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1. INTRODUCTION

In paper [4] we introduced the following two mappings associated to a convex
function f: [a,b] = R; H, F: [0,1] — R given by

H(t) = bia/:f (m+(1 —t)“j;b> da

and
1 b b
F(t) =(T;—a—)—2/a/u fllz+ (1 —t)y)dzdy

and we proved the following main properties
(i) H, F are convex in [0, 1].

(i1) H increases monotonically on [0, 1], I is decreasing on [0,1/2] and increasing

on [1/2,1].

(i) We have the bounds

. a+by)
Jf H() = H(0) = | ( ) ,

sup H(t) = H(1) = — »/abf(:v)d:c;

16[0,1] b—(t
sup F(1) = F(0) = F(1) = — /b f(z)de
u H = [ = [ = " N 1
ze[ol,l] b—alJa
. 1 bt faty
. = [ 2 = ——
L ) = FQ2) (b—a)2/u/a f< 2 )d’”dy'

(iv) One has the inequalities

9

<

f((wb)sm/z) and H(1) < (1) forall t€[0,1].

88



HADAMARD’S INEQUALITIES 89

The main aim of this note is to give another type of refinements to the classical
inequality due to Hadamard

f<a+b> < L/abf(m)dxg M |

2 “b—a

<

For other inequalities connected with this main result in Mathematical Analysis,
we send to the recent papers [1-10] where further references are given.

2. THE MAIN RESULTS

Let [a,b] be a compact interval of real numbers, d := {z; | : = 0,n}C[a,b] a
division of the interval [«, b] given by

d:a=2p<a; <9< <1 <2, =0 (n>1)

and f a bounded mapping on [a, b]. We consider the following sums

n—1

ha(f) :== X—: I (#ﬂ) (ziy1 — @) (called Hadamard’s

i=0 inferior sum)

gy = 5 L )

@it1 — z;) (called Hadamard’s

i=0 - superior sum)
and Darboux’s sums
n—1 n—1
sq(f) = Z mi(Tip1 — i) » Sq(f) := Z Mi(zi41 — ;)
1=0 i=0

where

m;= inf f(z) , M;= inf f(z) , i=0,...,n—1.

z€[ziwip1]” z€[zi,xig1]
It is well-known that [ is Riemann integrable on [a, 8] if and only if
sup sa(f) = inf Se(f) =T €R
and in this case ,
= /; f@)dx .
The following theorem holds:
THEOREM. Let f: [a,b] = R be a convex function on [a,b]. Then
(1) hq([f) increases monotonically over d, i.e. for dy € d, one has hy, (f) < ha,(f).

(i1) Ha([) is decreasing over d.
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(iii) We have the bounds

(1) b i - ilcllfhd(f) =f (a -2}— b) , Sl;phd(f) = ./abf(x)d:,;
and
) inf H(f) = /a" =) iz, sup Haf) = f(a);Lf(b) .

Proof. (i) Without lost of generality we can assume that d; C dy with d;
{zoy.--,2,} and do = {20y..., Tk, Y, Tht1,-.-Tn} Where y € [zg,741] (0 < K
n —1). Then

IA I

hio(f) = hay (f) = [ (‘j ) (- )

7 (P (oain =) = (B (g — ).

2 2
Let put
Y — Xy Try1 — Y ety Y+ it
Q= ——, =, T =, = —,
Th4+1 — Tk Thy1 — T 2 2
Then otz
a+ =1, om+ﬂy=%

and by the convexity of [ we deduce that af(z)+4f(z) > f(az+Bz2),i.e. ha(f) >
ha,(f)-

(i1) For d;, d, as above, we have

Hay() ~ () = TELETW g

4

n f(y) +é[(xk+l)($k+l —y)+ .’L(sz(“i)(lul — )
_ T (arsr — k) _ T@e) (@1 — y) + (@) (y — )
P 2 '

<

Now, let a,f be as above and u = 2y, v = apy1. Then au + fv = y and by
the convexity of [ we have af(u) + Af(v) > f(y), i.e. Hy(f) < Hy([f) and the
statement is proved.

(iil) Let d = {2g,...,xa} Witha =29 < a1 < -+ < @, = b. Put p; := 2141 — 24,
u; = (Tig1 + 2:)/2,7 =0,...,n — 1. Then by Jensen’s discrete inequality

n—1 n—1

Z Pt Z pi f(ui)
f 1=0 1=0
- n—1 — n—1

2P >

i=0 1=0
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and since . ) 2 )
n— n— —a

i = b— ) iU = )

E p a E pitt; 5

1=0 1=0

we deduce the inequality

a+b 1
f( 5 )Sb_ahd(f)-

If d = dy = {a,b}, we obtain hy(f) = f((a + b)/‘Z), which proves the first bound
in (1).
By the first inequality in Hadamard’s result, we have

P < e [ e im0 n

2 Tiy1 — Ti Jz

which gives, by addition,

"—1 .. .
h-d(f) = Z f (ﬂ;—lﬂ> (:IZ,'+] — .’L‘,‘)
1=0 b

Tig1

< g/ f(x)dx

= /abf(r) dz,

for all d a division of [a, 1]
Since

, .
sa(f) < ha(f) < / f(z)dz, dis a division of [a,b],

and f is Riemann integrable on [«, b], i.c.

b
sup sq(f) =/ f(z)dz,
d a
it follows that )
sup hq(f) = / f(a)da,
d a

which proves the relation (1).
To prove the relation (2), we observe, by the second inequality in Hadamard’s
result, that

Tig1

/abf(l)d”b :"z_:/l f(z) d,
S ni f ('T!) _*_2[ ('Ti-H) (

Tip1 — Ti)

= Hqy(f)
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where d is an arbitrary division of [a, b].
Since

Hy(f) < S4(f), for all d as above,
and f is integrable on [a, b], we conclude that
b

inf Ha(f) = [ f(z)de

a

Finally, because for all d a division of [a, ] we have d 2 dy = {a, b}, thus

fa) + f(b)

sup Hy(f) = 2

and the theorem is proved. I

Remark. Let [ be a convex mapping on [a,b]. Then for all a = zg < 27 < -

T, = b, we have the following improvement of Hadamard’s result

®) (4 ”) ) (%) (e41 — 1)

1=0 =

bi(l/a f(z)da
1 'i:lf(mi)‘*‘f(l‘m)

IN

<7 2 5 (Tit1 — i)
< f(a) jf(b) _

COROLLARY 1. Let f be as above. Dcfine the sequences

n—1 :
ha(f) =~ S (a + 2";; Lo a)>

1=0 =
1= i i+ 1
()= g S |1 (b 5 0=) 47 (a4 -0 0)
for n > 1. Then we have the inequalities
a+b 1 b
(4) f( . ) <hlf) < 7 [ @) de
< H,(f) < fla) :)I— f(b), n2>1

Moreover, one has

. . 1 b
(5) Jim ba(f) = Jim Ha(f) = 7— [ f(@) da.
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Proof. The inequalities (4) follows by (3) for d := {z; = a+ i(b—a) [t = 0,n}.
The relation (5) is obvious by the integrability of f. We omit the details. Il

COROLLARY 2. Let f: [¢,b] — R be a convex mapping on [a,b]. Define the
sequences

ta(f) = . nff(a+23+l( —a))z"

and

Tu(f) = 5y Z [f <a+ —(b—a)) +f( gi+1 _a))] %
(n > 1). Then we have
(i) t. is monotonous increasing;
(ii) Tn is monotonous decreasing;

(iii) The following identities are valid

'—(L

i [

Proof. (i), (ii). Is obvious by (i) and (ii) of Theorem for

sup ta(f) = lim ta(f) = ! /bf(a:)da;
n>1 n—oo

ngg T.(f) = Jim T(

9 _
d, = {,‘ciz(t+2—n(b--(l)|i=0,n}gdn+la n €N

(iii). It follows from bounds (1), (2) and the fact that f is Riemann integrable on

[a, D).

APPLICATIONS. a)let0<ae=29<2;<--<z,=0band p>1. Then we
have the inequalities

a+ b\’ |l P A I)”‘Ll—ba’”l
< T; — Ty <
( 2 ) _b—az( 2 (@i l)—(p+1)(b—a)

i=o
1 =l al 4af a? + b
+1 /.. .
N > T (@i — ) S ———
h—a = 2 2

b) Suppose that 0 < « and 2; are as above. Then one has

2 2 (g1 —2) _Inb-Ina

<
a+b " b—aimg (zigpa+a)~ b-a

-1 .2
P ja :c?+1~:l,i<a+b

“b-a 2z T 2ab
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c) We have the following refinement of arithmetic mean-geometric mean inequality
. L (zig1=zi) 1

a+b > 'i:[ m{ b—a N l b_b b—a

2 T 2 T el\a®

Ti41 =i

n—1
2> H(ﬂf;’miﬂ) 2(b=a) > Vab
1=0

where a > 0 and z; are as above.
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