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It is an open question when a direct sum of normed spaces inherits uniform
rotundity in every direction from the factor spaces. M. Smith [4] showed that,
in general, the answer is negative. The purpose of this paper is carry out a
complete study of Smith’s counterexample.

Let X be a normed space. Its unit ball and unit sphere will be termed B
and S, respectively. The space X is rotund if S has not linear segments.

The notion of normed space uniformly rotund in every direction was defi-
ned by A.L. Garkavi [3] to characterize those normed spaces in which every
bounded subset has at most one Chebyshev center, that is, a point which is
center of a minimum-radius ball that contains the bounded subset.

The space X is said to be uniformly rotund in a direction z # 0 (UR— 2z
for short), if the directional rotundity modulus

xr+y

0= 2z, €) = inf{l -

H:%yERw—yZMJM—MZE}

is strictly positive for every 0 < e < 2. The spaces uniformly rotund in every
non-null direction will be named URED spaces.

The space X is said to be uniformly rotund (UR for short), when the
modulus of rotundity

r+y

dx(e) = inf{l -

FEYTE AR
is strictly positive for 0 < e < 2.

Let (X4, ||-]l;), ¢ € N, be a sequence of normed spaces and let (E, ||| ;) be
a normed space of real number sequences that satisfy («;) € E and ||(a;)] 5 <
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I|(Bi)|| ; » whenever |o;| < |B;| for every ¢ € N, and (8;) € E. The direct sum
space is defined by

E(X;) ={(zi) : mi € X5, (||zill;) € E}

and it is normed by |[|(z;)|| = ||(|[z:]l;)| z- In Day’s terminology, such a space
is called a full function space [1, p. 35].

As the singleton characteristic function x(;; belongs to E if and only if
there exists o € £ with o; # 0, we may and do assume that xy; € E for all
i € I. We note ¢; = ||x}/|z- The order interval with ends , 8 € E is the set
[, 8] ={v€E: a; < < i€l}

It is easy to check that E and every X; URED imply E(X;) URED. When
E is either uniformly rotund in every direction and has compact order in-
tervals, or weakly uniformly rotund respect to its evaluation functionals, M.
Smith [4] and M.M. Day [1] have proved respectively that F(X;) is URED if
and only if so are all the X;.

However M. Smith [4] showed that, in general, E and all the X; URED do
not imply E(X;) URED. For a large family of full function spaces that include
the one used by Smith, we establish an equivalent condition for E(X;) to be
URED.

We use the notation summarized in the chart below.

Space Elements Norm | Modulus ISJ[I)IIiere g;llllt
X; Tiy Yi, Zi I-1l; | 0=, ) Si B;
E |a=(),f=0i)y=0i) | g | de(=--) | Se | Bg

E(Xi) | z=(i)y= (W) z=(z) | Il |6(=-") S B
X T, Y, 2 [-lx | 0x(=- )] Sx | Bx

1. PREVIOUS RESULTS
We will use the following results that appear in [2].
THEOREM 1. Let z € S. If for every 0 < e < 2,
A =inf {35(— 6, €|0]5) : 0 = (6).

|| 2i|i

L 61(— 7, ccillal) < 65 < Jlall; | >0
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then E(X;) is UR— z.
THEOREM 2. If z € Sy (x;), then
0(— z, €) = inf{d;(— zi, €||z];) : i € I}, 0<e<2

If (Xi,]]l;) = R for every i € I, then £ (X;) = £s. From

5R (= Giy €lGil) = dr(elcil) = 5 1Gil;

it follows that .

do (= (€)= 3 inf{|(;| : 1 € I},

where ||(|l, = 1.

THEOREM 3. Let ¢ € Sy,. Then

3, (— ¢, €) = % inf{‘Zaig}
I

:|ai|:1,iEI}, 0<e<2.

MIXED NORMS. Let {|-||,}icr be a family of norms defined on X. The

mixed norm of this family, with respect to the full function space (E, ||| z),
is defined to be

lzllx = [I(l=l)llg, =< X.

Let (Xi,|-ll;) = (X,]|-l;)- The application J: z € X — Jz € E(X;),
(Jx); = x for every i € I, enables one to identify isometrically X to JX. By
means of this identification we may discuss whether (X, ||-|| ) inherits uniform
rotundity in a direction.

The aforementioned remark implies that

(5)((-) Z, 6) = (5])((-) Jz, 6) > (5(—) Jz, 6) .
Then one easily obtains a mixed norm version of Theorem 1.

THEOREM 4. Let z € Sx. If for every 0 < e < 2
A =inf {35(= 6, €|0]5) : 0 = (6).
2l Tl < 6.
7 il 2 ecillzlli) < 05 < l2ll; ¢ >0,

then X is UR— z.
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As a consequence of Theorem 4 we obtain the following result.

THEOREM 5. Let E be UR. If (X, [|-||;) is URED for some j € I, then
(X,]l) is URED.

2. SMITH'S COUNTEREXAMPLE
For the class of full function spaces defined bellow, we establish a necessary
and sufficient condition for F(X;) to be URED. A particular F in this class

was used by M.A. Smith [4] to show that, in general, E' and every X; URED
do not imply F(X;) URED.

THE FULL FUNCTION SPACE. Let E be the linear space of real bounded
sequences. Let ||-||,, be an uniformly rotund norm in E, and | - | a rotund
norm in R? such that |(1,0)| = |(0,1)| = 1. Define

lelloo = suplail, o€ E,
ieN

ledl, = (la] + lagl, |aa| +as],. .., € B,

lellz = [(lall s )l acE.

Set loo = (B, ||loc)s Lex = (B, [|-ll1)s £ = (B, [-]l,), and E = (E, ||| p)-
CLAIM. The space E is URED.

Proof. Let ¢ € Sg. Since ||| is a mixed norm of |-||, and |||
Theorem 5 to prove that E is URED. If inf;e |(;| > 0, then

> We use

€ .
0t (= €, €ll¢ll) = 3 ;gglcil >0, 0<e<2.

If infieN |CZ| = 0, then
de. (= G ellC]l) >0, 0 <e<2.

This last implication is a consequence of the following claim, which describes
the uniform rotundity directions of Z,. |1
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CLAIM. The space ¢, is UR— ( if and only if there exists some j > 2 such

that |C1| # [5]-

Proof. Assume |(1]| = (), 1 =2,3,....Set & = -, & =0,1=2,3,....
Then [, = 1€ + ¢l = [ + (1/2)¢]l, -
Assume the contrary. Then there exists 7 > 2 such that

(1G] + 161) min{|¢1 = G5, €1 + ¢4} > 0.

The space £, can be linearly isometrically identified with the linear space
of sequences Ja = ((a1,a9), (a1,a3), ...), which is a subspace of £..(X;),
where X;, i = 2,3,... is the linear space R? endowed with the sum norm
I s)lls = Irl + .

We may suppose that ||(||, = 1. Theorems 1 and 3 with some manipula-
tions yield

5& (_> ¢ 6) > 5l**(Xi)(_> JC, 6) >

2
€
Ajce = de.. (—

: DR

(e (16l + ) minglcr = Gl 1 +Gil})

i>2
where a; = [|x{iy|lss, = 2,3, ... |

Note that E has non-compact order intervals, since ||-|| ; is equivalent to ||-|| ., -

THE SUM DIRECT SPACE. Suppose lim; o a; = 0 and let (X, ||-||;), ¢ > 1,
be a sequence of normed spaces.

CrLAamM. E(X;) is URED if and only if so are all the X; and

z€ S, inf{|z|;} >0 = inf{di(—=z,€} >0, 0<e<2. (2)
1€EN 1€N

Proof. The trick of the proof is to look at the norm in E(X;) as the mixed
norm ||z|| = |(||zll, (x,): 1%l (x,))|- Suppose X; URED for every ¢ > 1 and
(2). Let z € S. From Theorem 2, if inf;cy |||, > 0, then

) (2 2 €l2llnxy) = inf {0 i ellall) } >0, 0<e<2.
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Using Theorem 5 yields E(X;) UR— z. If infjen || 2|, = 0, then we must prove
0. (x )<—> z, €|lzllg. (x ) >0, 0 < e < 2. From inequality (1) we obtain

dp, (x )<_>Z ellzlle, (x ) > A

= inf {0, (= 0, & ]61.) : % < 0

eixy < Nl =1}

2
> int {ar. H (Sai0r + 6 min(, + 01,161~ 1)) _

ey < Nl 0> 1},

= (1/4) || zill; 0i(= 2, eai ||zl;) and a1 = [Ix {13yl
9 < l|zill;, 2 > 1. If z; = 0, then

Dy < 0i]z

where ¢ = € ||Z”e ) Vi
Let v <

1217, x,) (61 + 6; )mln{91 + 05,101 = 0il} = |1217, (x,)06° > 7® i >2.
There exists j > 2 such that v; > 0. Therefore

— 62”2”? X a2
S0, (x:) (= 25 €llzlle. (x1)) = Gun 8*( ) ;,},Z
12117, () ival|.

62
5**( ‘ aZfYIL Z>2 >

B
i
8

Y

5**

aJ’YJ X{J} ))iZQ

6

If 21 # 0, take j > 2 such that ||z;]|; < (1/2). Hence

||Z|\z* 4(01 + 6;) min(6y + 05, (61 — 0;])
> 61(01 — 0;)]

0 2 O/ (x,) = (47/2) > 0

*,)

Again

[\

'7(X{j}(i))i22
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To prove the reverse, suppose that E(X;) is URED and that there exists
z € S such that inf;cy ||2;]); > 0 and inf;en 6;(— 2, €) = 0 for some 0 < e < 1.
Taking a sub-sequence if necessary, we may suppose lim;_, . d;(— 2;, €) = 0.
Thus there exists (v;);>1 such that v;, v; + €2/ ||2; € S; and

€7;
. Vit ol =
Define s
L =1,
] T
Ti = Un, if i = n,
0, if 1 £ 1, n.

From lim,, , a,, = 0, some manipulations yield

lim ||z"|| = lim ||{ 2" +€ %
n—o00 n—00 l|zill;

€ A
— 1 ny E(_F :‘1, ‘
nﬁgkm+z<wm>ﬂ‘ (Ll l..)

from which it follows that E(X;) is non-URED.

When ”Oé||** = (2122 a?a?)1/2’ a = (052,013, .. ')’ |(Ir’ S)| = (lrz + 82)1/27
(r,s) €R? and (X, ||-|;) is R? endowed with ||(r, s) |,y = ([T 4[s| T/ 0+,
1=1,2,3,..., we have Smith’s counterexample.
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