isomorphism ¢: Q1 — @2, a contradiction. The
final part follows from Theorem[5.3.2} O
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In conclusion, the set of ideals of a Lie algebra is a bounded and mod-
ular lattice. If we impose finiteness, it is also distributive. In Figure 5.6/ we
show all possible distributive lattices up to 8 nodes according to [Erné et al.,
2002]]. Lie algebras up to 6 ideals have been characterized in [[Benito, 1992b]|
and [Roldan-Lépez, 2017]]. Using ideas and techniques included in [Benito,
1992b]], [Benito, 1995]] and [Roldan-Lépez, 2017]], most of the distributive lat-
tices of 7 and 8 nodes can be easily performed as the lattices of ideals of some
Lie algebra.

As a direct consequence of the Theorem we have the next result
which describes the variety of Lie algebras whose lattice of ideals is either
complemented or boolean, all of them self-dual. We remark that the general
assertion about complemented lattices and the equivalence of statements (a)
and (e) have been previously stablished in [Benito, 1995, Lemma 2.3].

Corollary 5.3.5. The Lie algebras with complemented lattice of ideals are of the form
L = S@ A, where S is a semisimple ideal of L and A is an abelian ideal, so A = Z(L).
Moreover, the following assertions are equivalents:

(a) Ly1q(L) is a boolean lattice.

(b) Ly4(L) is finite and complemented.

(c) Lya(L) is an n-cube lattice for some n > 0.

(d) The Jacobson radical of L is trivial and Z (L) has dimension at most 1.

(e) L is either O or one of the following Lie algebras: Fz, a semisimple algebra S
or a direct sum as ideals of Fz and S.

In this case, L has 2" ideals where n is either r or r + 1 and r is the number of simple
components of S (r = 0 is also possible).

Proof. Let @ = adL = {adz : x € L}, where adz(a) = [z,a]. Note that
L14(L) is the set of Q-invariant subspaces of L, so L14(L) = Subgq L. First, we
will prove the characterization of complemented lattices. Assume Li4(L) is
complemented and let A be an ideal such that L = L? @ A. Then [L, A] C L*N
A =0,thus A C Z(L). On the other hand, the derived ideal L2 decomposes as
a sum of minimal ideals, L? = I, ®- - - & I;;, and 1]2 = I, because of (L?)? = L.
Hence L = L? @ Z(L) is a direct sum of the semisimple ideal L? and the
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Figure 5.6: All Lie algebras Hasse diagrams up to 8 ideals (nodes).
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centre. Conversely, in the case L = S & Z(L), 2 = ad L = ad S and Li4(L) is
complemented by [[Jacobson, 1979, Theorem 10, Section 7, Chapter III].

Now we will check the equivalence of the five conditions. Theorem [5.3.4]
shows that statement (b) implies (a). The previous paragraph and Exam-
ple give us item (e) from item (a). Since the Jacobson radical of L is
just L2 NRad(L) = [L, Rad(L)], where Rad (L) is the solvable radical (see []Ja-
cobson, 1979, Chapter III, Section 9] and [Marshall, 1967]]), item (e) implies
(d) follows from [L,Rad(L)] = [L,Fz] = 0. In the case L?> N Rad(L) = 0 we
have L = S @ Z(L), so S = L? is semisimple and ad L = S. Then the im-
plication from statement (d)to item (b) follows by using dimZ(L) < 1 and
Lemma5.3.3] Finally, Theorem[5.3.2)ensures that items (a) and (c) are equiv-
alent. O]

The algebras in this corollary are quadratic Lie algebras as they are reduc-
tive. Lattices in Figures|5.2land |5.5|also belong to quadratic Lie algebras. We
can observe all of their Hasse diagrams coincide with themselves when they
are turned upside down. This symmetry is a consequence of the mapping
® in equation (5.8)). This function maps between L? and Z(L) and in gen-
eral, the terms in the central descending series to the ascending ones. Since
I C J implies J* C I+, ® forces quadratic Lie algebras to have a selfdual
lattice of ideals. In case of finite lattices, the dualization provides a symmetry
in the Hasse diagram respect an horizontal axis. These results are pointed
out in [Hofmann and Keith, 1986| Section 1], and appear summarized in the
following proposition.

Proposition 5.3.6. In any Lie algebra L endowed with an non-degenerate symmetric
invariant form, the map ®: L14(L) — L1q(L) such that ®(I) = I+ is an involutive
anti-automorphism of the lattice of ideals of L. In particular:

(a) I C Jifand only if 9(J) € ¢(I).

(b) ®(I) = J ifand only if B(J) = I.

(c) ®(I+J)=1NJ.

(d) ®(L*) = Zy_1(L), in particular, ®(L?) = Z(L).

(e) If I is minimal, ®(I) is maximal and vice versa. Thus ®(soc(L)) = J(L).

(f) dim L = dim I + dim ®(1), in particular, dim I /J = dim ®(J)/®(I).
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So, the lattices of ideals of quadratic Lie algebras are self-dual.

It is important to note, this lattice duality is a necessary condition, but not
sufficient. Their codimensions must also respect this symmetry due to item (f)
in previous proposition. But, there are also Lie algebras with symmetric Hasse
diagram and symmetric codimensions in their ideals which are not quadratic
as seen in the following example.

Example 5.3.6. LetF - Id x b3 be a Lie algebra obtained from the 3-dimensional
Heisenberg in a semidirect product with a derivation obtained from extend-
ing the identity (check equation (5.3)). This algebra has a self-dual lattice
(see Figure[5.7)), with symmetric dimensions as each ideal has codimension 1
in its consecutive ideals.

e L =span(d,z,y,z)

o b = span(z, y, z

7NN

e e span(azx + By, z)

N/

Z(L) = span(z

°(

Figure 5.7: Lattice of ideals of F- Id x hs. Note the interval sublattice [hs : Z(L)]
is a Sub F? lattice.

The non-null products in this algebra, taking basis {d, x,y, z} are
[d,a] =z, [dyl=y, [dz]=22 [2,y]=2

But it is not quadratic because respect to ad d both x, y and z are eigenvectors
of non-opposite eigenvalues. Therefore, as

(P<$72> = ()O([dv .T],Z) = _90(x7 [da Z]) = _2()0('%'7Z)7

¢(z, z) must be zero. Analogously for every pair in {z,y, z}, we obtain ¢y, =
0 which prevents ¢ from being non-degenerate. Despite being similar, this
algebra differs in ad d with respect the oscillator, which it was quadratic.
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Figure 5.8: All Lie algebras self-dual Hasse diagrams up to 8 ideals (nodes).

Among all lattices of ideals up to 8 nodes seen in Figure only few of
them are selfdual. We can see which of them are in Figure We can easily
obtain some quadratic Lie algebras from those self-dual lattices by using our
deconstructing results on Chapter 3} structural patterns and some classical

constructions from Chapter 2}

e Lattices h3.1, h5.1, h7.1, h7.8 and h8.13 are T™*-extensions using Theo-
rem 2.2.23|because they contain a lagrangian ideal. As an example, h3.1
is the lattice of 7; (S) for any S simple Lie algebra.

e h2.1, h4.2 and h8.15 correspond, according to Corollary[5.3.5 to reduc-
tive Lie algebras with dim Z(L) < 1 containing exactly one, two and
three factors respectively.
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e h6.5 comes from an algebra, whose lattice is h3.1, in direct sum with a
one-dimensional or simple ideal. In the same way h8.14 follows from
h4.1.

e hilfori=1,...,8arechains. We have seen some quadratic algebras, as
the real 4-dimensional oscillator one, whose lattices are of this type. For
i > 3, they are local algebras according to Lemma which also says
they can be decomposed as its nilradical plus a simple or 1-dimensional
subalgebra. Thus, using Theorem we can obtain them as double
extensions of N/N L. In these chains, the nilradical occupies the second
ideal starting from above, and its orthogonal appears in the penultimate
position.

Apart from finite lattices, some of the algebras we are studying present
infinite lattices. In those one, we can still clearly observe the self-dual property
as seen in the two first lattices in Figure[5.9] The third one shows the existence
of quadratic Lie algebras whose lattice of ideals is a n-chain for any n € N as
long as you want. This, in combination with lattices hi.1 for i = 1,...,8 from
Figure 5.8, opens up our next section.

na3 ngo S®%
AN S
[/ (AN
AN, WA \

NSO

Figure 5.9: Infinite quadratic lattices and n-chains for S simple. [ny3 : 13 5]
and [n32 : nj ,] are respectively SubF? and Sub F?.

5.3.2 Chain lattices of ideals

From Dilworth’s Chain Decomposition Theorem [Dilworth, 1950]], any finite
lattice decomposes as a disjoint union of chains. This fact highlights n-element
chain lattices as basic blocks for embedding or decomposing finite lattices. As
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describe in the characterization of these chains in [Benito, 1992a]], for dimen-
sion greater or equal than 2, solvable n-chains Lie algebras are 1-dimensional
extensions of a nilpotent Lie algebra n. This algebra n is the nilradical and it
can be a GHA, or a ﬁlzfomﬂ with nilpotency index greater or equal than 3, or
a finite thin algebra with two diamonds (both the centre and n/n? have dimen-
sion two and n;‘% is one-dimensional otherwise). The common pattern to all
n is that they are naturally graded and generated by a subspace. That is, they
are quasi-cyclic Lie algebras.

In the non-solvable case, there is a large number of different types of mixed
algebras with chain lattices of ideals. The easiest example is the 3-chain given
by any split extension of a simple Lie algebra and a nontrivial irreducible mod-
ule. Mixed n-chain algebras are formed from a nilpotent radical and a simple
Levi factor. As in the solvable case, the chain ideal condition also imposes
positive gradings on the nilradical. Examples are given at the end of this sec-
tion.

5.3.2.1 Examples and theoretical support

Using free nilpotent models in equation (2.7]), the UMP and description of the
derivations in Proposition[5.1.T} Corollary[5.1.2]and the remark below, any lin-
ear map f: u — u extends to a derivation dy of ng;. The set of such extension
maps that have zero trace is just the Levi subalgebra of Dern,, that we also
denote as sl(u, F) (for short s(;(F) or sl(ut)). Seen as 5[(u)-modulesﬁ ford > 3,
we have u = V()\1), A2u = V(X\2) and A3u = Fif d = 3 and A%u = V(\3) if
d > 4. In addition,

u® A%u

A3u

Denoting by p; and p; the natural representations of sl(ut) on ng and ng 3, we

= V(AL + M)

arrive at the series of mixed Lie algebras with 4-chain and 5-chain ideals:
sl(u) ®p, ngp and  sl(u) By, ng3. (5.10)

Example 5.3.7. The smallest Lie algebras in equation (5.10)) correspond to a
vector space u of dimension 2. In this case, we get algebras of dimension 6 and
8 with sl (IF)-irreducible decomposition Vo & Vi &V, and Vo & Vi V6 V. Here

?See for example [Bordemann, 1997]] for a definition.
*For any simple Lie algebra, following [Humphreys, 1997]], any irreducible module is of the
form V() where X is a dominant weight.
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is the (n + 1)-dimensional irreducible module of sl3(F) and V5 is just the
adjoint module of sly(IF). Equation describes the modules, and later,
through this section, we will give a complete description of this algebra using
basis and bracket product.

Example 5.3.8. From the set of skew-maps of a fixed vector space u relative to a
bilinear and non-degenerate form ¢, either symmetric or skew-symmetric, we
get classical simple Lie algebras so(u, ¢) and sp(u, ). The natural module u =
V(A1) of so(u, ) (dimu > 7 is required for tensor decompositions) provides
the representation p;, (it is the restricted representation of the one given in

equation (5.10))). Then, A%u = V(\3),

u® Au

Z(ng3) = Ay

= V()q + )\2) D V()\l),
and we get the series of Lie algebras of seven ideals
S(uv 90) = 50(Ll, 90) EBPQ N4 3-

The lattice of ideals of £(u, ¢) is a 4-element chain connected by the rhombus
ideal Z(ng3) at the bottom. But the quotient Lie algebras by minimal ideals
inside Z(ng3),

£(w, ¢) L(w, o)
and ———,
V(/\l) V()\l + A2)
are 5-chain mixed Lie algebras. In both cases we get the 5-chain by removing
a minimal node in the complete lattice of ideals of £(u, ¢).

Example 5.3.9. GHA b2y, in their standard basis, endow the vector space
Wy, with the non-degenerate skew-form [a, b] = ¢(a, b)z. According to equa-
tion (5.2)), the Levi factor of Der b2y, 11 is the Lie algebra s of extended maps d
where and df(z) = 0 and d¢|, = f for every f € sp(u, ¢). So s = sp(u, ) and
han41 decomposes as the natural sp(u, ¢)-module u = V();), and the trivial
one-dimensional module Z(h2,+1) = F - 2. Clearly, the ideals of the Lie alge-
bra s ®;q h2n+1 (@ mixed subalgebra of the mixed algebra Der ha,, 11 @ig han+1)
form a 4-chain. For n = 1, since sp,(F) = sly(F), previous 4-chain Lie algebra
is encoded in a Lie structure V2 & V; @ Vp in Example Here V; @ Vy is
just bs.

Example 5.3.10. The tensor product S ® A of a Lie algebra S by a commuta-
tive and associative algebra A produces a Lie algebra named in the literature
current Lie algebra of S by A. Poisson structures and invariant bilinear forms on
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5.3. Lattices of ideals

current Lie algebras are treated in [[Zusmanovich, 2014, Theorem 2, Corrol-
lary 2.2 and Lemma 2.3]. If A has unit, a copy of S appears as subalgebra of
S ® A. If S is simple, the ideals of S ® A are of the form S ® I where I is an
ideal of A. Since the Killing form is an invariant and non-degenerate form of
any simple Lie algebra, from Lemma 2.3 in [[Zusmanovich, 2014]], the current
Lie algebra S ® A can also be endowed with an invariant symmetric and non-
degenerate bilinear form. In this way we get a metric Lie structure (quadratic or
metrizable Lie algebra). Consider now the series of current algebras introduced

in Example
[t

gn(S) =5S® W>

for S a simple Lie algebra. Note, the block s = S ® 1 is a Levi subalgebra
of g,, and the solvable radical, t(g,,) = n(g,) = 69?;115 ® 2, is a positive nat-
urally graded Lie algebra (here z is the class of the element #' mod span(t"))
generated by S ® z. So, n(g,) is Carnot and the whole algebra g,, is also nat-
urally graded. As s-module, g,, decomposes as the direct sum of n copies of
the adjoint module of S and its lattice of ideals is a (n + 1)-element chain. In
addition, g, is a quadratic Lie algebra. The smallest algebras appear by taking
S = sl3(F). The sly(F)-module decomposition of g, (sl2(F))is Vo @ --- @ Va (n
summands).

From all these examples, the only ones which provide quadratic Lie alge-
bras comes from Example The rest of them do not provide symmetric
codimension in their lattice of ideals. Now, we will try to build chains in a
general way using sly and the theoretical results presented below.

The anticonmutivity and Jacobi identity are the identities that determine
any Lie algebra g. The first one is equivalent to saying that the product [z, y]
on g in is given by a bilinear map A%g — g; while the latest is equivalent to
stating that the right multiplication ad x is a derivation of g, for every x € g.
If g is simple, it is irreducible as adjoint module and a copy of g is inside A?g.
Reversing and generalizing this argument, for an irreducible representation p
of a semisimple Lie algebra s over a vector space V, the existence of a copy of
V inside A2V let us define an skew-product x: V ® V — V such that p(s) C
Der(V, ). This induces naturally a Lie structure on the vector space s &, V.
Along this section, we follow this idea in order to get Lie algebras with chain
ideal lattices.
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Our algorithms to give the desired Lie structure are based on the represen-
tation theory of sly(F) and the use of transvections to express skew-products,
and the structure results given in [Benito, 1992a, Theorem 2.2] and [Snobl,
2010, Theorem 2]. Both theorems can be found below.

Theorem 5.3.7 (see [[Benito, 1992b]]). Let g be a mixed Lie algebra. Then, the ideals
of g are in chain if and only if g is a simple Lie algebra or a direct sum of a nonzero
nilpotent ideal n and a simple algebra s such that w/n? is a faithful s-module and
n /vt are irreducible s-modules for j > 1. In that case, if t is the nilindex of n, the
ideals of g are the (t + 1)-element chain 0 =n* Cnt"1 C ... Cn' C .- CnCg.

In order to obtain a Lie algebra, as described in previous theorem, we need
a triad (s, n, p) where s is simple, n nilpotent and p: s — Dern. Son = m; &
ma @ --- ® my is a direct sum of irreducible s-modules m; = n’/n’*!. The
nilpotency of n makes the construction easier because the terms in the lower
central series are characteristic ideals (i.e., n’ is Der n-invariant for all i) and
n is generated by any subspace V such that n = V & n?. We also note that
g = 5 @, nis indecomposable, so p is faithful. Even more:

Theorem 5.3.8 (see [Snobl, 2010]). Let g be an indecomposable Lie algebra with
product [z, y], nilpotent radical n of (t + 1)-nilindex and nontrivial Levi decomposi-
tion g = s @ n for some semisimple Lie algebra s. Then, there exists a decomposition
of n into a direct sum of s-modules.

n=mp D maD- - Dmy,

where w = m; & nIt, m; C [my, mj_1] such that my is a faithful s-module and
for 2 < j <'t, m; decomposes into a sum of some subset of irreducible components of
the tensor representation mi @ m;_j.

From Theorems and we get the following general construction
of mixed algebras with chained lattices of ideals

Theorem 5.3.9. Let s be a simple Lie algebra and my, ma, ..., my irreducible s-
modules with representations p;: s — gl(m;) fori =1,...,t being py faithful. Also,
we have s-module homomorphisms

Dijk: My @ Mj — My

where1 <i < j <k <tandi+ j <k such that
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5.3. Lattices of ideals

® Dijk is skew-symmetric when i = j,

o piji is not null wheni =land k =1+ j

which also verify the identity

Z Z pzlr U ngl v, ’UJ Z Z p]lT‘ v plkl u, w))

l=j+k r=i+l l=i+k r=j+I
t—k t

+ Z Z ﬁkl’r‘(wapijl(ua U)) = 07 (511)
l=i+j r=Fk+l
wherew € m;, v € mjand w € my, fori+j+k < tandi < j < k. Here pi, = pir
if k <1, or prir = —pikr Otherwise.

The vector space g = s & my & ma @ - - - & my with product

[5) 8/]9 = [57 8/]57

[svu]g = pi(s)(u)a
[uvv]g = Z pijk(u7v)a

k=i+j
fors,s’ € s,u € my,vemjandi < jgives a Lie algebra with a (t+ 2)-chain lattice
of ideals

O<my<mi_1Pm <...<m1PBma®---Bm <g.

Moreover, every mixed Lie algebra with (t 4 2)-chain lattice of ideals has this form.

Proof. By definition g is skew-symmetric and satisfies Jacobi identity, as it
involves the usual product in s, some of its representations p;, or it is im-
posed by condition in equation (5.11]), which is effectively Jacobi inside n =
my @ --- @ my. Since my, is irreducible, any (nonzero) map pi i is surjective
when k = j + 1. Then, from [s, m;|; € m; and [m;, mjlg =0fori+j >t +1,
it is straightforward to check that n is a nilpotent ideal with k™ lower central
term

= @ mg.
s>k

In fact n is the only maximal ideal of g because of p; is faithful and irreducible,
and s is a simple Lie algebra. The ideals we obtain, and the reason why every
non-solvable chain has this form is obtained from Theorem 5.3.71 O
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Remark 5.3.10. Lie algebras g = s ® n described in Theorem are perfect
algebras (g = g%) with nilpotent solvable radical, n = m; ©@mo ® - - - & my with
LCS terms n* = my @ ...m; and [n’,n/] C n*. In addition, the summands
m; are irreducible and either dimm; = 1, so [s, m;] = 0, or [s,m;] = m;, and
mjs1 € [mq,mj]. In particular, the module m; generates n as a subalgebra
and my C A*m; by skew commutativity.

Example and equation (5.10]) in Section|5.3.2.1|follow the rules of the
decompositions given in Theorem by using the simple Lie algebras s((u)

and so(u) and taking m; = u the irreducible natural module and irreducible
quotients of A%u and u ® A%u (here A3u must be removed). In each example,
the homomorphisms p; ;. are given by the projections inside tensor product
modules. These examples are particular cases of a more general situation.
According to [Benito and de-la-Concepcién, 2013, Theorem 3.5] and Theo-
rem[5.3.7) the mixed Lie algebras with nilradical of type d and nilindex ¢ + 1
in which the lattice of ideals is a n-element chain are of the form

$ D1 M,
i
where s is a simple subalgebra of the Levi subalgebra of derivations of the free
nilpotent ng; (see [Benito and de-la-Concepcién, 2013, Section 3] for a com-
plete description of Derng;) such that ng,/ “?z,t is a s-irreducible and faithful
module, i is an ideal, and also a s-submodule of nfht, that properly contains
n},. And each s-quotient module

k .
gt +1

E+1 | .0
Ny +1

for 2 < k < t, is s-irreducible. Explicit expressions for the irreducible blocks
m; or the general product in Theorem for the Lie algebra £(s,u,i) are
not easy to get, even in low nilindex. In the case of the 3-dimensional split
simple Lie algebra, where the irreducible modules can be described in terms
of differential operators and the maps p;;;, are given by using partial differen-
tiation of polynomials, computational algorithms with a detailed description
(including bases and bracket products) of the algebras can be implemented.

sla(F)-modules and transvections As our final aim is constructing chains
like the ones in Theorem where 5 = sly(IF), we are going to see some
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5.3. Lattices of ideals

arithmetic particularities of this simple algebra. They will play a significant
role in obtaining these algebras, automatically and theoretically. We follow
ideas and tools from [[Dixmier, 1984]] and [Bremner and Hentzel, 2004]].

First, we work with the classic basis in sly: {e, f, h} with products [h, e] =
2e, [h, f] = —2f, [e, f] = h. Let F[z, y] be the ring of polynomials in the vari-
ables x and y. For every d greater or equal than 0, we denote as

Vy = V(d) =span(z?, 24 1y, ..., zy? L y?) (5.12)

the set of homogeneous polynomials of degree d. Abusing notation, we will
write deg V; = d. Then, V; are vector spaces of dimension d+1, with V = F-1.
The set V; can also be viewed as a sly(IF)-module in a natural way once sl (F)
is identified, into the Lie algebra gl(F[z,y]), as the Lie subalgebra of partial

0 0 0 0
span<e—xay, f—y%, h—:caw—yay>. (5.13)

derivations

This action turns Vg into an irreducible module as seen in Figure Even
more, any finite-dimensional irreducible module of sly(F) can be viewed in
this way, being V) the trivial module.

h h h h h h
CC s o ) ) )
0 . . ./\ /\./\./\./\0
o " N4 N
€ € (& € € € €
SCd .%‘d_ly wd_2y2 $2yd—2 .led_l yd

Figure 5.10: Diagram representing the sly-action over module V.

The Clebsch-Gordan’s formula gives the following decomposition of the ten-
sor product of two sl (F)-irreducible modules. For n > m we have

Vo ® Vi 2 Vi @ Vo = P Vipm—2t = Vo © Vigm2 @ -+ ® Voo (5.14)
k=0

While, when n = m we can decompose

1252 ]
@ Von—ak—2 = Vo2 @ Vop_6 ® Vop_10® . ..,
k=0

A%V,

12
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which is simply taking the odd k-summands in equation ([5.14)).

Now, for 0 < k£ < min(n,m), let us consider the bilinear transvection map
introduced in [Dixmier, 1984]] as (-, -)x: Vi, X Vi = Viy1m—2r Where

_mo R (R Ry 0 oy
(f,9)k = ml nl ;( 1) i) Ozk—idyi dridyk—i’

We will use these transvections to define sl (F)-invariant products as it is ex-
plained in [Dixmier, 1984]]. From Schur’s Lemma and Clebs-Gordan’s for-
mula, it is easy to prove the following result:

Lemma 5.3.11. Any bilinear sly(FF)-invariant product Py, p: Vi @ Vi = V),
satisfies:

® Pomp = - (f,g)r forsome o € Fwhenp =n+m—2kand 0 < k <
min{n, m}. Here P, s, »(b,a) = (—1)* P, 1 ,(a, b).

® Py mp = 0 otherwise.

So the product P, ,, ,, is either symmetric or skew-symmetric.

Proof. Note that the set of sly(F)-invariant products P, ,, , are just the vector
space of module homomorphisms Homy, ) (Vi @ Vin, Vp). The dimension of
this set is equal to the number of copies of the irreducible V,, inside V,, ® V.
According to Clebs-Gordan’s formula, the dimension is at most 1. O

This lemma plays an important role in the construction of Lie algebras in
which their Levi factor is, up to isomorphism, sl (IF).

5.3.2.2 Algorithms

Now we have all the tools to start constructing Lie algebras whose ideals are
in a chain. First, note we will go back to notation p;;i, : m; ® m; — my,, instead
of the one Lemma as it will be more convenient. Aside, as every sls-
module m; can be identified by an integer, our algorithm will receive integers.
But, instead of integers referring to the dimension or degree of each module

we will set the integers in the following way: n1, no, . . ., n; will define modules
mi, Mo, ..., m; where
m; = inyg—2 2;22 n; = V;'nl—Qng—...—Qni (515)
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Somy = Vy,, ma = Vap, —on,, M3 = Vap, —on,—2n, and so on. Here
dimm; = dimmy +dimm;_1 — 2n; — 1

)
:i-nl—227@—#—1:i-n1—2n2—...—2m+1.
=2

As this type of algebras would appear constantly till the end of the article,
we would introduce the following definition:

Definition 5.3.7. We say a Lie algebra g is a sly-chained Lie algebra of length
t + 2 when g has Levi decomposition s & n with s = sl; and it is formed as in
Theorem[5.3.9]

We will denote these sly-chained Lie algebras as
@({mi}izl,---,ta {Oéijk}izL...,ng;jzi,...,tq; k:i+j,...,t)7
where m; will be the sly-modules of the form Vj, for some k; and
pijk: - aijk('y ')Cijkv

where

dimm; + dimm; — dimmy, — 1

Cijk =

2

_ degm; + degm; — degmy
B 2

it+j5—k :
:(Z)nl_ZW > w

1=2 I=j+1

i+7—k

= (‘72>n1—ng—--~—ni+nj+1+---+nk.

Therefore, our chains will be of the form
g=slbdmi Sma® - & my,

with ¢ + 2 ideals in a chain: 0, @f:k m; for k =1,...,¢;and g. They will also
have the following Lie bracket definition (s, s’ € sly, u € m;):

o Inside sly, where the elements are viewed as partial differentiation maps
according to equation (5.13)), the definition is given by the using usual
special linear Lie bracket [s, s'] = ss’ — ¢'s.
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e The product [sl, m;] is defined using the representation p;, as

[s,u] = pi(s)(w).

This way, for the standard basis in sl, it is defined as

ple) = ;’y
P
p(f) = Y g
o 0

P(h):l‘%—ya*y'

e The product between the modules satisfies a couple of conditions:
[m17 m’t] :_) mi41,

t
[mi, m;j] C g My = Migj + Migjp1 + - + My
k=i+j

Given u € m; and v € m; where ¢ < j the Lie product is
t
[’U,,'U] == Z pijk(uvv)7
k=i+j
where p; ;i : m; ® mj — my, such that
pijk(“a U) = Qyjk - (U, U)cijk
If ¢iji, ¢ Z>o then, as stated in Lemma 5.3.11} «;j = 0. Moreover
- iy #0fori=1landk=j+1,

— As pj;, must be skew-symmetric then c;;, must be odd or o, = 0.

So, when ¢t = 3 we will have chains €({m1, ma, ms}, {a112, @113, @123}),
and for t = 4 chains will be

Qf({ml, ma,ms, m4}, {06112, @113, 0114, (123, (124, (X134, a224}).

Now, all these tools and notation, in combination with Theorem open
up the idea to develop Algorithm to find all these algebras given the
already mentioned list of integers referring to the irreducible modules.
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Algorithm 5.3.1. Checks if a succession of ¢ integers referring to t modules is
compatible with being a Lie algebra whose ideals are in chain of ¢ + 2 ideals.

Input: The algorithm receives t integers ny, no, . . ., n; referring to slp-modules
as defined by equation ({5.15)).

Output: A boolean value (true or false) indicating if there is a Lie algebra
C({mi,ma,...,my}, {O‘ijk}izl,...,ng;j:i,...7t—1;k:i+j,...,t) for some «;j;,. And the
list those valid «;;, such the chained algebra exists.

In case the validity of the algebra is subject to only some values of the
parameters «;j;, the algorithm also gives them.

Steps: The algorithm is divided in two main steps:
(a) Check integers input: this is equivalent to checking if

® Mo g A2m1

e mit1 Cmy ®m; foreveryi=2,...,t

In terms of integers, this translates into ny being an odd number, and
fori=1,...,t—1,

1
0 < niy1 <min(ny,dimm; — 1) = min | ny,i-np — 2 g n;
i=2

(b) Check Jacobi identities inside m; & ma @ - - - @& my: We need to study
J(u,v,w) = 0foru € m;, v € mjand w € my suchi+j+k < tand
i < 7 < k. As seen in Theorem [5.3.9, here

J(u,v,w) = [u, [v,w]] + [v, [w, u]] + [w, [u, v]]

t—i ¢ t—j ot
= Z Z pitr (W, Pk (v, w)) Z Pjir (Vs Pigt (u, w))
l=j+k r=i+l l=itkr=j+1
t—k t
+ Z Z ﬁkl?(wapijl(ua U)) = 07 (516)
I=i+j r=k+1
where P = prir if k < I, or P, = —pier otherwise.
In case we want to find every tuple (n1,n2,...,n:) that gives a chain we

should call Algorithm using at least all integers that satisfy step 1 in Al-
gorithm [5.3.1]
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Note, Algorithm only works for every chain of 3 or more ideals (so
t > 1). But we do not need more in case we want to study smaller cases. A
1-chain is simply the zero-dimensional Lie algebra, the only 2-chain of this
form is the simple Lie algebra sl with no modules. And, even for cases as
3-chains of 4-chains (¢ = 1,2) the algorithm is unnecessary as the algebras
are sly © V,, for every n > 0, and sly ® V,, @ Va9 for 1 < k < n and k being
an odd number. In all those algebras, the skew-symmetry is guaranteed by
transvection properties, while the Jacobi identity is trivially null in the mod-
ules. It is only in larger cases when the use of the algorithm becomes relevant
for finding valid algebras. That is why, for cases ¢t = 3 and t = 4 we can find a
detailed implementation in Algorithm and Algorithm respectively.

Algorithm 5.3.2. Detailed implementation of Algorithm in caset = 3.
Input: Three integers n1, no and n3 referring to modules

® My = anr

e m2 = Von, on,,

® M3 = ‘/3711—2712—2713'

Output: A boolean value (true or false) indicating if there is a Lie algebra
@({ml, ma, mg}, {04112, o113, Oélgg}) for any o such that o112 - o123 75 0.

Steps: The algorithm is divided in two main steps:
1. Check integers input:

e 1 <nyo <njandnsyisodd,

e 0 < ng <min(ny,dimmsg — 1) = min(ng, 2n; — 2na).

2. Check Jacobi identity inside the nilradical N = m; ® my @ m3. As we
have t = 3, equation (5.16]) can be simplified as we have only one possi-
bility: i = j = k = 1. Therefore, the only identity to check is

p123(u, pr12(v, w)) + p123(v, pri2(w, w)) + pres(w, pri2(u, v)) = 0.

for every u, v, w € my. Every term of this equality has both coefficients
aq23 and a112, and, as they are not zero, we can simplify obtaining

(uv <U7 w)m)ns + (U7 (wv u)ﬂz)m + (wv (uv U)m)ﬂs =0. (5~17)
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If this is true €({m1, mg, m3}, {112, @113, a123}) is a Lie algebra for any
ik such that 112 * (X123 75 0.

Applying Algorithm we can obtain every possible 5-chain for n; <
32. This way we observe two families: the first is formed by 4 chains that
exist for every n; and are described in Table The second family is formed
by algebras which repeat every four n; values. This last family appears in
Table And, up t(ﬁ n1 = 32 these are the only chains of 5 ideals. Therefore,
it is quite probable that this extends for every n;.

ny N ns sla-modules Condition

0 Vi @ Von—2 ® V32 n=>1

n 1

n 1 Ve ® Vop—2 @ Vapy n>2

n 1 3 Vo ® Vop—2 @ V3,3 n>3J3
3

n 1 Vi @ Von—6 @ Van—sg n >4

Table 5.1: Chains of 5 ideals for n; < 32 which repeat for every n;.

ni N2 ng sla-modules Condition
4dn o2n+1 dn — 3 Vin ® Va2 @ V4 n>2
dn +1 2n+1 4n Vint1 ® Vi & V1 n>0

dn + 2 2n+1 dn+1  Vippo ® Vo ® Vo n=>0
dn + 3 2n + 1 dn+3  Vipis®Vipra®Wh n >0
in+14 2n +1 dn + 3 Vin+a B Vante & Va n>0

Table 5.2: Chains of 5 ideals for n; < 32 which repeat every four n;.

Algorithm 5.3.3. Detailed implementation of Algorithm in caset = 4.

Input: Four integers n, ng, n3 and ny referring to modules
® My = Vn1/
® 1Mo = ‘/2n1—2n2/

® M3 = V:?n172n272n3r

*The n1 = 32 cap is set arbitrarily to limit the computational cost, and it is not based on
some property that does not work for greater values.
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® My = V;lnl—2n2—2n3—2n4-

Output: A boolean value (true or false) indicating if there is a Lie algebra
C({m1, ma, m3, ma}, {vijk}i=12; j=i,.. 3 k=i+j,. ) for some a;j;. It also returns
a value o which gives the following scalar restriction over asay:

Q224 * (X112
o= 22 12 (5.18)
123 * (X134

Any values for aq12, 123, 134 different from zero would give an algebra, at

least when considering a124 = a113 = 0.

Steps: The algorithm is divided in two main steps:

1. Check integers input:

e 1 < nyo <nyand neisodd,
e 0 <n3 <min(n;,dimmsg — 1) = min(ny, 2n; — 2ng),
e 0 <nyg <min(n;,dimmg — 1) = min(ny, 3n; — 2ng — 2n3).
2. Check Jacobi identity inside the nilradical N = m; & ma & ms & ma.

Here t = 4, so equation (5.16]), taking into account pi114 and pi24 go to
the centre, appears in two scenarios:

(a) Three elements u, v, w € my.

p123(w, pr12(v, w)) + pr23(v, priz(w, w)) + praz(w, pri2(u,v))
+ pr2a(u, pri2(v, w)) + pr2aa(v, priz(w, w)) + praa(w, priz2(w,v))
+p134(u, pr13(v, w)) +pi3a(v, pr13(w, w)) +piga(w, pr13(u, v)) = 0.

Taking projections, we can separate the first three addends from

the rest into two null equations. The first one, following the same

procedure as in Algorithm turns again into equation (5.17).
The second part could be omitted taking a124 = 0 and aj13 = 0.

(b) Two elements u,v € m; and another w € ma.
p134(u, p123(v, w)) — p134(v, p123(u, w)) + paza(w, p112(u,v)) = 0.
(5.19)

For this equation we have two options:
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e If n3 + n4 — ng is even or negative, or ny + n3 + ng > 2n; then
ago4 = 0, and equation (5.19)) turns into

(u7 (U, w)ﬂs)n4 - (Uv (uv w)n:s)m =0
e If not, equation (5.19) turns into

(uv (U, w)ﬂ3)n4 - (Uv (uv w)n:a)m ta- (wa (u7 U)nz)n3+n4—n2 =0

for a = 224712, Note this « is unique as in this case we have

(w7 (uv U)nz)n3+n4—n2 ?é 0.

On the same way, applying Algorithm we can try to obtain every
possible module combination of 6-chains for n; < 32. Again, we can distin-
guish two groups. The general one that repeats for every n; which appears in
Table But, in contrast to what happens with five ideals, in this case there
are some chains that only work for some n; values. These particular cases are
listed in Table 5.4

n1 N2 N3z Ng sla-modules « Condition
n 1 0 0 V,®Va2®Vzy_2® Va2 0 n>1
no1 0 2 Va@Va o0V o0Vins g @ n>2
n 1 1 1 V,®Varo®Vapu®Vigg 222 n>?2

Table 5.3: Chains of 6 ideals for n; < 32 which repeat for every n;. Parameter
« is defined in equation (5.18)).

Remark 5.3.12. In case we want to study what happens in (¢ + 2)-chains for
t > 5 we can use the general Algorithm It is important to note, that
in these cases the complexity increases rapidly. For instance, when ¢t = 5,
which is the simplest case, checking Jacobi identity following equation (5.16))
produces up to 4 cases to study:

1. Three elements in m;
2. Two elements in m; and other in ms

3. Two elements in m; and other in msy
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niy Mg N3 N4 sla-modules o
3 1 1 3 VieVyeWoWwh 7/5
3 1 3 1 VieVieVioWh -2
4 1 3 3 VieVsaViely 3/2
4 3 1 3 VieWheVielh 1/2
5 1 3 5 VieaWzaeVol, 22/21
5 3 1 5 VieVieVoVy 12/7
6 1 3 5 VeaViaeVieaeV 1

Table 5.4: Chains of 6 ideals for n; < 32 which do not repeat for n;. Parameter
a is defined in equation (5.18)).

4. Two elements in ms9 and other in m;

As seen in Algorithm and Algorithm many «;;;, could be consid-
ered null and we could simplify them. But, as as24 could be different from
zero many more subcases appear making it much harder to solve.

5.3.2.3 Lie algebra structure existence

Although our algorithms are useful for finding chains, they do not let us gen-
eralize and prove the existence of 5 or 6-chains whose dimension is as big as
we want. But, at least, seeing their results we know approximately where we
should look.

Before proving some results of existence, we need to introduce Gordan
identities, which appear in [Dixmier, 1984] (see also [Bremner and Hentzel,
2004]] for further information). These are some relationships that transvec-
tions fulfil which will be helpful during proofs.

Definition 5.3.8 (Gordan’s Identity). Let f € V,,, g € V;;, and h € V,,, and let
a1, ag and a3 be non-negative integers such that a; + o < p, s + g < m,
ag +a; <n,witha; =00 ay + a3 = m. Then

fg h
m n p| =0,

a1 G2 a3y
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where

h n—a1—as) (a2
S (1) (o2)

m n p :ZWM((ﬁQ)aﬁi,h)aﬁazi
a1 o Qa3 i20 d

a1y~ ) (F)
+ <_1) 1 Z W((ﬂ h)a2+i> g)a1+a3—i-
i>0 i
Chains with five ideals Now, we have all the necessary tools to prove all
chains in Tables and can be extended for any n and not only up to
32. But before proving the results we introduce the following simplified nota-
tion for Gordan’s Identity. When writing [f, g, h, n, a1, as, as] we refer to (for
fig,h €V,)

fg9 h

n n n

Q1 Gy Q3

and

[fagahv n, 061,052,063]* = Z[fagvhanaalaa%a?)] - Z[gv f’ h>n7 Oll,Olg,Olg].

O O
f.9:h 9,fsh

From now on p(,, ... n,) = Pny ® -+ & pn, Will denote the direct sum repre-
sentation of sl3(IF) on the vector space module

W(ni,...,ng) = Vpy @ Vopy—on, &+ er22222 .

According to Section [5.3.2.1} the action p,; on the module an1—2 Sy of
k=2

homogeneous polynomials of degree jn; —2 Zi:Z ng, is given in terms of dif-
ferential operators. The Lie bracket that makes W (ny,...,n;) into a nilpotent

€
Cijk
S t
an1—22’§:2 . of f e ‘/’in17222‘:2 - andg € V;'m—QZi,;g g’ Herei=1,...,[5],
j=1t4,...,t—land k =i+ j,...,t. In the particular case wherei =1, j = p

and k=p—+1

Lie algebra is defined rescaling by «;;;, € F the ¢;;,-transvection (f, g)

If, 9lw = auji(f, 9)n, and ayji, # 0.

We will also denote the tuple A(,, . n,) = (aijr)ijx- This encodes the structure
constants of the Lie algebra W (ny,...,n;). Here, aj; is nonzero for all i =
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l,j=p=1,...t —1and k = p+ 1. We shall refer to a fold («;;)i;» structure
constants fold of the Lie algebra

P = P(ni,...,nt)>

o) oy = 51a(F) &, W(n,...,n;), and Ly
= A(

n17~--7m)‘

Proposition 5.3.13. The 3-tuples (n,1,0), (n,1,1), (n,1,3) and (n, 3, 1) generate
the following A\-parametric families of slo-chained Lie algebras:

(a) g( 1 0) — 5[2(F) @p (Vn ©® Vv2n—2 ©® ‘/?m—Q))\/for n>1,
(b) gfr,:\l,l) - E[Q(F) @p (Vn ¥ ‘/Qn—Q S¥ Vén—ll))\/for n Z 2/
(C) g (n, 1 3) E[Q(F) Dp (Vn ® Vop—2 ® V3n—8))\/for n=>3,

(d) g o 3 1y = 802(F) @y (Vi & Van—6 © Van-g)a forn = 4,

where scalar threefolds A, n, ny) = (112, @113, 123) determine the product in nil-
radical by c112(+, *)ng, 0113(+, ) 2ng+2n53—ny ANd 0123(, *)ng. And they take values:
2

n,l,o) = (a112,0, a123)

(n,1,1) = (Q112,0,0193), forn #2, X211y = (@112, 0113, @123)
n,1,3) (a112,0, 123), for n # 6, A6,1,3) = (112, @113, a123)
(n,3,1) = (112, 0, 123), for n # 6, A6,3,1) = (112, @113, 2123)

Proof. We denote the different tuples in the general form (n1,n2,n3), som; =
Vo, ma = Vap,—op, and ma = V3y,, _opn,—2n,. Itis a straightforward computa-
tion that the module summand W (n1, ng, n3) = my @ ma @ msg is as described
in all four items. Using Clebsch-Gordan’s formula from equation we
can observe mgy appears in A%’mq and ms appears in m; ® ma. Therefore, by
construction, we only need to check Jacobi identity from equation (5.17), for
every f,g,h € mi. And this equality can be proved using Gordan’s Identity

192



5.3. Lattices of ideals

from Definition on expressions:

[,9:0,m,0,0,1] = ((F, )1, o — (£ h)or 9)1 — 5((/: . 9o

2.5, 0,110 = (£, 901 h)1 + 5((F,9)2, 0o = (W1, 90 = 5((F: h)zs 9o,
(n—2)(n - 3)
@n—5)@an—6) S 9o

o (s

[f,9:h,m,0,1,3] = ((f,9)3, )1 + %((fv 9)a,h)o — ((f,9)1,h)s — %((fa h)2,9)2

3(n—1) (n—1)

- m((ﬁ h)s, g — 12n=5)

[f:ga hvn707272] = ((fv 9)27 h)2 + ((fa g)3a h)l +

= ((f,h)1,9)1 — ((f, )3, 9)1 —

((f, )4, 9)o-

Depending on the different tuples, equation (5.17)) is equivalent to the follow-
ing identities (note that (a, b);, = (—1)¥(b, @)}, according to Lemma 5.3.11)):

e (n1,n2,n3) = (n,1,0) for n > 1: equation follows from,
[f,g9,h,n,0,0,1] — [h,g, f,n,0,0,1] = 0.
We note that ;13 = 0 because ms = V3,,_9 is not contained in A%m;.
e (n1,n2,n3) = (n,1,1) for n > 2: equation follows from,
[f,9,h,n,0,1,1] + [g, f,h,n,0,1,1] + [h, g, f,n,0,1,1] = 0.

In this case, m3 = V3, 4 C A%my implies 3n1 — 4 = 2ny — 2ny with ny
odd. Then 2ny = 4 — nq > 0 and therefore o113 = 0if ny = n > 3. And
n1 = n = 2 implies no = 1 and any o3 is valid.

e (n1,n2,n3) = (n,1,3) for n > 4: equation (5.17)) follows from,

™m—9
o (1£.9.hm,0.2,2)

- [g’f7h7n505272] - [h’ug)fan707272]> =0.

[fvg7h7n50a133]* -

And it is equivalent to [f, g, h,3,1,1,2]* = 0if n = 3. Here, aj13 = 0 if
n # 6 and n = 6 implies ny = 1 and any a3 is valid.

e (n1,n2,n3) = (n,3,1) for n > 4: here equation (5.17) is equivalent to
[f7g7h7n707272] + [g7f7h7n707272] + [h7g7f7n707272] = O' D
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Most of previous information on the Proposition can be originally
found distributed in several lemmas in [Pérez-Aradros, 2016, Seccién 2.3.1],
work that has been revisited, sorted and extended to produce the mentioned
proposition. From the algorithms, we also reach the following series of Lie
algebras.

Proposition 5.3.14. The 3-tuples (4n,2n+1,4n—3), (4n+1,2n+1,4n), (4n+
2,2n+1,4n+1), (4n+3,2n+1,4n+3) and (4n+4, 2n+1, 4n+ 3) generate only
algebras with N*-graded nilradical. So, the valid scalar threefolds are X(,, ., ng) =

(OleQ, 0, 04123) fOT’ all Of them except )‘(4n+2,2n+1,4n+1) = (01112, 113, 04123). The
resulting \-parametric families of sly-chained Lie algebras are:

(a) 9@2,2%174,1_3) =5l(F) @, (Van © Van—2 @ Vy)x forn > 2.
(b) g@ﬁz+1,2n+1,4n) =50(F) ©p (Vant1 @ Van @ V1) forn > 0.
(c) 9?&2+2,2n+1,4n+1) = 5l2(F) @) (Vint2 © Ving2 © Vo) forn > 0.
(d) 9?&2+3,2n+1,4n+3) = 5l5(F) @p (Van+s © Vianta © V1) forn > 0.
(e) g€412+3,2n+1,4n+3) =s(F) ©p (Vanta © Vanye © Va)a forn > 0.

And products in the nilradicals are given by cq12(-, * )ny, @123(+,  )ny And aq13 =
(+, +)2ng+2n3-n, when not zero.
2

Proof. We follow the notation introduced in the proof of Proposition It
is a straightforward computation that the module summand W (n,ng, n3) =
m1 @ mo @ m3 is as described in all items in the list. Using Clebsch-Gordan’s
formula from equation (5.14]) we check that a113 = 0 in all the cases, m2 ap-
pears in A%m; and mg appears in m; ® ma. So, to establish the result, it only
remains to prove Jacobi identity from equation for every f,g,h € my.
As in Proposition[5.3.13} we proceed to check using Gordan identities:

o (n1,n2,n3) = (4n,2n+ 1,4n — 3), for n > 2: equation (5.17)) is just

[fs9,h,4n,2n—2 2n+2,2n—2]" —2[f, g, h,4n,2n—2,2n+1,2n—1]* =0

For the other cases n > 0 is fixed and,
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(n1,n2,n3) = (4n+1,2n+1,4n): equation (5.17)) follows from the iden-
tity [f,g,h,4n+1,2n,2n+1,2n]* = 0.

(n1,n2,n3) = (4n + 2,2n + 1,4n + 1): equation (5.17)) is equivalent to
[fagvha4n+272n,2n+1,27’L+1]* =0.

o (n1,n2,n3) = (4n+ 3,2n + 1,4n + 3): equation (.17)) is just

[f,g,h,4n +3,2n — 1,2n,2n + 3]*
dn +3
2n

forn > 1. While case n = Oisjustitem (c) for n = 3in Proposition[5.3.13

[fyg,h,4n 4+ 3,2n — 1,2n 4 3,2n]* =0

e (n1,n2,n3) = (4n +4,2n + 1,4n + 3): equation (5.17)) is obtained from

[fagvh>4n+4,2n—2727”64—4,277,]*_[f7g7h’4n—|—4’2n_272n’2n+4]*
3(n +2)(2n + 3)(Tn + 10) *
N h,4 4.9n — 2.2 4,2
dn(4n+ 1)(6n+7) [, g, hy4n + 4,20 — 2,20 + 4, 2n]
_5n+2)
n + 10

[f,g,h,dn 4+ 4,2n — 2,2n—|—372n+1]*> =0
for n > 1. While case n = 0 is item (c) for n = 4 in Proposition[5.3.13

Observe, c113 is only an odd integer in the third case, thus, all other a3 factors

are zero. O

Remark 5.3.15. As seen in some proofs, some algebras are repeated in Propo-
sitions[5.3.13|and [5.3.14} The cases n = 0 from Proposition 5.3.14]in items (b),
(c), (d) and (e) coincide with the cases from Proposition in item (a)
for n = 1, item (b) for n = 2, and item (c) for n = 3, 4.

Remark 5.3.16. Other 3-tuples that do not produce chain ideal Lie algebras are:

(TL, 1) 2)71227 (’I’l, ]-a 4)7124) (na 17 5)71257 (nv 17 6)7LZGa
(n7 37 0)n237 (27’L, 2n — 11 1)n237 (27’L, 2n — 17 0)n227 (TL, 37 2)n237
(2n+ 1,2n + 170)71217 (271,277, — 172)7123‘

We can check why and where they do not work as chains in [Pérez-Aradros,
2016} Seccién 2.3.1].
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Example5.3.11. The 3-tuples (n, 1, 2),,>2 or (2n+1, 2n+1,0),>1 do not produce
Lie algebra structures with chain ideal lattice. In the first case, the Lie product
must be induced on V,, & Va,,_2 © V3,6 by using A = (112, 0, a123). But Jacobi
identity fails (unless aj12a123 = 0):

J($n7yxn—1’y2$n—2) — Z ((xn’yxn—l)l’y2l,n—2)2 —
cyclic
9n — 12 36
n?(2n —3)(n —1)

For the second tuple, the vector space is Va,,+1 ® Vo @ V2,41 and Jacobi identity
also fails:
_ _ 1 _
Ty, g%l y?e) = 3 (e, g% Dansn, v 2)o = 5yt

cyclic

Chains with 6ideals Now, we have to prove the existence results inspired by
Table Before proving them, we are going to introduce simplified notations
asin all the following results m; = V,, and my = V5, _2. This way, we will write
(h, f,g9,n,a1,a9,asly, [f,h,g,n, a1, a2, as]y and [f, g, h,n, a1, az, as)s instead
of

h f g f h g [ g h
2n—2 n n|, n 2n—2 n/|, n n 2n—2|,
Qaq Qz Q3 Qaq a2 a3 a1 Qg Qa3

respectively, and
[fagah7n7 0617062,063]* = [f?gvh7n7a17a27a3]3 - [97 f?hana 0[1,062,063}3
+ [gahv fﬂn7a17a27a3]2 - [hvgvfana (11,0&2,0&3]1
+ [h,f,g,n,a1,a2,a3]1 - [f: hagana 041,042,043]2,
for f,g € Vy,and h € V5, _o.

Note, as first seen in Algorithm every chained Lie algebra of length
6 depends on an a parameter which imposes restrictions over 24 for every
not null o112, @123, a134 as seen in equation (5.18)).

Proposition 5.3.17. The 4-tuples (n,1,0,0), (n,1,0,2) and (n, 1,1, 1) generate the
following parametric families of slo-chained Lie algebras:

(a) gfﬁﬁ,o,o) = 5ly(F) ©)p (Vo @ Van—2 © Vap—2 © Vin—2)a forn > 1,

196



5.3. Lattices of ideals

(b) g (n, 1 0,2) — 5[2(F) @p (Vn @ Vap—2 @ V:”m—Q 2] V4n—6))\for n=2,
(C) g (n, 1 1,1) — 5[2(F) EBp (Vn @ V2n—2 @ V?,n—4 ® V4n—6)>\f07’ n > 2.
AlOTlg here, )‘(nl,ng,ng,n4) = (04112, O, 0, 123, 0, 134, 04224), where

Q924 = 0 when \ = )\(n,l,0,0)v
4(4n — 3) 123 0134
3(3n — 2) 112
(2n — 2) a123 134
(3n —4) aq12

994 = when \ = )‘(n,l,0,2)7

994 = when A = )‘(n,l,l,l)

defines the product in the N-graded nilradical given by cai12(-, - )ny, @123(7, * )ng,
0134( -, * )y ANd @224( -, * )ng+ny—ny- We also have the not necessarily graded partic-
ular cases, where a113, 114, Q124 are not zero, given by the sevenfolds A, 1 1 5y,

A(2,1,0,2) ai12,0, 114, 123, 0124, V134, 224)

(4,1,0 2) (041127 0,0, @123, 124, 134, 04224),
)\(2,1,1,1 (Ot112704113,0411470412370124,04134),

Aa,1,1) = (0112, 0,0, 123, 124, 134, 224).

For these four last parametric families, 9(2 Lk, 4 Lk,
irreducible decomposition are described as in the gmded case, and the product in the
nilradical is given by 01112(', -)1, allp(', ')1 fO p = 3, 4, 04123(-, ')k’/ 04124(-, ')4;n,
a134(+,+)j, a224(+, )1 with n = 2 and 4 respectively.

i) and g( i) the entry awoq and the

Proof. According to Proposition and the notation in its proof, it is easily
check that the module summand W (ny, ng, n3, ng) = mi @ mg ® mg @ my is
as described in the three items.

Assume first (n1,n2,n3,n4) = (n,1,0,0) and look at scalar entries a3,
114, 0194 and a9y of A(n,1,0,0)- Using Clebsch-Gordan’s formula from equa-
tion (5.14)) we check that o113 = @114 = aq24 = @994 = 0 because modules
ms = Vip_o and my = Vi,_o are not contained in A?m; and my is not con-
tained in either m; ® ma or mg ® ma. Proposition says tuple (n, 1,0)
generates a chain. So our case is reduced to checking if m4 = V4,2 appears
in m; ® ms decomposition, which it is true; and studying Jacobi identity for

>In general, we have a113(-, <) 2x—n+2 and a114(, -)j+k—n+1. But, as we only have non-null
aq13 and o114 for some A we can simplify to those which have them.
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two elements in m; and another in ms. But this last condition, seen in equa-
tion (5.19), is equivalent to [f,g,h,n,0,0,0]3 = O forn > 1, f,g € V,, and
h € Vo,_a.

Suppose now (ni,ng,n3,n4) = (n,1,0,2), and note that aj13 = 0 and
aq14 # 0 (respectively ajp4 # 0) only if n = 2 (respectively n = 2,4). For
the N-graded condition a113 = @114 = o124 = 0, Proposition [5.3.13] says that
tuple (n,1,0) generates a chain. So this case is reduced to checking if m4 =
Vin—e appears in m; ® m3g decomposition, which it is true; and studying Jacobi
identity for two elements in m; and another in ms. But this last condition, seen
in equation (5.19)), is equivalent to

[k, f,9,n,0,2,0]1 + [f, h,g,n,0,2,0]2 — [h, g, f,n,0,2,0];
14n — 18 ([
In — 12

- [gvf7h7n707270]3) +

_[gah>f7n707270]2+ f?gahan707270]3
(n—1)(2n —4)

(B3n—4)(3n —2)

G=0

forn>2, f,g € V,and h € V5, 5, where

2n —3
G = n—1

[hvfagun707171]1 + [g7h7f7n707171]2 + [fvg7h7n707171]37

which will appear again in our final case (n1,n2,n3,74) = (n,1,1,1,1). By
reapplying Proposition tuple (n, 1,1) generates a chain. So, assuming
a113 = o114 = 24 = 0, our case is reduced to checking if m4 = Vi, appears
in m; ® mg decomposition, which it is true; and studying Jacobi identity for
two elements in m; and another in my. But this last condition, seen in equa-

tion (5.19)), is equivalent to

2n — 3
n—1

[hafvg7n707171]1+[g7h7f7n707171]2+[fag7h7n707171]3 :07

forn > 2, f,g € V,, and h € Va,_o. Here also appear the particular tuples
(2, 1, 1, 1) and (4, 1, 1, 1) for which (04113, 114, 041274) 75 (O, O, 0) and 113 =
a114 = 0 but (a113, 114, a124) # 0. Exceptions (2,1,0,1), (4,1,1,1), (2,1,1,1)
and (4,1,1,1) are covered by the particular sevenfold \ found at the end of
the proposition. O

Overview Finally, to sum up, we will see the relation among all the previ-
ously described chains. As on any ¢-chain we can take the quotient by their
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last slo-modules to obtain smaller chains, there is a strong relation between
chains. This is idea is expressed in the following lemma.

Lemma 5.3.18. The tuple (ni,no,...,n:) could form a sly-chained Lie algebra if
(n1,na,...,ng) forms a valid sly-chained Lie algebra for every k < t.

Proof. If (n1,ng,...,n:) forms a valid slp-chained Lie algebra L = sl & N for
N =my Gamg@--~EBmt,’chenL/N’ngl =slb dm1 B mo @ --- D my would be
a Lie algebra for every k. O

This is the same as saying that, if (n1,n9,...,n,) does not produce any
valid chain, then (nq,ng, ..., ng,...,nt) would never produce a valid chain.

Example 5.3.12. From Remark [5.3.16, tuples (n,1,2,%),>2 or (2n + 1,2n +
1,0, %),>1 do not produce Lie algebras with ¢-chain ideal lattice for ¢t > 4.

This result is interesting for creating a tree-dependency between these
chains, which can be seen in Figure

5.3.2.4 Quadratic Lie chains

Along the memoir we have built series of naturally graded Lie algebras of
nilindex 4 and 5 whose derivation algebra contains a subalgebra isomorphic
to sly(F). The question now arises is which chains are quadratic Lie algebras.
As seen in Proposition one necessary condition is that the ideal lattice
is self-dual. This imposes strong restrictions over our algebras, as it will only
work for symmetric chains, i.e. sly @le Vi, where Vi, =V, fori=1,...,t—
1 and k; = 2 s0 Vj, = sly. This way, the chain will be something like

Among all previous algebras, the only symmetric ones of 5 or 6 ideals are:

o 9@?1,1) from Proposition [5.3.13

A

® Jlinr2.20414n41) from Proposition |5.3.14

o g'(”if‘l’om and ggj\l,l,l) from Proposition |5.3.17

A A
° 9?4,1,3,3) and g’()4’3’1’3) from Table
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Vo
L Vi @ Van—2k
— Vi © Va2 ® Vo
t Vi @ Vo2 ® Va2 ® Vip_2
Vi@ Von—2® V2 ® Vip—p
— Vi @ Va2 @ Van_y
t Vi ® Vo2 ® Va4 ® Vips
VzeV,eVso Vs
— Vi © Va2 ® Vapsg
ViaVia VoW
VieVed ViV
Vo Vs Vra Vs
Ve @ Vip @ Vio @ Ve

— Vo @ Van—6 © Van-s

EW@%@W@VQ
VieoViaVraV,

— Vi @ Vi 2 ©Vy

— Vint1 @ Vi @ V1

— Vingo @ Vipg2a © Va
— Ving3 @ Vangpa @ V1

"— Vinta ® Vapte © Va

Figure 5.11: Relationships of sly-chained Lie algebras up to length 6.

All previously mentioned symmetric sl>-chains, when considered natu-
rally graduated (a;j, = 0 for k # i + j) are quadratic, as they admit at least
the following non-degenerate symmetric bilinear form. Let

t
sl (P W,
=1
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be the chain such that k; = 2and k; = k;_; fori = 1,...,t — 1. We define a
bilinear form such that

t—1
5[5':5[2@‘/]%,
t—j—1

Vi, —5[2@Vk @ Vi, -

i=t—j+1

Then, for {:1: _1yi, . ,xiyfi_l, yfl} a basis of each Vj,, we have

] z
Ble,y?) = B(h,zwy) = —B(f,27) =0 # 0.
Fori=1,...,t—1landj=0,...,k; >0

. [k i aiiitBle,y?)  aui_itl
I N i ki ki a1 B(e, il
Bz, ypt;) = (=1) (j)B(xjyl - xtﬂ'yyiﬂ') = ks == k; ;

and, when k; = 0, thus k;_1 = k1 # 0 and 2i = ¢, our bilinear form is defined

as
QG —1,4,25— 1B($1 7y21 1) Q14 t— 1B(I1 ’yt 1)
B(1,1) = =
Q15—1,8 Q1410
Qi—144—1"Q1—1,¢ 0
ati-1,4 - k1
So we end up with
kj]L 1 ki kj+1]1kjlj+l k;
span{z;" 'y} = Vi ® span{x;’, ..., (T vy}

and with
span{e}® = sly © span{a?, z;y;},
span{f}J‘ = 5[5_ D Span{xtyta yt2}7
span{h}* = sly @ span{z?, y7}.

Apart from the bilinear form described, some of algebras in their naturally
graded form can be seen as quadratic using other arguments:

. 9?5?1,1) from Proposition|5.3.13(and gg?\l,l,l) from Proposition|5.3.17|both
forma chainsly ® Vo @ --- @ Vo = sl @ Flz]/(2*) for i = 4 and 5 respec-
tively. These algebras are quadratic as seen in Section This idea
can also be applied over bigger chains. For instance, gféj\l,.‘.,l)’ which

produces sly © Vo @ - - - ® Vo = sly @ Flz]/(z"), is always a quadratic Lie

algebra.
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. gg’\l 1 from Proposition [5.3.13| can be obtained as a double extension

of n3 2 by sly and as a T™-extension of sly x,, V5 as the square of the
nilradical is a lagragian.

. g'(”éAl 1,1) appears as the double extension of the Lie algebra 7, also named
as n§’3, in Section [6.2.2.1

o 9'(01)\1 0,0) from Proposition|5.3.17|can be obtained as the double extension

of ng 3 by 5[2.

Moreover, we point out these algebras are mixed, double extensions and
local quadratic Lie algebras. And, we can question ourselves what happens
in a general symmetric chain. As we are not sure if our general bilinear form
works for every symmetric chain, it is just a conjecture, we need other argu-
ments. Let g =slb @ V;, &V, - -- @V}, be quadratic symmetric chain. Some
ideas which can be applied are:

(a) Thenilradicalisn=V;, ®V;, ®--- @ V;, and nis t-step (n'™! = 0).

(b) The ideals contained in n satisfies (n*)* = n'*1=* for k = 1, ... ¢. This
can be seen in Figure
n= (nt)l n3 — (nt72)J_ nt72 — (n3)J_ nt _ I‘[L

[ J [ ] [ ] [ ] e —————@—— @ [ ]

g n2 = (nt—l)L nt—1 = (n2)L 0

Figure 5.12: Ideals in a quadratic chain g.

(c) Applying Corollaries 3.1.11| and [3.1.12} n/nt must be quadratic and

obtainable as successive double extensions.

(d) If t = 2k — 1 then (n*)L = n* is an isotropic ideal of dimension half
of the algebra and can be obtained as a 7*-extension by [Bordemann,
1997, Theorem 3.2].

Remark 5.3.19. According to [Kath and Olbrich, 2006, Section 3], there are as-
cending and descending series of ideals, referred as higher socles and radicals
respectively, related by orthogonality. In our chains they match. Apparently,
this is one of the most natural ways of studying general quadratic Lie algebras,
as stated in some unpublished notes titled “Structure des espaces symetriques
pseudo-riemanniens” by Berard Bergery.
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5.4 Summary

In contrast with previous chapters which restrict the problem of studying
quadratic Lie algebras to smaller families, this chapter focuses on the inverse:
extending those small algebras into bigger and more general ones.

The first section is devoted to the study of derivations, automorphisms
and bilinear forms. Derivations are a key tool to obtain split and double exten-
sions, while automorphisms can be used to tackle isomorphism problems. In
the beginning of Section[5.1} derivations and automorphisms of any nilpotent
Lie algebra are given in Theorems[5.1.5land [5.1.6] The first of these results was
a known result from [[Sato, 1971]], while the second one is a new contribution
to the matter. Both results are supported on the UMP. Moreover, in combina-
tion to Proposition[5.1.1and Corollary derivations and automorphisms
of free nilpotent Lie algebras can be deduced from how the map acts of their
m.s.g. All these ideas, described in Theorems[5.1.5land can be computa-
tionally implemented (see Section[6.2.2)) to generate many examples included
in the chapter. The last part of the section is a remark on invariant bilinear
forms on general Lie quotients. This was the tool used in Section [3.1.3] (origi-
nally in [Benito, 2017]]) to obtain the different nilpotent quadratic Lie algebras
of low dimension.

Section 5.2)is focused on the study of local algebras (one maximal ideal).
These algebras appear when considering indecomposable quadratic Lie alge-
bras of quadratic dimension two. The restriction to only one maximal ideal
transfers interesting properties gathered in Proposition (originally in
[Bajo and Benayadi, 2007]]). The most general algebras in this family can be
obtained applying our previous Theorem as double extensions. This
is illustrated in several examples where, from free nilpotent quadratic alge-
bras, we obtain local algebras (solvable and mixed). A key example of lo-
cal algebras is the variety of generalized oscillator algebras. These algebras
are defined along this thesis as double extensions of abelian metric spaces
and decompose as split extensions of GHA (see Proposition[5.2.7)). From the
derivation subalgebra of GHA, we are able to describe derivations and skew-
derivations of real oscillator algebras in Theorem This provides new
series of mixed quadratic Lie algebras.

203



Chapter 5. Tools and patterns

The final section is related to the study of the lattice of ideals of quadratic
Lie algebras. It follows the results on ideal arrangement given in Section
First, we note lattices of Lie algebras must be complete, bounded, modular,
and, if finite, also distributive (check Theorem[5.3.4)). This restricts the possi-
ble lattices up to 8 ideals as seen in Figure[5.6, When working of quadratic Lie
algebras, lattices must be self-dual (symmetric) as stated in Proposition[5.3.6}
Main examples of self-dual lattices are boolean lattices and n-chains. There is
a wide variety of quadratic Lie algebras with this type of lattice.

At the end of the chapter, we start the study of n-chain lattices from a
general perspective using free nilpotent algebras in combination with simple
ones via representations, or using current algebras. Both generate mixed Lie
algebras, but only the last one provides quadratic Lie algebras. In order to ob-
tain other construction methods, supporting ourselves in results from [Benito,
1992b]] and [[Snobl, 2010], we develop Theorem This much more general
approach, in combination with sl; using its irreducible representations V;, and
some suitable sl (F)-invariant bilinear products V,, ® V;;, = Vj,,4n—ox that ap-
peared in [[Dixmier, 1984]], allows us to explicitly describe algorithms to obtain
Lie algebras whose lattice is a chain. These algorithms, inspired by [[Dixmier,
1984]] and [[Bremner and Hentzel, 2004]], will produce parametric families of
N-graded (also named quasi-cyclic or Carnot) Lie algebras of arbitrary dimen-
sion and nilpotent index up to 5 (although bigger versions can be achieved by
extensions of these algorithms using Theorem[5.3.9)). The algebras are easily
described by taking basis and defining their respective structure constants.
Up to length six, all possible chains are shown in Figure Despite their
self-dual structure, only three specific algebra and two countable series are
quadratic thanks to the explicit invariant bilinear form given.
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CHAPTER

uring the development of this thesis, several algorithms have been de-
E} veloped in order to assist ourselves in obtaining examples and getting

conjectures of what is happening for developing new results after. In
this chapter, we present these algorithms. Although they are implemented
for Wolfram Mathematica, the idea behind them can be translated to different
languages that support symbolic expressions such as SageMath.

All the information in this Chapter is referred to package LieFunctions
version 1.0.0 and is subject to improvements. In order to facilitate its use, each
method uses a descriptive name and preserves Mathematica naming convec-
tions, for instance an ending Q for tests. Apart from the explanations we will
give along this chapter, each method includes an inline description shown in
the autocomplete popup or prepending a question mark to its name.

6.1 Availability and installation

The package and the all its source code is available at the GitHub repository
https://github.com/joroldan/MathematicalieFunctions. There, anyone
can download or inspect the code of all the package and functions.
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The license of the source code is GNU General Public License v3.0 so any-
one is free to use it, even for commercial or private uses, modify it, distribute
it... The only restrictions applied is that the derived works must preserved the
same openness (open source and license), and cite the original work.

After downloading the package, in order to use it, you need to install
and, after that, import it in every Mathematica Notebook in which you make
use of it. The installation can be done through the menu of the application:
File » Install. Once installed, before using it, you need to import it writing
<<LieFunctions‘ or whatever new name you have chosen.

If you do not have access to an installation of Mathematica, you can use
it online at the webpage https://www.wolframcloud.com. Here, with a free
account, you can still import the package and call every function. However,
there is a limit about the computation time available to used in that free mode.
This is why the most demanding functions can present problems. Anyway, to
install the package, as there is no File menu, the alternative is executing the
command:

PacletInstall["https://github.com/joroldan/\
MathematicalieFunctions/releases/download/\

Releases/LieFunctions-1.0.0.paclet"]

changing the final part 1.0.0 for whatever version we are interested in. This
same command also works in the offline version. The rest works exactly the
same.

6.2 Functions included

The package we have developed covers different topics of the dissertation,
ranging from Hall bases to chains of ideals, including derivations, automor-
phisms, bilinear forms, and more.

The common pattern used in the package to make all of it work together is
the list of the adjoint matrices in a basis, that is their structure constants. Most
of the methods accept or produce that list of adjoint matrices. This is why the
first methods we need to know are the following:
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e AdjointListSymmetricQ given a list of matrices representing those ad-
joints in same basis checks if ad,(y) = —ady(x) for every z, y in the
basis.

e AdjointListJacobiQ checks the Jacobi identity.

e AdjointListQ combines the two previous methods in just one. The rea-
son why there exists a separate version is in order to better detect mis-
spellings in the adjoint list and known exactly what is wrong with it.

Once you have a valid list of adjoint matrices, you can make use of the
method ProductCoordinates[vl,v2,adjointList] to calculate the Lie bracket
of a vector with coordinates v1 against other with coordinates v2, obtaining
the coordinates of the result. Also, you can get the product table using the
function ProductTableList [basis,adjointList]. This method returns a list
of the products given by the adjoints using to denote the elements the names
given in basis. This same function can be call as NonNullProductTableList
to remove null products or changing List into Print for a human readable
notation. See Figure[6.1}

(1= ProductTablelList[{e, f, h}, SL2AdjointList]
ou(1}- {{e, f, h}, {e, h, -2e}, {f, h, 2f}}

ini2l:- ProductTablePrint[{e, f, h}, SL2AdjointList]

(e, f] = h
outl2]= [e, h] = -2 e
(f, h) = 2 f

Figure 6.1: Example of a product table given the adjoint matrices.

Remark 6.2.1. Along all models, we consider right side products for matrices.

6.2.1 Hall Basis

From the generator set m = {z1,..., x4}, we easily get the standard monomi-
als [z;,,...,x; | that linearly generate Lie algebra n;;. However, the anticom-
mutativity law ([x;, z;] + [z, 2;] = 0) and the Jacobi identity

J(xi, xj, xp) = Z [[zi, z;], 2] = 0,

cyclic
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both set linear dependency relations. This makes it difficult to find a basis
formed by monomials. The problem was solved by M. Hall in 1950. Focusing
on the behavior of algorithms, the most natural basis to work on free nilpotent
Lie algebras, is the Hall basis (see [[Hall, 1950] for definition, and [Serre, 1992,
Chapter IV, Section 5] for a detailed construction).

Starting with the total order z4 < 241 < ... < z, the definition of Hall
basis states recursively if a given standard monomial depends on the previous
ones. The recursive algorithm is covered by the pseudocode given in Table[6.1]
and provides a Hall basis that we will denote as #H4.(U<) or if the total
order in U is clear. This algorithm checks if an element v belongs to the Hall
basis once we have defined a monomial order. For some small d and ¢ values,
the output of Hall basis algorithm is given in Table

isCanonical (v):
if degv == 1 then true;
else if (not isCanonical (v1) or not isCanonical(vy) or v > v;) then false;
else if degv; > 1 then (isCanonical(vy,1) or isCanonical(vi2) or vy >
01,2);
else true;

Table 6.1: Hall basis algorithm pseudocode. Note that this is a recursive al-
gorithm. Here v = [v1,v2]. In order to generate Hall Basis elements of de-

gree n we can combine v; and vy in level n — k and k respectively, where
E=1,...,n/2.

This algorithm is built into our Mathematica package under divided into
several functions:

e HallBasisLevell[d,t] returns the degree t monomials in the Hall basis
with d generators.

e HallBasisUntilLevell[d,t] returns the full H4;.

Both methods have a sibling function to obtain the dimension of each of them
just adding the word Dimension at the end of their names. These algorithms
can be used to obtain Table However, they do not used x as their variable
like in our example. In order to do so, we must set it manually using the
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(d, t) Hdﬁt

(2,6) 2,21, [21, 32], [[T1, 22], 2], [[71, 2], 1], [, 2], @], W], [[[21, T2], 2], 1],

([[z1, 2], 21], 2], [[[[z1, w2], w2], 2], wo], [[[[21, 22], 22], 2], 24,

([[z1, z2], z2], [w1, z2]], [[[[w1, @2, @], 1], 21], [[[21, 2], 2], |

([[[z1, 2], 1], 1], 1], [[[[[21, @2], @2], w2], w2], @], [[[[[21, 22], 22], 2 ] o], 21],
([[[z1, z2], 2o, o], [x1, w2]], [[[[[21, 2], w2], 22], 21], 21],
[[lz1, z2], za], 1], [21, 2], [[[[21, 22], w2], 21], 21], 21],
(w1, za], 21], [[w1, 2], 2], [[[[21, 22], 1], 4], [0, 2]
[[[[z1, z2], 21], 21], 21], 2]

(4,3) x4,3, 22,21, [T3, 4], [X2, 24, [T, T3], [X1, 4], [X1, 23], [21, 22], [[23, 4], T4],
[[x?nx‘l] } [[x3’x4}7x2] [[x37x4] } [[xQ’x4]v‘T4]7Hx27x4] 3}’[@27‘%4] ]
[[22, 24, 1], [[22, 23], 23], [[22, 23], 22, [[22, T3], 21, [[21, 2], 4], [0, 4], 28],
[[z1, 2], 2], [[21, 24, 21], [0, 23], 23], [[21, 23], @2, [[21, 23], 2], [[21, 2], 2],
[[.%'1,1'2],1‘1}

(6,2) x6,5, T4, T3, T2, X1, [T5, 6], [Xa, T6), [Ta, T5], [T3, 6], [X3, 5], [3, T4], [T2, 6],
(22, 5], [T2, 24], [12, 23], [21, T6], [21, T3], [21, 24], [21, 23], [T1, 22]

Table 6.2: Hall basis of ng . Note from expanded basis H4 3 and H ¢ we can
recover Hall basis of ny 2 and ny ¢ fort = 2,3,4,5

command $HallVar=x. In addition, due to Mathematica limitations the Lie

bracket are denote using curly brackets or braces as if it were a list. Anexample
is shown in Figure

ni1l= $HallVar = aj
HallBasisLevel[2, 3]

oul2l= {{{a[l], a[2]}, a[2]}, {{a[l], a[2]}, a[1]}}

(*This last result represents {[[al,a2],a2], {[al,a2],al]}*)

nisl- HallBasisUntilLevelDimension[4, 3]

out[3]= 30

Figure 6.2: Example of Hall basis commands.

Apart from the Hall basis, we can also obtain the Lie bracket of the free
nilpotent Lie algebras via its adjoint matrices in the Hall basis. The command
to get that is HallBasisAdjointList[d,t].
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Finally, as free nilpotent algebras have a natural gradation observed di-
rectly from the Hall basis monomials degree (see Example[2.1.7), there is an
auxiliar method which helps us showing the matrices (for example their ad-
joints or derivations) with vertical lines separating them in blocks. This is
achieved using HallGrid[d,t] before or after a matrix.

6.2.2 Derivations and automorphisms

Given any Lie algebra via their adjoint list you can obtain derivations and
automorphisms using methods:

e DerivationQ and AutomorphismQ given a matrix and a list of adjoints
checks whether that matrix could represent a derivation or automor-
phism.

e GetDerivationand GetAutomorphismgiven a variable and the structure
constants returns the desired matrix.

e Specific to derivations we have two additional methods:

— GetInnerDerivations[var,adjointList]

— GetSkewDerivation[var,adjointList,B] which finds the deriva-
tions skew-symmetric respect the bilinear form B.

6.2.2.1 Free nilpotent algebras quotients

In Section [5.1] we saw, among other things, how to find derivations of ng/I.
This procedure can be automated using Mathematica. The idea behind can
be explained in the next steps:

1. Find generic derivations ¢ and ¢’ in ng.

2. Change basis in that derivation to a basis formed by the union of a basis
of a complement of I and a basis of I. This splits the derivation into 4
submatrices considering projections.

3. Impose 6(I) C I and ¢'(ng;) C I, which refers to the upper right and
upper submatrices respectively.

4. After seeing both derivations we apply the quotient (equivalence class).
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An example of this idea is found is Figure

(1= n = HallBasisUntilLevelDimension[2, 5];
ideal = {EC[5, n], EC[7, n], EC[8, n],

EC[10, n] + EC[11, n], EC[12, n], EC[13, n], EC[14, n]};
complement = Table[EC[1i, n], {i, {1, 2, 3, 4, 6, 9, 10}}];
m = Length[complement];
cB = Transpose[Join[complement, ideal]];
aL = HallBasisAdjointList[2, 5]}

d = GetDerivation[x, alL];
dN = Inverse[cB].d.cB;
condl = dN[ ;3 my m+1 ;3] == NullMatrix[m, n-m];
cond2 = dN[ 33 m, ;3] == NullMatrix[m, n];
cond3 = SkewSymmetricRespectToQ[B, dN[ ;3 m, ;; m]];
B = Reverse[DiagonalMatrix[{-1,1, -1, 1, -1, 1, -1}11;
Grid[dN /. Solve[And[condl, cond3]][1],
Dividers » {{m+ 1 - Black}, {m+1 - Black}}, Frame -» True]
Grid[dN /. Solve[And[cond2, cond3]][1],
Dividers -» {{m+ 1 - Black}, {m+1 - Black}}, Frame - True]

Figure 6.3: Finding Der(ng5/1) for the algebra which appears later named as
Algebra 3.

For automorphisms the strategy is really simular. Although, from an alge-
braically point of view, this procedure is really good, when implementing it,
we can find a more general and easy way to obtain those derivations. This new
approach consists on finding the adjoint matrices in ng;/I and finding their
derivations and automorphisms as normal on that new adjoints. In order to
do so when can we the following methods:

e AdjointListQuotient[cB,iB,adjointList]. Let c¢B a basis of C' with
elements {ci,...,c,} and iB a basis of an ideal I, both expressed by
their coordinates, such that L = C' @ I. This method returns the list of
adjoints of L/I inbasis {¢1 +I,...,¢, + I}.

e ChangeAdjointListBasis[cM,adjointList] is a more generic method

which serves as support for the previous one. Here cM represents the
matrix which changes coordinates from the new basis to the old one.
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This new technique simplifies the code seen in Figure [6.3| to the one in Fig-
ure Both strategies allow us to find skew-derivations for the nilpotent
algebras found in the low-dimensional classification from [Benito et al., 2017]].

ni1l:= n = HallBasisUntilLevelDimension[2, 5];
ideal = {EC[5, n], EC[7, n], EC[8, n],

EC[10, n] + EC[11, n], EC[12, n], EC[13, n], EC[14, n]};
complement = Table[EC[i, n], {i, {1, 2,3, 4, 6, 9, 10}}];
adj25Q = AdjointListQuotient[complement, ideal,

HallBasisAdjointList[2, 5]];

B = Reverse[DiagonalMatrix[{-1,1, -1, 1, -1, 1, -1}]1];
GetSkewDerivation[x, adj25Q, B] // MatrixForm

Figure 6.4: Finding Dery(ny5/1) for the algebra which appears later named as
Algebra 3.

First, note that in all these algebras
dim Inner L = dim L — dim Z(L) = dim L — (dim L — dim L?) = dim L?,

and that if 6 € Inner L, then ¢ is nilpotent and ¢-skew-symmetric. For each
algebra we will give two matrices, on the left Dery(ng./I) and on its right
Inner(ng/1).

Algebra 1 The 1-dimensional abelian Lie algebra (ny 1, ¢) with basis {a;}
and ¢(a1,a1) = 1. Here, all ¢-skew derivations are null.

Algebra 2 The 5-dimensional free nilpotent Lie algebra (n3 3, ¢) with basis
{a;}?_; and ¢(a;,a;) = (=1)"fori < jand i+ j = 6 and ¢(a;,a;) = 0
otherwise. The product table is:

a] = €1 = T2,

az = ez = [az, a1] = [x1, 2],
a4 = €4 = [(Z3,a1] == [[JJ1,352],172],
as = e5 = [a3, az] = [[x1, T2, 71]
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Here, all ¢-skew derivations are of the form:

mip Mo 0 0 0 0 0] 0 |0 O
msz —my 0 0 0 0 0] 0 |0 O
my ms 0 0 0 :_) V2 U1 0 0 O
mg 0 ms | mp Mo v3 0| vy |0 O

0 me —my | M3 —M 0 V3 | —V2 0 0

Algebra 3 The 7-dimensional Lie algebra (nj 5, ¢) with basis {a;}/_; and
nonzero products:

lag, a1] = a3, las, a1]= ay, [as, a1] = as,

[CL5,CL1] = a¢, [a’57 G’Q]: ar, [a37 a4] = ar,

where ¢(a;,a;) = (1) fori < jand i + j = 8 and ¢(a;,a;) = 0 otherwise.
The product table is:

a1 = €1 =Ty,

az = €2 =,

as =e3 = lag,a1] = [x1,x2],
ag = ey = las,a1] = [[x1,z2], 2],
as = e¢ = |as,a1] = [[[21, 22], x2], x2],
ag = ey = [as, a1] = [[[[w1, 2], wa], 32], 2],
ar = e1p = [as, az] = [[[[z1, x2], 22, 22], 71],
As a7 = [a3, a4] = [[z1, 2], [[1, x2], 2]] = —e11, then e7 + €11 € I, so the ideal

is I = span(es, e7, es, e10 + €11, €12, €13, e14). Here, all ¢-skew derivations are
of the form:

mi 0 0 0 0 0 0 0 0
mg  —2my 0 0 0 0 0 0 0
ms My —mq| O 0 0 0 U1 Vg
ms 0 may 0 0 0 0 D) V3 0
meg mry 0 my | mq 0 0 vy O
mg 0 mry 0 my 2m1 0 Vs 0

0 meg —Me | M5 | —MN3 mo —mi 0 Vs
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Algebra 4 The 8-dimensional Lie algebra (n3 5, ¢) with basis {a;};_; and
nonzero products:

lag, a1] = a3, la, a1]= ay, las, as] = as,
laq, a1] = ag, [ag, a1]= a7, lag, a2] = ag,
las, az] = as, [as, as]= as, a5, as] = az,

where ¢(a;,a;) = (1) for0 <i < 3andi+j =9, ¢(as,as) = d(as,as) = 1
and ¢(a;, a;) = 0 otherwise. The product table is:

ay =ey = Ta,

as =es = lag,a1] = [x1,x9],

ay = ey = lag, a1] = [[z1, 22, 2],

as = es = las,az] = [[x1,x2], 1],

ag = es = [as, a1] = [[[x1, w2], w2, 2],

ar = ey = lag, a1] = [[[[x1, 22, ¥2], 72|, 22],
[ag, az] = [

[[z1, 2], x2], x2], 1]

ag = las, az] = [[[r1, v2], 1], 21] = es = es—ep €I,
a7 = las, as] = [[[x1, 2], 21], [x1, 22]] = = e3—e€l,
ag = [as, a4) = [[z1, x2], [[T1, 2], 22]] = —e11 = e+ e11 €1,
ag = lag, az] = [[[[z1, 2], 1], 21], 1] = = ey —ejg €l

Sol = span<e7, €g — €g,€10 + €11, €12,€13 — €9, €14 — 610>. Here, all ¢-skew
derivations are of the form:

0 my 0 0 0 0 0 0 0 O
—-my; 0 0 0 0 0 0 0 0 O
my ms| O | 0 0 | 0| 0 0 novy|
my M5 | Mg 0 mi 0 0 0 S| w8 0.
ms Mg | —Mmg | —Mmy 0 0 0 0 - 0 w3
mr ms 0 ms —msa 0 0 0 V4 Vs I
my 0 mg | —ms —mg | M3 0 mq vg O I
0 mg | —my | my ms | —mo | —m7; 0 0 wg

214



6.2. Functions included

Algebra 5 The 6-dimensional free nilpotent Lie algebra (n3 2, ¢) with basis
{a;}%_, and nonzero products:

[CLQ, al] = G4, [a?’,al] = as, [(13, (12] = Gg,

where ¢(a;,a;) = (—1)""! fori < jand i + j = 7 and ¢(a;, a;) = 0 otherwise.
The basis of the article is:

ay = €1 = I3,
ay = €3 = T2,

asz = €3 = 11,

as = eqg = [az, a1] = [x2, 3],
as = €5 = [a37a1] - [l’l,ng],
ag = e = [ag, az] = [v1,72].

In this case, the ¢-skew derivations are of the form:

mi Mo ms 0 0 0 0 0 0
myg Mg mg 0 0 0 0 0 0
mry mg —my1 — My 0 0 0 S 0 0 0
mg mio 0 my + ms meg —ms o V1 Vg 0
my; 0 mig mg —m5 M2 v 0 v
0 mi1 —Myg —my mg  —mq 0 vy —vp

Algebra 6 The 8-dimensional Lie algebra (nj 3, ¢) with basis {a;};_, and
nonzero products

[a27a1] = a4, [a37 al]: as, [a47 (11] = ag,

[a4, az] = ar, las, a1]= as, las, a3] = a7,
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where <Z>(a4,a4) = ¢(a5,a5) = ¢(a1,a7) = —¢(a2,a6) =

—d)(ag,ag) =1, and

¢(ai, a;) = 0 otherwise. The basis of the article is:

ay = eq = [az,a1] = [x2, 23],

as = e5 = |az, a1] = |21, 73],

ag = e7 = a4, a1] = [[z2, 3], 23],
a7 = es = [a4, ag] = [[22, x3], 2],
ag = €10 = [CL5,CL1] = [[I’l,ﬂ?g] ],

Moreover, a7 = [as, a3] =

[[xl, mg], xﬂ = e19, 50 eg — €12 € I. Therefore,

I = span(eg, €9, €11, €13, €14, €8 — €12).

The ¢-skew derivations are of the form:

my 0 0 0 0 0 0 0 0 0 0
me  —mi M3 0 0 0 0 0 0 0 0
mg —mg  —my 0 0 0 0 0 0 0 O
ms me my 0 ms 0 0 0 S| vove 0
ms mr mg | —ms 0 0 0 0 1 vs 0 wy
mig 0 mi1 Mg mey mi 0 ms vy 0 0
0 mip M2 | —M5 —mg | My —mM1 My 0 wvs wy
mis —Mi1 0 my mg | —ms 0 mi vs 0 O

Algebra 7 The 9-dimensional Lie algebra (n3 3, ¢) with basis {a;};_; and

nonzero products:

[az, al] = a4, [ag, (11]: as,
lag, a1] = az, lag, az]= ag,
las, a3] = as, las, ag]= a7,
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P(as, as) = ¢(as,as) = ¢(ag, as) = ¢(a1,as) = —P(az,ar) = —¢(as,a9) = 1,

and ¢(a;i, a;) = 0 otherwise. The basis of the article is:
ap = €1 = I3,
az = ez = T2,
az = ez =y,
ag = eq = [ag,a1] = |
a5 = e5 = [ag,a1] = |
ag = e = [as, ag] = [r1,x2],
a7 = e7 = [ag, a1] = |
as = es = [a4,a2] = |

ag = ey = [as, a1] = [[z1, x3], 23],

Moreover, we also have

a7 = [a37a6] = [561, [3?1,932]] =—eyy = etenucl,
ag = las, a3) = [[x1, 23], 1] = e12 = eg—ep €,
ag = [ag, ag] = [[x1, 22], x2] = €13 = ejp—e3€l,

so I = span(eg, €11, €8 — €12, €10 — €13, €7 + €14). The ¢-skew derivations is of
the form:

0 mi ma 0 0 0 0 0 0 0 0 O
—my 0 ms 0 0 0 0 0 0 0 0 O
—me —ms 0 0 0 0 0 0 0 0 0 O
my ms me 0 ms —ma 0 0 0 v va 0 I
mr ms mg |—ms3 O mi 0 0 0 D) vy 0 weo
mg —Mme Mio Mi1 | M2 —Mmy 0 0 0 0 0 v3 —v1
mi2 0 —mus| ms msg mio 0 mi1 ms v 0 —vs|
0 miz M1z |—ma —mr mg—msg|—m1 0 —mao 0 vs w5
mi3 mig 0 me Mo miy —m3 ma2 0 vs v O

6.2.3 Quadratic Lie algebras

This package can also generate symmetric invariant bilinear forms for a given
Lie algebra. This is achieved using the methods:

e InvariantBilinearFormQ[matrix,adjointList] which gives the con-
ditions matrix must satisfies in order to be invariant.
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e GetSymmetricInvariantBilinearForm[var,adjointList] generates a

matrix to define the bilinear form of a quadratic Lie algebra.

Internally, both methods use SkewSymmetricRespectToQ[m1,m2] to check if
some matrix m2 is skew-symmetric respect to m1.

Remark 6.2.2. In combination with the method NumberOfVariables, which
will be introduced later, we can easily obtain the quadratic dimension.

6.2.4 Chains

In Section [5.3.2) we explained several algorithms to build Lie algebras whose
lattice of ideals is a chain. These algebras were developed using sl, algebra
and modules. The first structures integrated into the package are the different
parts involved:

e SL2AdjointList (without parameters) is the list of adjoints of simple
Lie algebra sl in the standard basis.

e VM[n] is the basis of the of the sl;-module V,.

As explained in their section, the product is given via actions over the
modules and transvections. Those can also be computed directly:

e SL2Module[coord,elto] finds the action of the sl; element with coordi-
nates coord onto the module element elto.

e Transvection[f,g,k,n,m] refers to (f,g)x: Vi X Vin = Vipm—ok from
equation (5.3.2.1)). This method can also be called omitting n and m, as
both can be obtain from f and g degrees.

e SL2ChainAdjointList[n1,n2,...] gives the adjoint list of the resulting
chain for n1, n2...the same as in Algorithms and This func-
tion takes any o;;; = 0 whenever possible and works up to 4 modules
(6 ideals).

Although it is not important, just for completeness, internally, products are
calculated using a special, more visual, notation for elements. This can be
observed in the basis from SL2ChainBasis[n1,n2, . ..]. This naming convec-
tion is used in SL2ChainProduct. But, for practical reasons, there is a method
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SL2GetElementCoordinates which turns this notation into the classical coor-
dinates.

Remark 6.2.3. All these methods are not foolproof and when they do not re-
ceive valid descriptions for modules the result is indeterminate. This is why

Tables and 5.4]are quite useful.

Finally, as a visual aid, we can get information about modules, dimensions
or even the lattices of ideals of those chains:

e SL2ModuleSizes[n1,n2,...] receives up to 4 descriptors and returns
the degree of modules my, my,... (see equation (5.15))).

e SL2ModuleDimensions[ni1,n2,...], similar to the previous one but in
this case it return dim mq, dimms, ...

e SL2ChainDescription[ni,n2,...] describes in a natural way the de-
composition of the algebra.

e SL2ChainDimensionList[ni1,n2,...] gives the total algebra dimension
and the dimension of each factor in its decomposition (including sl).

e SL2ChainGraph[nl,n2,...] shows the lattices of ideals.

An example of use of these last methods is given in Figure

6.2.5 Other auxiliar methods

The package also includes some more generic functions to compute wider
problems which are not specific to our matter. All these methods are used
along previous sections in an auxiliar way. Their implementations is fairly
simply and involve the use of the instruction Table to do the loops.

6.2.5.1 Matrices

Here we can find methods to generate matrices:
e Null matrices of any dimension build. Depending on whether the ma-

trix is square or not, we use NullMatrix[rows,columns] or, when it is
an square matrix, we use NullMatrix [order].

219



Chapter 6. Algorithms

in(1l:= SL2ModuleSizes[2, 1, 0]
out(]= {2, 2, 4}

ini2l:= SL2ModuleDimensions[2, 1, 0]
outl2]= {3, 3, 5}

inisl:- SL2ChainDescription[2, 1, 0]
out[sl= sl ®V (2) @V (2) &V (4)

infa]:= SL2ChainDimensionList[2, 1, 0]
ouila- {14, {3, 3,3, 5}}

inisl:= SL2ChainGraph[2, 1, 0]

Out[5]=

Figure 6.5: Example of chained structures, dimensions and lattices.

e Generic matrices (variables). We can obtain them calling the function
GenericMatrix[rows, columns, var] or GenericMatrix[order, var]

when rows = columns.

o Generic symmetric or skew-symmetric matrix full of variables. The syn-
tax is the same as the previous one with name GenericSymmetricMatrix
or GenericSkewSymmetricMatrix but this time only the square matrix
case is valid.

We also have functions to check some conditions over matrices. These
methods receive a matrix and return a boolean depending on whether the

condition is fulfiled or not.

e Symmetry, checked with method SymmetricQ.

e Skew-symmetry, tested with SkewSymmetricQ.
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¢ Maximum rank, or non-degenerate when it represents a bilinear form,

is verified via NonDegenerateQ.

e Function CubicMatrixQ checks if the received list is a list of n matrices of
order n x n. It fails, when called with less matrices or when this are not
square matrices for example. This is used for instances when checking if
some list of matrices represent the list of adjoint matrices in some basis.

When the result is not clear, they return the condition needed. This is for
example the difference between our method SkewSymmetricQ and the native
version SkewSymmetricMatrixQ. All methods in this section up to this point
can be observed in action in Figure

ini11:= NullMatrix[2, 3] // MatrixForm
Out[1]//MatrixForm=
0 0 0
{O (0] 0]

inl2l:- MatrixForm[GenericSymmetricMatrix([2, x]]

Out[2]//MatrixForm=

X[1] x[2] )

inisl:- SymmetricMatrixQ[{{a, b}, {c, d}}]

out[3s]= False

infa]:- SymmetricQ[{{a, b}, {c, d}}]

outl4l= b = ¢

Figure 6.6: Example of matrix generation and checking its properties.

In relation with basis we have a method to obtain the canonical vectors of
any dimension. This can be obtained calling EC[i,dim] where i denotes the
position and dim the length. For example EC[2,4] refers to (0,1, 0,0).

Moreover, to help us compute products of matrices involving blocks in-
stead of numbers we have two additional methods:

e BTranspose that given a blocked matrix computes is transpose.

e BDot that recibes two or more blocked matrices and returns its product.
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The difference with the common transpose and product is that it takes into
account the product of each block (submatrices) is not commutative. In order
to do so, it uses product **, which is the native non-commutative product.
Blocked matrices can contain inside variables, 1 to denote the identity matrix
or 0 to denote the null matrix. In the following code we can see these methods

being used in Figure

In[1]:= bA = {{A’ 1}, {0’ B}};
BDot[BTranspose[bA], bA] // MatrixForm

Out[2]//MatrixForm=
Transpose[A] »* A Transpose[A]

A 1+ Transpose[B] »+B

Figure 6.7: Example of a blocked matrix operation (bA)" - bA.

6.2.5.2 Variables

The symbolic power of Mathematica is one of the key features that made us
decide using it. But symbolic operations are full of variables and we need
some help when working with them:

e SymbolQ[expression] checks if expression is a variable or not. This
method comes with his brother UndefinedSymbolQ, which is similar but
it also checks if there are values assigned on it or not. This way, if
a[1]=1 the value of only a remains unknown, thus SymbolQ[a] is true,
but Undef inedSymbolQ[a] is false.

e NumberOfVariables[expression] is self-explanatory. One posible use
of this method appears when counting variables in a generic bilinear
form to obtain the quadratic dimension.

e Sometimes after applying several restrictions and assignments you end
up with several non-consecutive variables. To sort that mess we can use

ReindexVariable[var,expression].

e In relation to those some indices given a variable and a expression we
can also use MaxIndex0fVariable, MinIndex0fVariable or to obtain the
list of indices IndicesOfVariable.
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Some examples of use of these methods are found in Figure Apart from
this list we can also find PositiveIntegerQ[n] which was used to check valid
indices which start at 1 in Wolfram language. And we also have the method
PolynomialDegree [polynomial] which gives the sum of the degrees of the
variables involved in each monomial when they are all the same degree.

mi= v = {a[l], a[2], a[5] +a[2], b[2]};
NumberOfVariables[v]

outl2]= 4

nisl- IndicesOfVariable[a, v]

out3l= {1, 2, 5}

in41= ReindexVariable[a, v]

ouiia- {a[l], a[2], a[2] +a[3], b[2]}

Figure 6.8: Working with symbols and variables in Mathematica.

6.3 Support and future development

This Mathematica package is a continuos work, and it is open to the inclusion
of new capabilities or refinements over the existing methods. This improve-
ments will be made available at the repository of the package. In that same
webpage, anyone can report bugs (code mistakes), make suggestions or con-
tribute with new code. Even more, they can clone the repository and adapt
everything to their needs.
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Conclusions, results and
open questions

E % n this dissertation we have been able to obtain our goals reviewing,

sorting and expanding previous results on quadratic Lie algebras and
% E developing new ones. These have been explained in detailed in the
summary after each chapter. Some of the main results include:

e Ideal structure of quadratic Lie algebras (main ideals inclusion relation-
ships, full lattices of ideals, algebras whose ideals form a chain...)

e Explicit and general formula for obtaining quadratic reduced Lie alge-
bras as double extensions. This was achieved after locating some impor-
tant ideals to make quotients.

e New method for constructing 2-step nilpotent Lie algebras based on
multilinear algebra techniques. The name of the method is “n-quadratic
family of matrices” and gives us a computational approach for getting
this type of algebras.

e Equivalence theorem which relates n-quadratic family of matrices and
double and T™*-extensions methods when applied to obtain 2-step nilpo-
tent Lie algebras. It includes our telescopic expansion technique of suc-
cessive 1-dimensional double extensions.

e Classification of quadratic reduced 2-step nilpotent Lie algebras up di-
mension 17 thanks to its relation with trivectors whose classification was
already known.
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e Automorphisms of free nilpotent Lie algebras quotients. This result ex-
tends a similar property for derivations.

e Algorithms to obtain Lie algebras whose lattice of ideals is a chain using
sly representation theory.

All these results, among many others, come with a wide variety of
examples to illustrate them.

Moreover, we have developed a Wolfram Mathematica package imple-
menting many of the tools used in the thesis. This open source software is
available online allowing people to use or modify it in order to adapt and
build new algebras, check identities. ..

However, despite all the work included in the memoir, there are still some
open questions which can be studied in the near future. These include:

e How double extensions affect the quadratic dimension.

e Identify, via invariants, for any quadratic 2-step Lie algebra the corre-
sponding one in our classification list of small dimensional algebras.

e Partial classification of the variety of 3-step nilpotent quadratic Lie alge-
bras, as the full classification seems unreachable.

e Quadratic extensions of 2 and 3.step quadratic Lie algebras.

e Quadratic structures on current Lie algebras, including our conjecture
in sly-chains.

e Deep study on structure of generalized oscillator Lie algebras and their
quadratic extensions.

o Different applications of the real oscillator algebras.

e Better and more general study of quadratic Lie algebras whose ideal is
a chain.

e Relations of quadratic Lie algebras and other non-associative structures
as: Lie triple systems and symmetric spaces, Manin pairs and triples,
among others.

e Expanding our Mathematica package to include more functions. For
example double extensions.
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Conclusiones, resultados y
problemas abiertos

n esta tesis hemos sido capaces de obtener nuestros objetivos revisan-

do, ordenando y expandiendo resultados previos sobre algebras de

Lie cuadraticas, asi como desarrollando nuevos. Estos han sido expli-
cados en detalle en el resumen final de cada capitulo. Los principales logros
son:

e Estructura de los ideales de las dlgebras de Lie cuadraticas (relaciones
de inclusién entre los ideales més importantes, reticulo de ideales com-
pleto, algebras cuyos ideales estan en cadena...)

e Férmula general y explicita para obtener dlgebras cuadraticas reducidas
a través de dobles extensiones. Esto se ha logrado tras localizar ciertos
ideales para hacer cocientes.

e Nuevo método para construir algebras 2-step nilpotentes basado en téc-
nicas de dlgebra multilineal. El nombre del método es “familia de matri-
ces n-cuadraticas” y nos aporta una aproximacién computacional para
obtener estas algebras.

e Teorema de equivalencia que relaciona las familias de matrices n-cua-
dréaticas y los métodos de doble y T*-extensiéon cuando obtenemos alge-
bras de Lie de indice de nilpotencia 2. Incluye una técnica de expansion
telescopica a través de sucesivas dobles extensiones 1-dimensionales.

227



Chapter 6. Algorithms

o Clasificacion de las algebras de Lie cuadraticas reducidas 2-step hasta
dimensién 17 usando la conocida clasificacion de trivectores.

e Automorfismos de cocientes dlgebras de Lie nilpotentes libres. Este re-
sultado extiende una propiedad similar en derivaciones.

e Algoritmos para obtener dlgebras de Lie cuyo reticulo de ideales es una
cadena usando teoria de representacion de sls.

Todos estos resultados, entre muchos otros, vienen acompafados de
una gran variedad de ejemplos ilustrativos.

Ademds, hemos desarrollado un paquete en Wolfram Mathematica que
implementa muchas de las herramientas utilizadas en la tesis. Este programa
libre estd disponible en internet permitiendo a cualquiera usarlo o modificarlo
para adaptarlo y construir nuevas algebras, comprobar identidades. ..

Sin embargo, a pesar de todo el trabajo realizado, todavia quedan pregun-
tas abiertas a estudiadar en un futuro préximo. Aqui encontramos:

e COmo la doble extension afecta a la dimension cuadrética.

o Identificar, via invariantes, a qué algebra de Lie de nuestra clasificacion
en baja dimensién se corresponde un algebra cuadratica de indice de
nilpotencia dos.

e (lasificacién parcial de la variedad de dlgebras cuadraticas con indice
de nilpotencia 3, ya que la clasificacién completa parece inalcanzable.

e Extensiones cuadréticas de dlgebras con indice de nilpotencia 2 o 3.

e Estructuras cuadréticas en algebras de Lie current, incluyendo nuestra
conjetura en sly-cadenas.

e Estudio profundo de las estructuras de la osciladora generalizada y sus
extensiones cuadraticas.

o Diferentes aplicaciones de las algebras osciladoras reales.
e Detallar el estudio de las 4lgebras cuadraticas con reticulo en cadena.

o Relaciones de las dlgebras de Lie cuadraticas y otras estructuras no aso-
ciativas: sistemas triples de Lie y espacios simétricos, pares y triples de
Manin, entre otros.
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e Continuar el desarrollo de nuestro paquete de Mathematica incluyendo
mas funciones. Por ejemplo la doble extension.
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ACS ascending central series

DCS descending central series

DP diamond property [164]

f.d. finite dimensional 56

GHA Generalized Heisenberg Algebras
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twist product over algebra A

Jacobi identity
derived algebra of L
dual space of B

kth derived algebra of L

k™ lower central term m

(n + 1)-dim. irreducible module of sl 176
centre of L

invariant bilinear forms of L

invariant skew-symmetric bilinear forms of L
gvariant symmetric bilinear forms of L
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Aut(L)
NilpQuad, ;

Qat

SymO (d7 t)

codim

ad*
Der(L)
Der, (L)
Id

Im ¢
Inner(L)

K

ker ¢
F(My,...)

Hat
J(L)
My(F)

Flxy, ..., z,]

IE‘X

Fx

F

C({mi}, {aijr})
$£(d)

0242

al(V)

gl(n,F), gl,

h2n+1
Ny ¢

abelian socle of an algebra L

automorphism group of L
category of ¢ nilpotent Lie algebras of type d

9

functor that associates Symg(d,t) to
NilpQuad,, @

category of certain symmetric invariant bilin-
ear forms of ng;
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coadjoint representation

derivation algebra of L

p-skew derivations of L

identity

image of ¢

inner derivations of L

Killing form

kernel of ¢

matrix representing the quadratic family of
matrices

Hall basis of ng ;{208

Jacobson radical of L

matrices d x din F

polynomial ring with n variables
multiplicative group, the group under mul-
tiplication of the invertible elements of a
field/ring

linear span of element x
generic field

slyp-chained Lie algebras
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general linear Lie algebra of V' [11
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Nil L, N(L), N
Obj

proj

Rad L,R(L),R
Rad ¢

sgn

soc(L)

span

ssoc(L)

m(L)

special linear Lie algebra of V/

special linear Lie algebra in F using matrices
of order n x n

special orthogonal Lie algebra of V' respect to
=

special orthogonal Lie algebra in F using ma-
trices of order n x n

symplectic Lie algebra in F using matrices of
order 2n x 2n

symplectic Lie algebra of V respect to ¢
special unitary Lie algebra in R using matri-
ces of order n x n[25]

nilradical of algebra L

object

projection

radical of algebra L
radical of the form
sign

socle of an algebra L

linear span
simple socle of an algebra L

quadratic dimension of L
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