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The objective of this note is the announcement of two results of Ambrosetti-
Prodi type concerning the existence of periodic (respectively bounded) solu-
tions of the first order differential equation x′ = f(t, x)

1. Periodic solutions

Let us fix a real number T > 0 and define C as the set of all continuous
functions f : R× R→ R such that:

A1) f(t, x) is T -periodic in t.

A2) f(t, x) is locally Lipschitz continuous in x.

A3) f(t, x) is concave in x and there exists t0 = t0(f) ∈ R such that f(t0, x)
is strictly concave in x.

A4) lim|x|→∞ f(t, x) = −∞ uniformly on t ∈ R.

In C we shall consider the topology of uniform convergence on compact sets.
We also define C0 as the subset of C consisting of all points f such that the
equation

x′ = f(t, x) (1)

has a unique T -periodic solution.
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Theorem 1. The map H : C0×R→ C, H(g, a) = g + a, is a homeomor-
phism onto C. Moreover, if f ∈ H(C0 × (−∞, 0)) (resp. f ∈ H(C0 × (0,∞)))
then, Eq. (1) has exactly two (resp. zero) T -periodic solutions.

To prove Theorem 1 we first use the arguments in [1] to obtain for every
f ∈ C the existence of a (unique) real number λ0 = λ0(f) such that equation

x′ = f(t, x) + λ (2)

has exactly zero, one or two T -periodic solutions according to λ < λ0, λ = λ0

or λ > λ0. Thus we prove that λ0(f) depends continuously on f , with respect
to the topology of the uniform convergence on compact sets.

Theorem 2. Let X ⊂ C be an affine manifold such that X + R = X.
Then X0 := X ∩ C0 is the graph of a continuous function µ : F → R, defined
on a closed hyperplane F of X.

2. Bounded separated solutions

Let f : R × R → R be a continuous function. We say that f is s-concave
in x if given R, ε > 0, there exists a continuous function b : R → [0,∞) such
that AL(b) > 0 and

f(t, (1− λ)x + λy) ≥ (1− λ)f(t, x) + λf(t, y) + λ(1− λ)b(t) (3)

if |x− y| ≥ ε, |x|, |y| ≤ R, λ ∈ [0, 1], and t ∈ R.
Here AL(b) denotes the lower average of b in the sense of [2]. That is,

AL(b) = lim
r→+∞ inf

{
1

t− s

∫ t

s
b(τ)dτ : t− s ≥ r

}
. (4)

We say that f is locally equicontinuous in x if for each compact set K of
R and each ε > 0 there exists δ > 0 such that

|f(t, x)− f(t, y)| ≤ ε if t ∈ R, x, y ∈ K, |x− y| ≤ δ.

We define D as the subset of all continuous functions f : R × R → R such
that:

H1) f is locally equicontinuous in x and bounded on R×K for any compact
subset K of R.

H2) f(t, x) is locally Lipschitz continuous in x.
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H3) f(t, x) is s-concave in x.

H4) lim|x|→∞ f(t, x) = −∞ uniformly on t ∈ R.

We define D+ (resp. D−) as the subset of D consisting of all points f such
that the equation

x′ = f(t, x) (5)

has two (resp. zero) bounded solutions u0 < u1 and inf(u1−u0) > 0. We also
define D0 as the subset of D consisting of all points f such that Eq. (5) has
a bounded solution and inf(|u − v|) = 0 if u, v are bounded solutions of this
equation.

Theorem 3. Theorems 1 and 2 remain true if we replace C by D.

The proof uses theorem 3.7 of [3] that with this notation can be stated as
follows:

Let f ∈ D. Then there exists λ0 = λ0(f) such that f + λ ∈ D+ for all
λ > λ0, f + λ0 ∈ D0 and f + λ ∈ D− for all λ < λ0.
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