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1. TERMINOLOGY AND NOTATIONS.

By an algebra A we will always mean an associative algebra over the field
C of complex numbers. 4
o(A) := {x: A — C linear, multiplicative, # 0} denotes the set of all
characters on A and for z € A let o4(z) denote the spectrum of z with
respect to A. An element z € A is called quasiinvertible element in A, if there
is a (so-called quasiinverse) element y € A such that zy = yz = =z + y and
the quasiinverse element is uniquely determined. Let Q(A) denote the set of
quasiinvertible elements in A, and q: Q(A) — Q(A) the map which assigns to
each z € Q(A) its quasiinverse element; we will call it the quasiinversion in A.
If A has a unit element e, then e — Q(A) = G(A) (group of invertible elements
in A) and for each z € Q(A) one has (e — z)™! = e — ¢(z). Let A.(= A xC)
denote the algebra which arises from A by the formal adjunction of a unit
element. Then for (z, ) € A, we have (z,)) € Q(A.) <= A #1land 5z €
Q(A), and if (z,)) € Q(A.), then its quasiinverse element in A, is equal to
(ﬁq(ﬁm), %) An algebra A provided with a locally convex topology
is called a locally convex algebra, if multiplication is jointly continuous. A
locally convex algebra A is called locally m-convex, if its O-nbhd-filter has a

basis of sets U satisfying U? C U.

LEMMA. Let A be an algebra and I C A a proper ideal. Then
or(z) U{0} = oa(z), Vz el
If I does not contain a unit element, then

or(z) =oa(z), Vel
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Proof. Clearly, as I is a proper ideal in A, o 4(z) contains 0 for every z € I.
Now let A € C\{0} and z € I. If }z is quasiinvertible in I, then it is also
quasiinvertible in A. Conversely, let y € A such that *zy = y(3z) = xz +y.
But then y = izy— iz is already contained in I. The last assertion is obvious.

As a first easy application of the lemma we obtain a description of the
-spectrum of elements in a product of algebras:
Let (A,).er be a family of algebras and z = (z,).,er € A :=[],¢; A.- Then

oa(z) = UUAL(xL)'
el
In fact, if each A, has a unit element, then G(A) =[],c; G(4,), which yields
the assertion. Otherwise, put J = {¢ € I: A, does not have a unit }; then A is
a proper ideal without unit element in [, ;(A.)e X [1,c7\s A, and the lemma
yields the assertion.

Next we are going to study the spectrum of elements in algebras C(T, A) of
all continuous functions f: T' — A where T is a completely regular Hausdorff
space and A a locally convex algebra, (provided with pointwise operations). In
[2] the set o(C(T, A)) of characters on C(T, A) was described, in the case that
A is metrizable and realcompact (as a topological space): The characters on
C(T, A) are exactly of the form yod,, where x € o(A) and ¢, is the evaluation
(of the continuous extension) in a point z in the realcompactification vX of
X. We will now describe the spectrum of an element in such an algebra.

PROPOSITION 1. Let T be a completely regular Hausdorff space, A a lo-
cally convex algebra with continuous quasiinversion q and let f € C(T, A).
Then

ooa)(f) = oalF ().

teT

Proof. We may assume that A contains a unit element e. In fact, if A does
not, C(T, A) is a proper ideal wihout unit in C(T, A,), which by the lemma
gives o¢(r,4)(f) = oc(r,4.)(f) and clearly, o4, (f(t)) = 0a(f(¢)) forallt € T.
Moreover, quasiinversion and hence inversion are continuous in A.,.

We will show that for any g € G(C(T, 4)),

gEG(C(T,A) <= g(t) € G(A), VteT,

(which yields the assertion). In fact, if g(t) € G(A) for all t € T, then
h: T — A,t —> g(t)~! is continuous, hence inverse to g in C(T, A). The
converse implication is trivial. §
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Remarks. 1) The hypothesis about continuity of quasiinversion in A is
essential. In fact, there exist even complete metrizable locally convex al-
gebras with unit and discontinuous inversion hence quasiinversion, e.g. the
Arens-algebra (,5; L?([0, 1]) ( see [1]). T := G(A) provided with the relative
topology is metrizable hence completely regular and Hausdorff, and the inclu-
sion j: T' < A is not invertible in C(T, A), but of course j(t) € G(A) for all
t € T. Thus 0 € o¢(1,4)(j)\Uier 04(§(t)). On the other hand, every locally
m-convex algebra has continuous quasiinversion.

2) Let T be a completely regular Hausdorff space and A a locally convex
algebra with continuous quasiinversion such that

{x(z): x € 5(A)} Coa(z) C {x(z): x € 0(4)} U {0}

for all z € A. (All commutative Banach algebras have this last property).
Then C(T, A) has the same properties. In fact, we must only show that

oc(r,a)(f) C {x(f): x € o(C(T, A))} U {0}.

Let A € o¢(r,4)(f)\{0}. Then, by proposition 1, there is ¢ € T such that
X € g4(f(t)). By hypothesis, there is ¢ € o(A) such that A = ¥(f(t)).
Certainly x: C(T,4) — C,g —» ¥(g(t)) is a character on C(T', A).

Next we will study the spectrum of elements in algebras of vector-valued
.sequences.

Let (A, |.]]) be a normal Banach sequence space, i.e. (A,||.|]) is a Banach
space such that @y C C A C CN such that for all @ = (@, )neny € A and all
B= (,Bn)nGN € KN’ ’

(18a] < laal, YR €N) = (B€ A and ||8] < lle]).

For every n € N the number p, := ||(dxn)renl| is positive. Provided with the
multiplication A X A — A, ((@n)nen, (Bn)nen) — (Pn@nBn)nen, the Banach
space (A, ]].]|) is a Banach algebra. If A is a locally convex algebra and cs(A)
the set of continuous seminorms on A, then

AMA) := {(an)nen € AN: (p(a,n))n(_jN €\, Vp € cs(A)}

provided with the locally convex topology generated by the seminorms

~

P MA) — [0,00), (@n)nen — I(P(an)),

is a locally convex algebra with respect to the multiplication (a,)nen'(bn)nen ==
(Pn@nbn) - For the case that (A, ||.||) has sectional convergence (i.e., [|((0)x<n,
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(ak),é'n)ﬂ 2% 0 for all (ar)nen € A), the set of characters on A(A) was char-

acterized in [2], namely
o(MA)) ={xopr.: n€ N x € 0(4)}.
We will now investigate the spectrum of elements in such algebras.

PROPOSITION 2. Let (A,|.||) be a normal Banach sequence space with
sectional convergence, let A be a locallly convex algebra with sequentially
continuous quasiinversion and let £ = (z,)nen € A(A). Then

oaxa) (@) = | oa(pazn) U {0}

(where py, == ||(8n)kenll, (n €N)).

Proof. The map A(A) — ¢o(A), (@rn)nen — (Pnln)nen is injective, linear,
multiplicative and its range is an ideal in ¢y(A) without unit element. Then
by the lemma, we may assume that (), ||.||) = (co, ||-]|e), and we must prove
that for each y = (Yn)nen € Co(A) one has o¢y(a)(Y) = Upen 74 (¥n) U {0}.

As, clearly, 0 € o.,(4)(y), we have to show that z € Q(co(A)) if and only if
zn € Q(A)(n € N), whenever z = (2, )nen € ¢o(A4). The only if part is obvious.
So let z = (2,)nen € ¢o(A) be given such that z, € Q(A) for all n € N. We
will be done, if we show that y := (g(2n)),, .y belongs to co(4)

(¢ denoting quasiinversion in A, as before). But this is clear, as (z,)nen tends
to 0 in Q(A) C A and q is sequentially continuous on Q(A4). 1

Remarks. 1) Again the assumption about sequential continuity of the
quasiinversion in A cannot be ommited. In fact, let A again denote the Arens-
algebra (see the Remark above). Then by the metrizability of A there is a
sequence (a,)nen € Q(A) tending to an element a in Q(A) such that (9(an)) en
does not converge to g(a). Then z = (z,)nen := (an + ¢{a) - anq.(a))nEN be-
longs to co(A), 7, € Q(A) and g(s,) = a + q(a,) — aa(an). But (a(Zu))nen
does not belong to co(A), because otherwise (g(as)),  Would converge to
~(e—a)"'a = —(e — q(a))a = g(a). ThuS 1 € Gena)()\ Unen 04 ().

2) Let (A, ||-||) be a normal Banach sequence space with sectional conver-
gence and A a locally convex algebra with sequentially continuous quasiinver-
sion such that {x(z): x € 0(4)} C oa(z) C {x(z): x € 0(4)} U {0} for all
z € A. Then A(A) has the same properties, as is immediately clear from the
description of o4y ((Zn)nen)-
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3) Let (A,]].]|) be a normal Banach sequence space, p, = ||(dxn)ren||(n €
N); then for every locally convex algebra A the map

)‘(A) — loo(A): (an)neN — (pnan)nEN

is injective, linear, multiplicative and its range is an ideal in [*(A). Thus if
one could describe the characters on {°°(A) or the spectrum oye(4)((an)nen),
this would allow such a description for all A(A). Unfortunately, the case [*°(A)
is not easy to handle (unless the bounded sets in A are relatively compact,
which leads to C(AN, A)) even if A is a Banach algebra.

We owe the following two observations to L. Frerick and J. Wengenroth
(oral communication):
a) Let A be a commutative C*- algebra with unit element e. Then

al“(A)((mn)nGN) = U oa(zn)
neN

for all (z,)nen € 1°(A). In fact, it suffices to prove “C” . Let

A€ C\ U oa(Zy).

n€EN

Then Xe — z, € G(A) for all n € N. Assume that the sequence (||(\e —
mn)_IH)nEN is unbounded. Let € > 0 be given. Then there is n € N such
that ||[(Ae — z,)7!|| > % and therefore (A being a C*-algebra) there is u €
oa((Xe —z,)7") such that |u| > L. Consequently

pe — (de —z,)7 = (u(he — z,) —e)(Ne — z,) !
=pu((A— i)e —z)(Ae —z,)7' & G(A)

and thus A — &+ € 04(22) C Unenoa(zm). As |3] < &, we obtain that
A € Umen0a(zm), a contradiction. Thus ((Ae — z,)7!) _ € I™(A), hence
)‘(e)nEN - (xn)nEN € G(loo(A)) and A ¢ Ulm(A)((mn)neN)'

B) The description in «) for the spectrum of elements in [*(A) is no longer
true for non-commutative C*-algebra A. In fact, let A be the C*-algebra of
linear bounded operators in 2. For each n € N let z,, € A be defined by

) Brgr)ien: i EK<n+1
Ty ((Okt)ien) = { (Oen if E>ntl



40 S. DIEROLF AND K. AYE AYE

Then ||z,|lop = 1 for all n € N, hence (z,)nen € [®(A). Since each z, is
nilpotent, o 4(z,) = {0} for all n € N. On the other hand, \’:/supneN |z 5| =1

for each k € N, as ||z*|| = 1. Therefore there is A € 0je(4)((Zn)nen) such
that |A] = 1.
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