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INTRODUCTION

The purpose of Hacque in [12] is developing an environment in which the
classical theory of group extensions and a general theory of ring extensions
(or equivalently a general theory of crossed products of rings by groups) can
be stated as particular cases. Then he introduces the category of rings-groups
and he defines the concept of extension of rings-groups by groups. In order
to classify such extensions through a definition of crossed products of groups
by rings-groups, he needs to introduce a 2-dimensional cohomology of groups
with coeflicients in rings-groups, that is done in his paper [11]. But there is
already a non-abelian 2-dimensional cohomology of groups, which was first
defined by Dedecker [5] and which takes crossed modules as coefficients. The
main purpose of this note is to connect both cohomologies. Then we associate
a crossed module ®(T') to a ring-group I' and we see how Hacque’s non-abelian
cohomology H%(G,T) coincides with Dedecker’s H?(G, ®(I")) at the underline
set level. After this identification, we can use the proved results for Dedecker’s
cohomolegy, as for example:

e H?(G, ®) classifies non-singular extensions of G by the crossed module
D, see [7].

e H?(G, ®) has a simplicial interpretation and it is a cotriple cohomology,
see [3].

* This paper has been supported financially by DGICYT: PB84-0823.
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e There is an obstruction theory for Dedecker’s cohomology, see [4] or [3].

e There are six term exact sequences for Dedecker’s cohomology, associated
to short exact sequences of crossed modules (Dedecker’s H? behaves as
the first derived of the non-abelian Hom functor), see [8].

e There are Hochschild-Serre’s type sequences using Dedecker’s cohomol-
ogy, see [2].

These results could make Hacque’s work easier and moreover they can help
to develop some of his projects.

1. DEDECKER’S NON-ABELIAN COHOMOLOGY WITH COEFFICIENTS ON
CROSSED MODULES

Let us recall that a crossed module
o= (M5 NN Aut(M))

consists of a pair of group homomorphisms p: M — N and ¥ : N — Aut(M)
which satisfy the following two conditions

(i) p(*m) =np(m)n~,
(ii) P™m! = mm'm™1,
for all m,m’ € M and n € N, where "m denotes ¥(n)(m). Let us also note
that the morphism ¥ is equivalent to an N-group structure on M, therefore a
crossed module is usually written just as ® : M £ N. A morphism~y: ® — &
of crossed modules is a commutative diagram

o M—2>N
7=(m no)l l*n l"m
o: LN

such that
n("m) = My (m),
for allm € N and m € M. Let X M be the corresponding category of crossed
modules.
Given a group G and a crossed module ® as above, Dedecker defines a 2-
cocycle of G with coefficients in ® as a pair of maps (n: G - N,p: G x G —
M) satisfying the cocycle conditions:

Nang = Pla,s)Nap (1)
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and

N (18,7 e Byligg yPa g = L (2)

for all a, 8,7 € G. Two 2-cocycles (n, 1) and (n', ') are equivalent (or coho-
mologous) if there exists a map a : G — M such that

T = P(aa)a  and  pl 5= aa™appia,gasg

for all «,3 € G. This defines an equivalence relation and the set H?(G, ®)
of equivalence classes of 2-cocycles of G with coefficients in ® is by definition
Dedecker’s 2-dimensional non abelian cohomology. This set H?(G, ®) has a
subset O?(G, ®) of distinguished elements which are called neutral elements
and which are those equivalent classes of cocycles with a representative element
in the form (0, u).

This non-abelian 2-cohomology introduced by Dedecker in the later fifties
has very nice properties. For example, it is functorial in both variables and
any morphism of groups (or crossed modules) takes neutral elements to neutral
ones (see [4]). It has also an interpretation in terms of equivalent classes of
non-singular group extensions (see also [4]): A non-singular group extension
of G by @ (or just ®-extension of G) is a commutative diagram

1 M E—2sq 1
H v (3)
M—L>N

where the top row is a short exact sequence of groups (M is normal subgroup
of E and the quotient F/M is G) and the action of E on M given by
conjugation coincides with that induced by v. Let us note that any ®-extension
of G induces a group homomorphism 6 : G — coker(p). The set of equivalent
classes of ®-extensions of G (with the natural definition of equivalence) is
denoted by Ext(G,®) and it is the disjoint union of the sets Extg(G,®) of
equivalence classes of ®-extension which induce a given 6, where 6 moves on
the set of group homomorphisms from G to coker(p).
Then there is a natural bijection

1148

Ext(G,®) = H*(G,d),
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where the image of the equivalence class of a non-singular extension as in (3)
is the cohomology class of the cocycle (n, u) with

Na = V(Uq)
Hap = Ualgling

for any o, 8 € G, and u : G — E asection (in Set) of p, see [7] or [3]. Moreover,
any cohomology class of 2-cocycles in H?(G, ®) has also associated a group
homomorphism 6 : G — coker(p) and the set H?(G, ®) is the disjoint union of
the sets Hg(G, ®) of cohomology classes of cocycles which induces 6, also the
above isomorphism ¢ induces isomorphisms Exte(G, ®) = H3(G, ®).

2. HACQUE’S NON-ABELIAN COHOMOLOGY WITH COEFFICIENTS IN
RiNGs-GROUPS

Let us now recall Hacque’s cohomology of groups with coefficients in rings-
groups.

A ring-group I' = [V, M] consists of a ring V together with a subgroup
M C V* of the group V* of invertible elements of V. A morphism ¢ : T' =
[V,M] — T" = [V', M'] of rings-groups is a ring homomorphism ¢ : V. — V'
such that f(M) C M’. The category of rings-groups will be denoted by C,
then there is a commutative diagram of categories and functors

where the functors on the top places are left adjoint to those setting on the
analogous bottom places, and where Gp and Rings are the categories of groups
and rings respectively, Z(—) and (—)* are the canonical functors which takes
a group G to the integer group-ring of G and for any ring R, (R)* = R* is
the multiplicative group of invertible elements of R, the functor Gr(—) takes
a ring-group I' = [V, M] to M and An(I') = V. Moreover, the functors I(—)
and J(—) are both full and faithful and so we can identify the categories of
groups and rings as full reflexive and coreflexive subcategories of C respectively,
see [11].
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Any ring group I' = [V, M] has associated an exact sequence of groups
1 — Z,(T) = Gr(T) = Aut(T) — Aut(T) — 1

where Aut(I") is the group of automorphisms of I" in C, and it consists of those
ring automorphisms ¢ : V' — V such that ¢(M) = M, the homomorphism w
takes any element a € M to the inner automorphisms of V' given by conjuga-
tion by a, which will be denoted by < a >. Z4(I') is an abelian group called
the group center of I' and Aute(T") is the quotient group of Aut(I') by the
normal subgroup of inner automorphisms and it is called the group of outer
automorphisms of T' (see [11]). It is clear that the morphism Gr(I') < Aut(T)
together with the canonical action of Aut(I') on Gr(T") is a crossed module
which we will denote by ®(I"). Let us note that the correspondence I' — &(I")
is not functorial.

Now, for any group G and any ring-group I the group al(G, ') of gener-
alized weak 1-cochains consists of pairs of normalized maps (a : G — M,b :
G x G — Z4(I")) (we will denote by a, the image of @ € G by a). If b is the
zero map then the pair (a,0) is called a (generalized) strict 1-cochain and the
subgroup of strict 1-cochains of C!(G,T) will be denoted by C!(G,T). On the
other hand, the C1(G,T")-set C%(G,T) of (generalized) 2-cochains consists of
pairs of normalized maps (n : G — Aut(T'),s : G x G — M) which satisfies
the equation

NaNg =< Ha,g > Nag, forall «,f € G, (4)

where < p1, g > is the automorphisms of V' given by conjugation by . g € M.
The action R R
Y@, x C*aG,1) 5 CHG,T)

C
is given by (a,b) x (n,n) = (n', '), where
=< g > Mo and u;’ﬂ = aqNalag) = ,ua,ga;éba,ﬂ

for all o, 5 € G.

Two 2-cochains (n, ) and (7', u') are said weakly cohomologous if there
exists a weak 1-cochain (a, b) such that (a,b) *(n,u) = (7', 1'). Hacque defines
the set ﬁQ(G, I') of weak 2-cohomology of the group G with coefficients in the
group-ring I as the set of weak cohomology classes of 2-cochains in C?(G,T).
On the other hand, he defines a (strict and generalized) 2-cocycle just as a
generalized 2-cochain (7, ) satisfying the condition

N (187 ) haBrtigg yPag = 1 (5)
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for all o, 8,7 € G, Zz(G, I') denotes the set of 2-cocycles of G in I'. It happen
then that for any strict 1-cochain (a,0) and any 2-cocycle (n, 1) the 2-cochain
(a,0) * (n, 1) is again a 2-cocycle and so the above action restricts to another
one

CHG,T) x Z*(G,T) 5 Z*(G,T),

see [11]. Two 2-cocycles (n,u) and (n',u') are said cohomologous if there
is a strict 1-cochain (a,0) such that (n',u') = (a,0) * (n,u) and the set of
cohomology classes of 2-cocycles H2(G,T') is Hacque’s non-abelian cohomology
of G with coefficients on the group ring I'.

Now, it is clear from the definitions that for any group G and any
ring-group I', Hacque’s non-abelian cohomology H?(G,T') and Dedecker’s
H?(G, ®(I')) are the same as sets. So most of the results stated for Dedecker’s
cohomology could be used for Hacque’s one.

Hacque has the project of developing Hochschild-Serre sequences in non-
abelian cohomology, using rings-groups as coefficients (see [12]), but since the
category Gp of groups is a faithful subcategory of the category C of rings-
groups via the functor I(—), which takes a group G to the ring-group I(G) =
(Z(G), G), we have that Aut(I(G)) = Aut(G) and ®I(G) = (p : G = Aut(G))
is the canonical crossed module of automorphisms of the group G. Now, there
are already Hochschild-Serre exact sequences for non-abelian cohomology of
groups using Dedecker’s H? see [2]. In fact, given a short exact sequence of
groups (not necessarily abelian groups)

S:l—)N—i>E—’1>G—->1

and a group H on which G acts via a group homomorphism ¢ : G — Aut(H)),
there is a five terms exact sequence of sets with distinguished elements

1 — Der,(G, H) = Dery,(E, H) = Hom,(S, H)
2 2
- H2(G, SI(H))— H2, (B, ®I(H))

where Der,(G, H) is the set of ¢-derivations of G by H (pointed by the
trivial derivation), Hom,(S, H) is the set of crossed module homomorphisms

v = (71,7) from the crossed module N = E (where the action of E on
N is given by conjugation) to ®I(H) = (p : H — Aut(H)) which make
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commutative the following diagram

N—>gp—" g

n| ) |

H —5% Aut(H) —L> Aut.(H)

and finally Hi(G,@I (H)), which is Dedecker’s non-abelian cohomology of
G —relative to the create p— with coefficients in the crossed module of au-
tomorphisms of H, is equal to Hacque’s HZ(G,I (H)). So there is already
Hochschild-Serre sequences for non-abelian cohomology with coefficients in
those rings-groups of the form I(G).

3. EXTENSIONS OF RINGS-GROUPS BY GROUPS

The cohomology H 2(G,T') was introduced by Hacque to classify equiva-
lence classes of extensions of the ring-group I" by the group G. An extension
of I' by G is a mixed sequence

1->T'=[V;M]|-A=[U;Nl-G—1 (6)

in which V is a subring of U, M is a normal subgroup of N and the following
three conditions are satisfied

(i) The group G is the quotient group of N = Gr(A) by its normal subgroup
M = Gr(T).

(ii) The action of N on U, given by conjugation, restricts to an action of N
onV.

(iii) For any @ € G let N, be the set of elements in N whose class in the
quotient group G is a and let U, be the sub-(V — V')-bimodule of U
generated by the elements in N,. Then the (V —V)-bimodule U admits
a decomposition as a direct sum U = @ ¢ Ua-

Let us note now that, by condition (ii), the canonical group homomorphism
v: N — Aut(A) (which takes any element n € N to the automorphisms of U
given by conjugation by n) induces, by restriction to V', an automorphisms of
I’ and so the extension (6) gives a commutative diagram

1 M N G 1

|k

M — Aut(T")
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which represents a non-singular extension of G by the crossed module ®(T")
in Dedecker’s sense. So any extension of G by I' has associated a non-singular
extension of G by the crossed module ®(T").

On the other hand, two extensions A and A’ of G by I' are equivalent if
there exists a ring-group automorphisms ¢ : A — A’ which makes commuta-
tive the diagram

| —>T —>A—>G—>1
N
| —>T —> A —>G—>1

where the commutativity of the left hand side implies that the square

is commutative. Let us denote Ext(G,T") the set of equivalence classes of ex-
tensions of G by I'. It is then clear that two equivalent extensions in Hacque’s
sense induce equivalent extensions in Dedecker’s sense and so we have a well
defined map

Ext(G,T') — Ext(G, 2(T")).

Finally let us note that the composition

© ~

Ext(G,T) — Ext(G, ®(I")) = H3(G, ®(T")) = H*(G,T)
is just Hacque’s isomorphism &g r, see [11, Theorem 4.4], but let us say that
to see that the above map is really a bijection we need Hacque’s definition of
crossed product of a group by a ring-group.
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