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The aim of this work is to determine the dimension of any cémpact Hausdorff
space X in terms of the Krull dimension of dense subalgebras of C(X).

In Algebraic Geometry, the dimension of an affine algebraic variety V is de-
fined as the Krull dimension of the ring A of all algebraic functions on V (i.e.,
the affine coordinate ring, so that V=SpecA):
(*)

dimV = dimA = LSupremum of the lengths of all]

chains of prime ideals in A

Moreover, Noether's Lemma states that dimV<n if and only if there exists a
finite morphism from V to the affine n-space (i.e., a finite morphism from a poly-
nomial ring k[x ,...,xn] to A). )

In Topology, the equivalent result to Noether's Lemma is simply Katetov's cha-
racterization of the dimension: A compact metric space X has dimension =n if and on-
ly if there exists a continuous map X —R" with totally disconnected fibers. In
terms of C(X), we have dimXg¢n if and only if there exists a morphism from a poly-
nomial ring R[xl,....an to C(X) such that the image is an analytic base for C(X).

Our main result, which may be considered as analogous to (*) in Topology, is

the following theorem:

THEOREM: A compact metric space has dimension sn if and only if it is the real

spectrum of an algebra of dimension <n.

In other words, the dimension of any compact metric space X is the minimum

of the Krull dimensions of all dense subalgebras of C(X).

Let X be a topological space and let A(X) be the family of all closed subsets.
If we consider on A(X) the addition and the product defined by the intersection
and the union respectively, then A(X) is a distributive lattice. We say that a sub-
lattice B of A(X) is a basis for the topology of X if any closed set is an intersec-

tion of closed sets in B. The arithmetical dimension of X is the minimum of all in-

tegers n such that there exists a basis for X of dimension n and we denote it by
dimX . From now on, the arithmetical dimension of a space X will be referred to

simply as the dimension of X.



R. Galian ([4]) proved that the arithmetical dimension is monotone and, for
separable metric spaces, it coincides with the inductive dimension and the cover
dimension. For compact Hausdorff spaces, we have the following inequalities ([6])

between the different dimension functions:
cover dim X £ ind X £ Ind X < dim X

and there exists an example (Filippov|2]) of a compact Hausdorff sapce X such that
cover dim X=1, indX=2 and IndX=3. Moreover, there exists (Filippov [3]) a pair
X,Z of compact Hausdorff spaces such that IndX=1, IndZ=2 and Ind(XxZ) 2 4. Since
Galian ([4] ) proved that dim(XxZ) ¢ dimX+dimZ, we conclude that IndK< dimK for

some compact Hausdorff space K.

Let A be an R-algebra. We say that a maximal ideal M of A is real if the ca-
nonical map R —A/M is an isomorphism. The real spectrum of A is the set Spean
of all real maximal ideals of A. Given a point x of Spean, the corresponding ma-
ximal ideal of A will be denoted by Mx' Note that each element feA defines a real
function on SpecRA by setting: f(x)=residue class of f in A/szR. We shall con-

sider on SpecRA the initial (or weak) topology for these functions.

Let X be a topological space and let A be a subalgebra of the ring C(X) of all
real-valued éontinuous functions on X. We say that A separates points if for any two
points x,yeX there exists f¢A such that f(x)#f(y), and we say that A is basic if
X has the initial topology for the functions in the family A. When X is a compact
Hausdorff space, Stone-Weierstrass Theorem states that A is basic if and only if it

is dense in C(X).

THEOREM : dim(Spean) < dimA , for any R-algebra A.

Corollary: If A is a basic algebra of continuous functions on a topological space
X, then dimX <dimA.

By Freudenthal's Theorem ([1] ,1.13.2), any compact metric space of dimension
4+n is an inverse limit of finite triangulated polyhedra of dimension ¢n. Using it

we may construct a basic algebra A of dimension in, and we get:

THEOREM: The dimension of any compact metric space X is the minimum of the dimen-

sions of all dense subalgebras of C(X).

The extension of this theorem to arbitrary compact Hausdorff spaces would be
a direct consequence of a positive answer to the following question:

Let X be a compact Hausdorff space of dimension n. Is X a subspace of an in-
verse limit of n-dimensional finite triangulated polyhedra and semilinear maps?
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If X is an inverse limit of n-dimensional rinite trianguliated poliyhecra and
semilinear maps, we xnow that there exists a basic algebra of continuous functions
on X of dimension ¢n. Hence the answer to the question 1is negative when the arith-
metical dimension dim is replaced by cover dim, ind or Ind.

Two facts suggest that the answer may be affirmative. First, Isbell's Theorem
({6]) stating that any n-dimensional To—space 1S a subspace of an inverse limit ol
finite n-dimensional spaces. Furthermore, each finite space gives rise to a finite
triangulated polyhedron of the same dimension (named the geometric realization of
the given finite space).

Hence we hope that our characterization may be extended to arbitrary compact
Hausdorff spaces when one consider the arithmetical dimension instead of the cover
dimension or the inductive dimension. Anyway, we obtain the following characteriza-

tion for the covering dimension of arbitrary compact Hausdorff spaces:

THEOREM: A compact Hausdorff space X has cover dimension ¢<n if and only if every

countably generated subalgebra of C(X) is contained in the closure of a subalgebra

of Krull dimension <n.
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