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1. Let A Dbe a noetherian local ring with maximal ide-
al M . The Samuel and Hilbert functions of A are defined
by
S(n)=length A/M*!
H(n)=length Mn/Mn+1
for n=o. When A 1is the local ring of a noetherian scheme
X at a point x , these functions are denoted SX X and

3
Hx,x respectively.

(1.1) The Samuel function is a polynomial for all su-

fficiently large n. This is:

S(n) = ad(3)+ e +al(?)+ao (n=o0)

for some integer numbers ao,al,...,ad#o .
The degree d of the above polynomial is the dimension
of A . Moreover, the leading coefficient a is the multi-

d
plicity of A .

(1.2) In order to give a precise statement of the semi-
continuity theorem, one finds it necessary to introduce the
difference operator A . Precisely, for every function f(n)

one defines:

(Af)(n)=f(n)-f(n-1) if n3l, and (Af)(o)=f(o0)

n
(A7) ()= 3 £(1)

i=o
so that f=A(AT )= A% £) and the Hilbert function
of a local ring is the difference of the Samuel function.
Moreover, if fgg (f(n)gg(n) for all n) then A f < Zk—lg,
but the inequality A f€Ag may be false.
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2. Bennett [1] proved a semicontinuity theorem for the
Samuel functions of the points of X=Spec(A) when A is
an excellent local ring. He proved that if x 1is the closed
point of X and y 1is the generic point of an r-dimensio-
nal subvariety of X , then we have:

JANRRES £ s
X,y X,Xx

The semicontinuity theorem for the Hilbert function
does not follow directly from the analogous result for the
Samuel function. However, given a result of Singh [3], the
semicontinuity for Hilbert functions can be proved following

Bennett’s proof for Samuel functions. One gets ZX_FH <H

-r+1
A Sy.y S As

X,yT X,x

X,Xx

(2.1) We give a direct proof of the following improved

version of the semicontinuity theorem:

TEOREMA 1. Let A Dbe a noetherian local ring and let

X be the closed point of X=Spec(A) . If y 1is the generic

point of an excellent r-dimensional integral closed subsche-

me of X , then we have:
Sx.y & APSX,X
(2.2) As a consequence of this theorem we obtain the
Singh”s result: The Hilbert function does not increase in
a permissible blowing-up.
(2.3) The proof of the theorem is based on the follo-

wing crucial fact:

LEMMA. Let S(n) be the Samuel function of a noetherian

local ring A with maximal ideal M , let P be a prime

ideal such that A/P is a regular ring of dimension 1 and
let t be an element of A such that M=P+(t) . If S(n)

is the Samuel function of A/(t) and Sp(n) is the Samuel

function of AP , then we have
n+1l
_ P 1t)
S(n) = AS(n) + length (
A (Pn+1:t) Mn+1
§(n) = 5,(n) + length, (P""T:t)/pP"*!



(2.4) Finally, we also prove that the Hilbert function
stabilizes in any sequence of permissible blowing-ups. A
Blowing-up X —> X 1is said to be permissible if its center
Y 1is regular and X 1is normally flat along Y , i.e., the
graded OX/P—algebra GrP(OX) is flat, where P¢€O is the

X
ideal defined by Y

THEOREM 2. Let x be a closed point of a noetherian

scheme X and let ...-—X —3X — ,. —2»X —X =X be an
m m-1 1 [¢] —_—

infinite sequence of permissible blowing-ups. If (xm) is a

sequence of closed points such that X =X and X is over

X then there exists an index s such that

m-1 "’

for all m s

(2.5) This result is a crucial step towards the resolu-
tion of singularities of arbitrary excellent schemes by Hil-
bert functions, instead of the numerical characters used by
Hironaka [2]. It reduces the problem to the nonexistence of
infinite sequences of permissible blowing-ups that does not
modify the Hilbert function of a given point (at least when
thecenters are chosen in a convenient way). This situation
should be handled with a suitable theory of maximal contact
for excellent schemes that might control the infinitely near

points of a given singularity.
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