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MATRICES WHICH COMMUTE WITH A GIVEN MATRIX UPON A SUBSPACE( )

by

(**)
M2 Asuncidn Beitia

INTRODUCTION

Let Mn(Eﬁ be the vector space of the n-square matrices over TF.

For nxn matrices A and B belonging to Mn(Eﬂ we define:
(A, B] :=AB-BA and C(A) ={ XeM(F)/[a x]=0}

If the characteristic polynomial of A is linearly factorizable in

IF, then the dimension of this vector subspace of Mn(Eﬂ is well known:

a) In terms of the Segre Characteristic of the matrix A,
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dimC(A) = £ $5 (2s.-2j+1)n_ . (see [3])
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b) In terms of the Weyr characteristic of the matrix A, (conjugate

of Segre’s one), [(mll,m12,...,m1t )'""(mrl'mr2’°"'mrtr)]:

t:

1
r t
dim C(A) = ¥ £ m,
k=1 i=1 (see [1])
c) In terms of the degrees of invariant polynomials of A, nl,...,n
t
dim C(A) = & (2i—1)ni (see [2], Chapter 8)
i=1
d) In terms of the conjugate partition (kl,...,ks) of (nl,...,nt):
S 2
dim C(A) = ¢ kS

i=1

We study in this paper the problem of the n-square matrices X which

commute with the given matrix A upon a vector subspace E of EmM1.
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Let M (A) = { X €M (F) / [ A, xJv=0for every v e E }

We look for lower and upper bounds for teh dimension of ME(A) in

terms of A and E.

Problem 1. Find lower and upper bounds for the dimension of ME(A),
1

when E is any subspace of Enx .
Problem 2. Find lower and upper bounds fos the dimension of ME(A),

when dim E = m is fixed.

RESULTS

Theorem 1. Let A € Mn(Eﬁ be diagonalizable, E a subspace of e

such that dim E = 1. Then:

dim M (A) < n°=(n-k,)

1

where klis the number of invariant polynomials of A distinct from 1.

Theorem 2. Let A ¢ Mn(IF) be diagonalizable, and k, > k,> ... k

2
e e . . nxl1
the multiplicities of its eigenvalues. Let E be a subspace of T such

that dim E = m. Let r and t the numbers verifying:

r-1 r
mo> = ki , m < Z ki
i=1 i=1
and n - ki <m (i=1,...,%t) , n - ki >m (i=t+l,...,s)
Then:
> t 5 t > r-1 r-1 5
n“-nm + ¥ k. —~(n-m) § k. < dimME(A) < n“-m(n-k ) -k ST k.+ 2k
K i . i - - r r, i
i=1 i=1 i=1 i=1

To prove these theorems we use the following:

Lemma 1. Let E be the space spanned by the column vectors A TALIEERN
vm. Let V be the matrix having ViiVgree, v as columns. Then:

(AX -XA)V = O ===> (I & v (a ® I, -1, 8 A5x =0
where x denotes vec(X) = ( t

xll’xlz""'xln""'xnl’an’"'xnn) and B de-

notes the Kronecker product. A and X are n-square matrices belonging to
Mn(mﬁ.

Lemma 2. Let A e TF be a matrix partitioned as follows:

n
mxk. .
A = (Al’AZ""’As) where Ai e F i i=l,...,s X ki =n, m <n. We

i=1



suppose that r(A) = m (where r denotes the rank ). If we set

Cj:(Al'AZ""'Oj"'°'As) where Oj e IF j, j=1,...,s, then:

r(C.) > (s-1)m
i’ 2
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Remarks. Theorem 1 solves Problem 1 for the case of diagonalizable

matrices, since if E, is a subspace of E_, then ME (A) ¢ ME (A), and so,
2 2 |

1

dimME (4) < dim ME (A). Thus, if A is a diagonalizable matrix, for eve-
2 1

ry subspace E of Emml, the following relations holds:

dim C(A) < dim M (A) < n°- (n-k,)

Theorem 2 solves Problem 2 for the case of diagonalizable matrices,

and if m=n, we have t=s and r=s, so:

s > s-1 5 s-1 s 5
dim M (A) > § k. and dim M (A) < nk + ¥ ki-k 2 k, = 5 k.
anl i1 i ]anl s o1 i Si:l i i i

s
Then, dim M (n) = % k2 . This formula coincides with the ex-
mnxl jo1 i

pression given in d), since if the matrix is diagonalizable, kl,...,ks
the multiplicities of its eigenvalues, and nl,...,nt the degrees of its
invariant polynomials, then (kl,...,ks) is the conjugate partition of
(nl,...,nt).
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