EXTRACTA MATHEMATICAE 1, 25-27 (1986)

HARDY SPACES OF BANACH-SPACE-VALUED FUNCTIONS
DEPENDING ON THE GEOMETRY OF THE BANACH SPACE

Oscar Blasco

Dpto de Teoria de Funciones
Facultad de Ciencias. Zaragoza-50009 (SPAIN)

The purpose of this note is to announce some results related
to Hardy spaces of vector valued functions and to show that so
me properties on B have to be required if we want that the

classical theorems remain valid in the B-valued setting.

Spaces of B-valued holomorphic functions.

Let B be a complex Banach space and 1 ¢ p ¢« . We shall

denote by Hp(D) the space of B-valued holomorphic functions
on the disc D such that Sup, (?HJZWHF(r elt)||p dt) is finite
(with the obvious modlflcatlon for P =*°).

It is known that the necessary and sufficient condition on
B so that every function F in HE(D) ~has . limits at the
boundary of D, T, is the so-called analytic Radon-Nikodym
property (see [3]). We shall find the boundary values space
of HE(D) without any condition on B

Denoting by Vg , 1 <p £ =, the space of B-valued measures
on T with bounded p-variation (see [7]) , and by MB the
space of B-valued regular measures with bounded variation,
we have the following
THEOREM 1.- Let B be a comprlex Banach space and 1 <p ¢ =,

(1) Hg(D) =L ueMy = [ln) = 0 for n<0 }
(2) HE(D) =1{ usvg : f(n) = 0 for n<0 }

where both isometries are given by the Poisson integral.

Spaces of B-valued harmonic functions.

Let B be a real Banach space and 1 ¢ p € », We shall de
note by ReHg(D) the space of B-valued harmonic functions
on D which are real parts of some function belonging to H§+iB'
Let us comment the connection between these spaces and the
E?njugate function. We shall write 3{% = {fe.Lg : EveLg } where
f 1is the conjugate function of f
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It is well known that in the scalar-valued case this is the
space of the boundary values of functions in Rer(D),but in
our context we have

THEOREM 2.- Let B be a neaf Banach space and 1 < p £e0,
The folLowing statements are equivalent

(1) B + 4B has the analytic Radon-Nikodym propenty

(2) ;eg L5 Lsometrnic to ReH@(D) via Podisson Linteghal.

Since a measure U in MB can be interpreted as a "B-valued
distribution" ¢>u inQ)‘B (here we denote by @’B the space
L(C®(Tr),B) ) and for every ¢16Cm(T) we have Iecw(T) then we
can define the conjugate of uw as the distribution ﬁ/such that

Tw = - [ P(vdu(t) for every y in C®(T) . With these nota-
tionswe can stablish the following

THEOREM 3.- Let B be a real Banach space and 1 <p ¢ =
(1) ReHL(D) = {ueky : fiety)

(2] ReHB(D) - {ueVy : Hevh}

whenre both L{sometnies anre given by the Podlsson integhal.

As it happens in the classical case we can consider spaces
defined by means of maximal functions (see [5]). Here we shall
denote by H;ax B the space of functions f in LB such that
‘digg1ﬂf % Pr(t)ﬁB = f*(t) belong? to L1 , and given a B-va-
lued harmonic function on D, F , we shall denote by F¥* its
radial maximal function.

THEOREM 4.- The {folLowing statements are equivalent

(1) B has the Radon-Nikodym propenrty

(2) Every B-valued harmonic funcition F with F* in L! L4

the Poisson integhal of some § 4in H;ax,B

(3) Fornall p , 1 <p ¢ o, every B-valued harmonic gunction

Fowith F* in P is the Poisson integnal of some § in L .
Let us recall that a Banach space is said to have the

UMD property if there exist p ,1 <p <>, and C_ such that

H%ﬂb 5'Cp.Hpr for every f'eLg ( see [2],[4]). We can extend

this result - as follows -

THEOREM 5. -

B has the UMD property 4§ and only 4f H;ax B - Jfé
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Hardy spaces for 0<p< 1.

Let us remember that when 0<p< 1 the space of distribu-
tions appears as the space of boundary values in the classical
case. There are some different definitions of Hardy spaces for
0<p<« 1 ,(all these are equivalent for real-valued functions),
which can be considered in the B-valued setting.

So a B-valued distribution ¢ is said to belong to

a) Hﬁax p if its radial maximal function ¢%¢LP (see [5]).
b) Hgt,B if ¢=ZAk.ak y ay (p,B) -atoms andZIAk|Ena(see[ﬁ]).

) RE if P(o + i) enh, . (D) , where
P 1T (e’ = (6+id) (PL(.-1))

All these spaces are endowed with the natural norms and we

can state the following relationship among them

THEOREM 5.-({1]) For 0 <p ¢ 1,

vy . . p _oyb
B has the Radon-Nikodym propenty L§ and only L Hat,B Hmax,B'

THEOREM 6.- For 0 <p £ 1,

B has the UMD property L4 and only AL HP = HP
at,B B

Questions related to duality and interpolation are going to
be considered in a ”forﬁtoming" paper.

REFERENCES.

(1] 0.BLASCO, J. GARCIA-CUERVA : Hardy spaces of Banach-space
valued distributions. (To appear in Math. Nach )

[2] J. BOURGAIN : Some remarks on Banach spaces in which mar-
tingale difference sequences are unconditional. Ark.Mat. 21
(1983), 163-168. '

[5] A.V. BUKVALOV, A.A. DANILEVICH: Boundary properties of ana
lytic and harmonic functions with values in a Banach space.
Math. Notes 31 (1982) 104-110.

[4] D.L. BURKHOLDER: A geometric condition that implies the
existence of certain singular integrals of Banach-space-valued functions.
Conf. Harmonic Analysis in honor of A. Zygmund , Wadsworth. 1982 ,270-286.
[5s] D.L. BURKHOLDER, R.F. GUNDY, M.L. SILVERSTEIN : A maximal
function characterization of the class HP. Trans.AMS 1971,137-153.
[6] R.R. COIFMAN : A real variable characterization of HP.
Studia Math. 21 (1979), 269-274.

[7] N. DINCULEANU : Vector measures. Pergamon Press, N.Y. 1967.



