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If G is an arbitrary finite group, we define the conjugacy vector of G, Ag,
in the following way:

Ag = (lCG(ml)L s ,|OG($r)|),

where r = r(G) is the number of conjugacy classes of G and z,, ..., z, is a complete
system of representatives of the different conjugacy classes of G, ordered so that
[Ca(z1)] = ... 2 |Cglz,)| In order to simplify our notation, we write Ag =
([a1]™,-..,[a,]™) instead of Ag = (a1, ,@1,---,ar, " , 7).

In this paper we are concerned with determining the conjugacy vector of a
p-group of maximal class and order less or equal than p”. Thus, we complete the
information given in [3], where the invariants r(G) and o¢ of such a group are
found, but nothing is said about its conjugacy vector. In subsequent papers, we
will determine Ag for a p-group of maximal class of order p® or p°.

KIGI = p*™*¢ with e € {0,1} and r(G) = n(p? — 1) +p* + k(p* - 1)(p — 1),
we will write r(G) = fx(IGl). In [2], the vector Ag is given for any p-group G of
maximal class which satisfies 7(G) = fo(IGI).

First, we give a result which is fundamental for our purpose:

'THEOREM 1. Let G bea nilpotent groupand 1 =2 <'Z; < --- < Z; =G
the upper central series of G. Then,

t—1

ICs(9)l =[] rosz: (7 Zi+1/2:).

1=0

COROLLARY. Let G be a p-group of maximal class of order p™. Then, we
can write [Cg(g)| = p*s with

’\g =|{Z I 0<i<m-1 and§=gY.~+1 € Z(Ng/x+‘(§}’,/)’,+1))}|
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The different conjugacy vectors of the p-groups of maximal class of order less
or equal than p7 are listed in the following theorems:

THEOREM 2. Let G be a p-group of maximal class of order p™ with m < 5.
Then, one of the following cases holds:

1) m=3,7(G) = /oG and Ag = (PP, ).
2) m =4, r(G) = fo(Gl) and B¢ = ([p*]7, [p*)7" 2, [p*]P" ).

3) m=5, [V3,Y1] = Y4, r(G) = fo(G)) and
N (L T i 10 i 1 R B
4) m=5,[¥1,Y:] =1, r(G) = f1(IGl) and
A = (PP P47 1, 1?1 7). i

THEOREM 3. Let G be a p-group of maximal class of order p®. Then, one
of the following cases holds:

1) [V3,Y1] = Y4, [¥3,Y] = ¥s, 7(G) = fo(IG) and
A = ([P, PP, [P, [p12F" 21, [p?) 7).

2) Vi, Y] =Y, [¥1,%] = ¥, (G) = f1(Gl) and

A = (P, PP P B B ).
3) [Vi,¥5] = Y4, 11, Ya] = 1, 7(G) = fo(IG) and

Ac=(°F, PP B LT ).
4) [Y1,Yi]= Y, 11, Ya] = 1, 7(G) = f1(IG) and

A = (P17, PP, [p*1° 2, [P ).

5) [%1,%1] = 1, 7(G) = fp41(Gl) and Ag = ([p°]P, [p*1P" =1, [p2)P" 7).

THEOREM 4. Let G be a p-group of maximal class of order p’. Then, one
of the following cases holds:

A) G is metabelian (i.e., [Y2,Y;] = 1)
1) M, =Y, ,Y] =Y, r(G) = f1(G]) and

N (0 N N o N 1% L
2) [Y1, Y] =Y, [Y3,Ys] = 1, 7(G) = f,(G)) and

Aa = (B B L PR T ).



3) [Y1,Yi] = Y5, 7(G) = f2(IG]) and
Ae = ("1, 11, P, [t [P ).
4) [V1,Y1] = Ys, 7(G) = fp42(G)) and
Ag = (PP, PP PP 7, [ 7).
5) [Yl,}/i] =1, T(G) = fp2+p+2(|Gl) and Ag = ([1)7}1” [pG]PS—l, LD2]P2_P).
B) G is not metabelian (i.e., [Y2,Y2] = Y5)
1) [¥1,Y1] = Y4, [Y1,Ys] = Y5, r(G) = fo(lG) and
Ac = (1P, P PP, AP PR, [P ).
2) [13,%]=Y4, [Y1,Yi] =1, 7(G) = f1(IG)) and |
N (7 L A o e 0 e
3) [, Y] =Y, r(G) = f1(IG]) and ,
Ag = (P P T L T )
4) [Y1,%1] = Ys, r(G) = fp+1(Gl) and

A = (PP, PP, 5P, 02 P).
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